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ABSTRACT

A reachable set is the set of all possible states produced by applying a set of inputs,
initial states, and parameters. The fundamental problem of reachability is checking
if a set of states is reached provided a set of inputs, initial states, and parameters,
typically, in a finite time. In the engineering field, reachability analysis is used to
test the guarantees of the operation’s safety of a system. In the present work, the
reachability analysis of nonlinear control affine systems is studied by means of the
Chen-Fliess series. Different perspectives for addressing the reachability problem,
such as interval arithmetic, mixed-monotonicity, and optimization, are used in this
dissertation. The first two provide, in general, an overestimation of the reachable
set that is not guaranteed to be the smallest. To improve these methods and obtain
the minimum bounding box of the reachable set, the derivative-based optimization
of Chen-Fliess series is developed. To achieve this, the closed form of the Gateaux
and Fréchet derivatives of Chen-Fliess series and several other tools from analysis are
obtained. To provide a representation of these tools practically and systematically, an
abstract algebraic derivative acting on words of a monoid is defined. Three nonconvex
optimization algorithms are implemented for Chen-Fliess series. The problem of
computing an inner approximation of the reachable set via Chen-Fliess series is also
solved by means of convex analysis tools. Furthermore, a method for the computation
of the backward reachable set of an output set is also provided. In this case, different
from forward reachability analysis, the feasibility problem represents a challenge and
requires using the Positivestellensatz. FExamples and simulations are provided for
every method presented. The application of control barrier functions via Chen-Fliess
series is outlined. Finally, the future work and conclusions are stated in the last
chapter.
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CHAPTER 1

INTRODUCTION

1.1 MOTIVATION

As technology and industry advance, systems become more complex and aspects such
as stability, controllability, liveness, and safety become more difficult to analyze. In
many situations, for the correct operation of the system, the output is only allowed
to lie in a certain region of the output space called safety region. A way to verify the
compliance of these operating constraints is by computing the output generated by
the inputs and checking if the set lies inside the safety region. In another scenario,
the unsafety outputs are known and the set of inputs that generated them need to be
identified. For example, in civilian air traffic control [66,67], the aircraft have to keep
a safe distance from each other to avoid accidents. With the distance known, the
pilots adjust the inputs such as the acceleration and the angle of the steering wheel
to remain in the safety region. An example regarding the energy field is the safe
operation of a power system [36]. In [69], the dynamics of Type-4 wind turbines are

analyzed to the electric disturbances that occur between a wind power plant and an



electric grid. For this, the set of all currents and voltages output of the turbines are
computed and checked whether or not lie in the safe region to guarantee the stability
of the electric grid.

The set of outputs of a control system as a response to a set of inputs and initial
conditions is called a reachable set, and the study of them is called reachability analysis
which has its origins in model-checking and system verification in which the goal is to
provide a systematic way of verifying if the reachable set or the input set is contained
in a particular safety or unsafety set instead of simulating each possible outcome. In
general, and for the type of systems considered in this manuscript, input and initial
condition sets with infinite elements generate a set of infinite outcomes. This work is
concerned with three categories of reachability analysis. In forward reachability, the
focus is on the reachable set at a fixed time, while in backward reachability is on the
input set at a fixed time. In tube reachability, the verification must be satisfied for a
given time horizon.

Computing the actual reachable set has been proved undecidable even for sim-
ple cases like linear systems with inputs constrained to affine subspaces [23], and
some methods such as the ones that rely on the Minkowski sum of polyhedra easily
become burdensome for high-dimensional systems. Because of this, alternatives to
the reachable set are preferred to compute, such as overapproximations, which are
bigger sets that contain the reachable set, but they are easier to compute. For the
same reason, underapproximations are also used. A particular overapproximating set
is a box, also known as a bounding box. In particular, it is preferred to have the
smallest bounding box called minimum bounding box (MBB) as it provides the most

accurate box representation of the reachable set. In the literature, there are ways



to compute overapproximations of the reachable set of a control system for a given
set of inputs and initial conditions when the output is equal to the state. For lin-
ear systems having zonotopes as initial conditions and the input sets, the Minkowski
sum provides a method to compute their overapproximating set [3]. This extends
naturally to non-linear systems by linearizing the dynamics. A second approach for
non-linear systems is mixed-monotonicity (MM), which makes use of an auxiliary
dynamical system and the preservation of a partial order to obtain a bounding box
of the reachable set [15,74]. A third approach computes the reachable set by inter-
preting the non-linear system with disturbances as a differential game whose solution
leads to the Hamilton-Jacobi-Bellman equation [26,48]. The Koopman operator pro-
vides another method of linearization of systems used to obtain an overapproximation
of the reachable set of polynomial systems [65]. Finally, neural networks combined
with mixed-monotonicity are also employed to compute overapproximations of the

reachable set [72].

