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averaged acoustic intensity with reflection can be expressed by

I(r, z) = f

1/ f
0

ptvt dt = f *
,

p2
0

ρ0FcF
+
-

1/ f
0

(pi + pr)(pi − pr) dt, (10)

where the total acoustic pressure is pt = pi + pr and the particle velocity is vt = vi + vr =
pi

ρ0FcF
+

pr
ρ0F(−cF) . Substituting (8) into (10) and performing the integration gives the acoustic intensity in the
fluid as

I(r, z) = I0[A1(z)/B] exp[−2A1(z)(r/b)2] exp[−2αF(H − z)]
−R2I0[A2(z)/B] exp[−2A2(z)(r/b)2] exp[−2αFz], (11)

where I0 is the centerline acoustic intensity at the transducer surface.
The acoustic intensity of the Gaussian beam that penetrates into the solid (z < 0) is given by

I(r, z) = (1 − R2)I0[A3(z)/B] exp[−2A3(z)(r/b)2] exp(2αSz). (12)

The diffraction function A3(z) has the same form as A2(z) in (9), but with r0F replaced by the
Rayleigh distance r0S = πb2 f /cS in the solid. While for completeness we have shown the attenu-
ation terms in the fluid in (11), as well as the acoustic heating term in the fluid in (5), it is noted
that in many cases these terms have very small effect since the acoustic attenuation coefficient in the
fluid (e.g., water, αF � 0.056 m−1) is often small compared to that in the solid (e.g., polyurethane,
αS � 140 m−1), where values above are given for ultrasound frequency f = 2.25 MHz.47

C. Scaling and dimensionless equations

The variables are non-dimensionalized using the initial beam width b as a length scale and
the convective time scale t0 = b/U0. Since the cylindrical vessel is sufficiently short that the entire
domain can be considered to lie in the near-field of the acoustic streaming jet, a velocity scale U0
can be determined by balancing the order of magnitude of the inertia and acoustic forcing terms,42

giving

U0 =

(
2αFb
ρ0FcF

I0

)1/2

. (13)

The scale of the temperature increase T0 is determined by balancing the acoustic energy flux I0 on
the solid surface with the convective energy loss flux from the surface, given by Newton’s law of
cooling as h(T − TA) where h is the heat transfer coefficient at the liquid-solid interface, giving the
scale of the temperature change as

T0 =
I0

h
. (14)

Using these scales, dimensionless variables are defined (using primes) by

u′ = u/U0, T ′ = (T − TA)/T0, ω′ = ωt0, ψ ′ = ψ/U0b2

I ′ = I/I0, x′ = x/b, t ′ = t/t0.
(15)

In the above, ω = ∇ × u is the vorticity vector and ψ is the Stokes streamfunction, defined for
axisymmetric flows in terms of the velocity components u = u(r, z, t)er + w(r, z, t)ez by

u = −1
r
∂ψ

∂z
, w =

1
r
∂ψ

∂r
. (16)

Dropping the primes on the dimensionless variables, the governing equations for axisymmetric
flow are written in terms of the vorticity ω = ω(r, z, t)eθ and the Stokes stream function as

∂2ψ

∂r2 −
1
r
∂ψ

∂r
+
∂2ψ

∂z2 = −rω, (17)
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, (18)

where Re = U0b/ν and Gr = g βT0b3/ν2 are the Reynolds and Grashof numbers. The governing
equations for the dimensionless temperature field in the fluid and in the solid are

∂T
∂t
+ u

∂T
∂r
+ w

∂T
∂z
=

1
PrF Re


∂2T
∂r2 +

1
r
∂T
∂r
+
∂2T
∂z2


+

2α′F I0

ρ0FλFT0U0
I(r, z) for z > 0, (19)

∂T
∂t
=

1
PrS Re


∂2T
∂r2 +

1
r
∂T
∂r
+
∂2T
∂z2


+

2α′SI0

ρ0SλST0U0
I(r, z) for z ≤ 0, (20)

where PrF = ν/ηF and PrS = ν/ηS are the Prandtl numbers in the fluid and solid, respectively, and
α′F = αFb and α′S = αSb are the corresponding dimensionless attenuation coefficients.

The solution domain consists of a cylindrical container with no-slip walls on the side, top,
and bottom. Acoustic streaming leads to a non-zero effective slip velocity on the walls given by
Rayleigh as

uslip = −
3
4
σ−1U(x)dU

dx
, (21)

where U(x) is the inviscid velocity just outside the viscous boundary layer and x is distance along
the boundary in the direction of flow. It is assumed that the sound frequency is in the ultrasonic
range, so that σ−1 is sufficiently small that the Rayleigh slip may be neglected (i.e., σb/U0 >> 1).
With this approximation, the dimensionless boundary conditions on the sides of the computational
domain are given by

on r = 0 : u = 0, ω = −∂w
∂r
= 0,

∂T
∂r
= 0, (22a)

on r = L/b: u = 0, w = 0,
γw
γF

b
τw

(T − Text) + ∂T
∂r
= 0, (22b)

on z = H/b: u = 0, w = 0,
∂T
∂z
= 0, (22c)

on z = −D/b: u = 0, w = 0,
∂T
∂z
= 0. (22d)

In this equation, γw is the thermal conductivity of the side wall, τw is the side wall thickness, and
Text is a constant temperature external to the side wall (which is set equal to the initial tempera-
ture within the computational domain). At the interface z = 0 between the solid and the fluid, the
boundary condition is

u = 0, w = 0, γF
∂T
∂z

�����z=0+
= γS

∂T
∂z

�����z=0−
, T |z=0+ = T |z=0−. (23)

D. Computational method

Systems (17)-(20) are solved using the Crank-Nicholson time advancement algorithm. The
spatial derivatives are approximated by centered differences in the diffusive terms and by upstream-
weighted differences in the convective terms, where the latter are given by

u
∂T
∂r

�����i, j
�

1
2∆r

ui, j[(1 − εi, j)(Ti+1, j − Ti, j) + (1 + εi, j)(Ti, j − Ti−1, j)] (24)

and where εi, j = γ sign(ui, j). The coefficient γ is a weighting constant, such that 0 ≤ γ ≤ 1,
where γ = 0 corresponds to the second-order centered difference scheme and γ = 1 corresponds
to the first-order upstream difference. It was found that robust results with no sign of convective
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TABLE I. Dimensionless parameters used for the “basic problem” in the numerical simulations, with assumed ultrasound
frequency 2.25 MHz.

Parameters for fluid and container Parameters for end-wall solid (polyurethane)

Reynolds number, Re 400 Solid Prandtl number, PrS 2.2
Grashof number, Gr 300 Acoustic reflection coefficient, R 0.08
Fluid Prandtl number, PrF 4.6 Attenuation coefficient, αSb 1.5
Volumetric thermal expansion coefficient, βT0 0.0004 Solid Rayleigh distance, r0/b 47
Fluid height, H/b 1.0 Thermal conductivity ratio, γF/γS 85
Attenuation coefficient, αFb 0.0006
Container radius, L/b 1.5
Solid thickness, D/b 0.1
Fluid Rayleigh distance, r0/b 55
Duty cycle 10%
Acoustic wavelength, λ/b 0.063

instability were obtained with 10% upstream differencing for the vorticity transport equation and
30% upstream difference for the heat and scalar concentration transport equations.

The boundary conditions for the streamfunction are chosen to satisfy the no-penetration condi-
tion on the boundaries, and the boundary conditions for vorticity are chosen to satisfy the symmetry
condition on r = 0 and the no-slip condition on the other boundaries. The vorticity boundary condi-
tion on a no-slip wall is specific using the Thom equation.48 The equation for the axial velocity on
the symmetry axis can be reduced using a Taylor series expansion about r = 0 to

w(0, z, t) = 2
∂2ψ

∂r2

�����r=0
. (25)

A Gauss-Seidel iteration method is used to solve the resulting matrix equation with a relative error
of 10−6 and dimensionless time step of ∆t = 0.001. The Courant-Friedrichs-Lewy (CFL) number is
less than 0.1 for all computations.

The flow problem has a large number of dimensionless parameters. Many of these parameters
were held constant in the paper with values corresponding to a “basic problem,” and then values
were varied only for a selected group of parameters that most influenced the problem under investi-
gation. The basic problem specification was motivated by applications in which ultrasound is used
for mixing or particle manipulation, such as in a microplate well, as is used in several biological
sampling applications. Solid properties were based on polyurethane end wall material, which has a
low acoustic reflection coefficient.49 Detailed parameter values are given in Table I.

A grid independence study was performed with four different grids, labeled grid A–D, ranging
between about 30 000 and over 2.2 × 106 evenly spaced grid points in the r-z plane. Maximum and
minimum values of different parameters in the steady-state condition are listed in Table II. The flow
fields on all four grids were similar, although for the most refined grid (grid A) the grid cells were
sufficiently small that computer round-off error started to degrade the solution, particularly for the
streamfunction equation. The computations reported in the paper were conducted using grid B, or a
grid with the same resolution as grid B for cases with variable container height.

TABLE II. Steady-state values for grids A-D, with N grid points.

Grid N Tmax Ts,max ωmax ωmin wmin

A 2 203 201 0.5739 0.012 01 2.880 −1.313 −0.1094
B 551 601 0.5701 0.012 34 2.961 −1.199 −0.1120
C 125 751 0.6786 0.013 39 2.928 −1.185 −0.1106
D 31 626 0.6664 0.013 20 2.917 −1.181 −0.1104
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FIG. 4. Contour plots showing azimuthal vorticity and streamlines in different height containers: (a) H = 2, (b) H = 4, (c)
H = 8.

coefficient in (12) multiplying the percentage of the incident acoustic intensity that passes into the
solid. The maximum temperature within the solid and the maximum and minimum vorticity values
are observed to exhibit a high degree of data collapse, whereas the maximum surface temperature
at the solid-fluid interface and the maximum velocity magnitude of the acoustic streaming flow have
good data collapse for the cases with R = 0.08 and 0.3 but somewhat weaker collapse for the case with
R = 0.6. A high degree of data collapse for the maximum solid temperature and the minimum negative
vorticity makes sense since both acoustic body force (4) and acoustic heat source (7), responsible for
generating the solid temperature rise and the negative vorticity, are linear in the acoustic intensity.

It is interesting that while all of the other variables involved in the simulation attain a nearly con-
stant value by about t = 100, the maximum fluid-solid interface surface temperature Ts,max continues
to increase throughout the computation. For this reason, we refer to the flow field that develops as
a “quasi-steady state,” since not all variables are constant. It is possible that over sufficient time the
fluid-solid interface temperature could increase sufficiently so as to cause thermal instability of the
flow field, leading the apparent steady-state acoustic streaming flow to transition into a second type of

FIG. 5. Plot showing change in maximum (circles) and minimum (squares) azimuthal vorticity values (solid lines, left-hand
axis) and maximum substrate temperature (deltas, dashed line, right-hand axis) as functions of height H of the liquid in the
cylindrical container.
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FIG. 6. Time variation of the (a) maximum temperature within the end-wall solid, (b) end-wall top surface temperature,
(c) maximum velocity magnitude, and (d) maximum and minimum vorticity, normalized by the coefficient (1−R2), for cases
with R = 0.08 (A, black line), 0.3 (B, red line), and 0.6 (C, blue line).

flow field dominated by thermal buoyancy. We did not observe this transition for the time periods and
parameter values for which the current computations were conducted, but in a separate experimental
study of a similar problem we have observed such a transition after the acoustic streaming state has
persisted for sufficient time.23

This configuration bears some resemblance to the classic Rayleigh-Bénard problem, involving
flow through a two-dimensional channel across which is applied a finite temperature gradient. The
Rayleigh number Ra ≡ Gr · Pr has a critical value of 1707.7 in the inviscid Rayleigh-Bénard problem,
whereas the Rayleigh number based on the scaling in Table I for the current problem is 1380. Finite
Reynolds number is observed to increase the critical Rayleigh number value. The effect of acoustic
streaming on critical Rayleigh number was discussed by Hadid et al.35

IV. PARTICLE ROLLING AND REMOVAL FROM THE IMPINGEMENT SURFACE

Particle transport on the impingement surface is important for applications in which ultrasound
is used to clean particles from a surface.16–18 Particle transport along the impingement surface is
dominated by particle rolling motion driven by the wall shear stress. Collisions of particles can result
in some particles being pushed upward off of the impingement surface, allowing them to be entrained
into the flow field.50 The radial shear stress along the impingement surface is plotted in Figure 7 for
the basic flow, as well as for the different container heights examined in Figure 4 and the different
reflection coefficients examined in Figure 6. The shape of the shear stress profile is similar in all cases,
with zero shear stress at the cylinder axis (r = 0) and side wall (r = L), and peak shear stress near the
half-way radial location between the axis and the side wall. The shear stress magnitude increases as
the container height is increased (approximately linearly in H) and it decreases as the reflection coef-
ficient is increased (approximately in proportion to the factor 1 − R2). For high container heights, we
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FIG. 8. Evolution of the area-based concentration profile of particles on the impingement surface for the steady-state basic
flow with critical shear stress τcrit= 0.002. The dashed line shows the initial concentration field and solid lines are drawn at
times t = 100 (black), 200 (red), and 300 (blue).

I
dΩ
dt
= Md − Mr , (30)

where I = md2/10 is the particle moment of inertia and Ω = 2v/d is the particle rotation rate.
For small values of the particle Stokes number St ≡ τp

τ f
= mU

3πµ dL
, the particle velocity can be

approximated by the local equilibrium solution

veq =
d

2µ
(τw − τcrit). (31)

Here, m = πρpd3/6 is the particle mass, ρp is particle density, U and L are characteristic fluid
velocity and length scales, and τp and τf are the particle and fluid time scales.

The area-based concentration c(r, t) is defined as the area on the impingement surface covered
by particles divided by the total surface area. In cylindrical polar coordinates, the governing equation
for c is given by

∂c
∂t
+

1
r
∂

∂r
(rcv) = 0. (32)

Numerical simulations for the concentration field were performed by solving (32) using the equilib-
rium solution (31) for velocity, which assumes small Stokes number and neglects particle collisions.
Equation (32) was discretized using a Crank-Nicholson approach with forward differencing in time
and centered differencing in space. A plot showing the evolution of the area-based concentration field
with time is given in Figure 8 for a case with critical shear stress τcrit = 0.002 and initial concentration
c(r,0) = 0.01. There is no change in concentration in regions where τw < τcrit, which are found both
near the cylinder axis and near the side wall. In the central region where τw > τcrit, the concentration
is observed to decrease with time for small r and increase with time for larger r . Over long time,
the particles would exhibit an island of “stranded” particles around the cylinder axis, be depleted
from the mid-radius region, and exhibit a large spike in concentration just before the point where
τw = τcrit. As the concentration within this spike grows, particles would become increasingly likely
to collide with each other, resulting in particles being pushed out into the flow field.

V. FLUID MIXING

Ultrasound beams are commonly used to mix fluids within a container. A demonstration of fluid
mixing by the acoustic-streaming flow is shown in Figure 9 for a case where the container is initially
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FIG. 11. Contours of the normalized energy dissipation rate, ε/µ, and the maximum logarithmic rate of stretching, λ1, for
the case in Figure 9 at steady state.

The potential of a flow for mixing is sometimes assumed to be related to the energy dissipation rate
ε = 2µDijDij, particularly for turbulent flows. The rate of dissipation can be written in terms of the
eigenvalues of D as

ε/µ = 2Di jDi j = 2(λ1
2 + λ2

2 + λ3
2). (38)

An alternative mixing measure is given by the largest eigenvalue λ1 of D, which is equal to the
maximum value of the rate of logarithmic stretching at a point. Since D is symmetric, the eigenvalues
of D can be computed very efficiently using the Smith algorithm.57

An example showing contour plots for both the rate of dissipation ε/µ and the largest eigenvalue
λ1 of D for the steady-state flow field is given in Figure 11. These plots can be used to identify
regions of high and low stretching rate in the fluid flow. The contours in both plots are very similar,
as might be expected from relationship (38). The average value of λ1 over the flow field gives a
global measure of the degree of stretching in a fluid flow, which we denote by Save. A plot of the ratio
Save/(1 − R2) is given in Figure 12 for cases with reflection coefficients R ranging from 0.08 to 0.6.
This ratio varies only by about 6% as the reflection coefficient is changed.

VI. PARTICLE DEPOSITION FROM A SUSPENSION

Particle deposition on the impingement surface under the basic flow field described in Section III
was examined using a three-dimensional adhesive discrete element method (DEM). The computation

FIG. 12. Plot showing the flow stretching measure Save, defined as the average value of the largest eigenvalue λ1 of D over
the flow field, normalized by 1−R2, as a function of reflection coefficient R.
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remains small. A plot showing the motion of the captured particles on the impingement surface is
given in Figure 14(b), showing the velocity vectors associated with each particle. By viewing movies
of the captured particle motion, it is observed that particles on the impingement surface remain once
they have been captured and they slowly roll in the outward radial direction under the action of the
fluid flow. Particles close to the central stagnation point and particles close to the lateral wall exhibit
very little rolling motion, since in agreement with the results shown in Figure 8, the fluid shear stress
in these regions is too small to counteract the adhesive rolling resistance. New particles are gradually
added to the set of captured particles during the simulation time.

VII. CONCLUSIONS

The problem of fluid mixing and particle transport caused by the acoustic streaming flow
generated by a Gaussian ultrasound beam oriented along the axis of a closed cylindrical container
was examined using numerical simulations. The problem is relevant to a wide range of applications
in which acoustic radiation is used to mix liquids in a container, or in which ultrasound is used to
clean a surface or to enhance deposition of particles from solution onto a surface. The simulations
were performed using an axisymmetric vorticity-streamfunction approach, which was supplemented
by temperature computation both within the fluid and within the underlying solid.

The flow field generated by the acoustic streaming motion exhibits a downward-flowing jet that
impinges on the end wall of the cylindrical container (called the impingement surface), as well as an
upward-flow recirculation along the sides of the container to conserve mass. The overall flow field
has the form of a vortex ring in a bounded cylindrical regime. Increase in the container height causes
the fluid velocity to increase, since a longer expanse of the flow is subject to the acoustic body force,
but the qualitative nature of the flow is unchanged. A series of cases were examined with different
values of the impingement surface reflection coefficient R, and it is found that the fluid vorticity and
velocity fields and the solid temperature scale reasonably well with the intensity transmission factor
1 − R2. The fluid shear stress on the impingement surface was examined and shown to transport
particles radially outward, except for within a region near the cylinder symmetry axis and near the
cylinder wall, within which regions the shear stress is too weak to overcome the adhesive resistance
to particle rolling. It was shown that this flow can rapidly mix the fluid regions within the cylindrical
container, but that deposition of particles onto the bottom surface occurs at a much slower pace
when the particles are small (e.g., 20 µm diameter). When the particles are sufficiently large for the
acoustic radiation force to be of the same order of magnitude as the fluid drag force, the particle
settling rate would be much more rapid.
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