1.2 PROBLEM DESCRIPTION

This manuscript deals with the computation of reachable sets of non-linear control
affine systems using Chen-Fliess series. Figure 1.1 shows an input-output representa-
tion of a system where a set of inputs enter the system and produce a set of outputs.
In the literature, a set of states and parameters also enter the system but in the
present work, only a set of inputs is considered. In reachability analysis, the goal
is to compute the actual reachable set but in many cases, this is computationally

expensive and an overestimation is preferred as long as it is faster computationally.



output set

o - ® °
Uy ° =T
O ==

Uy @ -~

oy

Figure 1.1: Reachable Set (green) and Overestimation (orange).

The computation of two types of reachable sets is addressed in this work: the for-
ward and backward reachable. The use of them depends on the particular application.
If the output of the system is compact, the minimum bounding box can be written
in terms of two corners of the box. These two corners are formed by the maxima and
the minima of the coordinates. Since the output is represented by the Chen-Fliess
series, the problem translates into the problem of optimization of Chen-Fliess series

as shown in (1.1) where U is a box. Figure 1.2 explains this idea.

min F,[u](t), (1.1)

ueld

The backward reachable set of an output set at a fixed time is the set of input
functions such that when they are applied to the system, all outputs lie inside the
assumed output set. Equation (1.2) describes the optimization problem.

min  u;

ueB (12)
s.t. Felul(t) € U.

Assuming constant inputs, both (1.1) and (1.2) are non-convex optimization prob-

lems. The feasibility of the backward-reachability problem is non-trivial and its anal-
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Figure 1.2: The graph shows the output reachable set of a non-linear affine system and its
minimum bounding box (MBB).

ysis uses the Positivestellensatz.

1.3 LITERATURE REVIEW

1.3.1 REACHABILITY ANALYSIS

In the current section, three main techniques of reachability analysis are described.

These are the Hamilton-Jacobi, mixed-monotonicity, and set-based methods.

1.3.1.1 Hamilton-Jacobi

This method analyzes the reachability of general non-linear systems (not necessar-
ily control affine) and hybrid systems with inputs and disturbances. Consider the

problem of computing the backward reachable set of a target set. In this case, the



problem is modeled as a differential game [34]. The use of game theory in control
theory can be traced back to [42]. The game is a game of kind for which the goal is
to reach the target set at the determined time. Player 1 is the controller, and Player
2 is the disturbance. The goal is Boolean and described as an indicator function of
the target region [63]. This is transformed into a game of degree by using the level
set method [45]. The backward reachable set is given by the solution of the game
by dynamical programming which is obtained from the Hamilton-Jacobi-Isaacs PDE
as formulated originally in [66,67] to address the problem of air traffic management.
The problem of computing the forward reachable set is performed in a similar man-
ner but with a change in the direction of the time variable, and the reachable tube is
computed by first minimizing the objective function over the time horizon.

In [7], the authors provide a big picture of the method, and in [12] an updated
review is given. According to [12], the computation of the reachable set by the
Hamilton-Jacobi method is intractable for systems of dimension 5 or higher with
exponential complexity. A way to overcome this drawback is to decouple the system
into self-contained subsystems that are possibly coupled through common states,
controls, and disturbances. Then, compute the reachable set of the subsystems and
recombine them to construct the whole system. Other types of decompositions are
proposed in the literature [13,37, 38, 46].

Currently, there are two main toolboxes for reachability analysis. The Level Set
Toolbox (toolboxLS) [47] in MATLAB solves PDEs with the level set method and the
Berkeley Efficiency API in C++ for Level Set methods (BEACLS), which is designed

for fast computation.



1.3.1.2 Mixed-Monotonicity

This method has its roots in monotone dynamical systems [62] which are systems
whose flow preserves the partial order of the state space. The property is characterized
in terms of the partial derivatives of the vector field. The most important aspect of
this type of systems is that most solutions converge to the equilibrium [39]. This
definition was extended to control systems in [2].

A mixed-monotone system is decomposed into a non-increasing and a non-decreasing
part [28]. In [14], a characterization of this property is given in terms of the mono-
tonicity of the vector field and this is bounded by the decomposition function to
obtain an overestimation of the one-step reachable set. In [74], a relationship be-
tween the definitions of mixed-monotonicity was provided and new criteria was given
to prove that a system is mixed-monotone in terms of the bounded variation of the
vector field. A decomposition is tight among all the decompositions if it provides the
smallest representation of the system. A tight decomposition for discrete systems was
given in [73] and for continuous systems in [15] where the reachable set is overapprox-
imated by the dynamics of the embedding system. This associated system is written
in terms of the decomposition function and its realization provides the northeast and

southwest points of the overapproximating box.

1.3.1.3 Set-based Methods

Another important tool to perform reachability is set-based methods. Different types
of sets have different advantages in the computation of reachable sets. Examples of
these sets are boxes, intervals, polytopes, ellipsoids and zonotopes. In [3] reachable

sets are computed for linear systems using set-based methods. Also, the complexity



of the operations for specific sets depends on their representation. For example, the
hyperplane representation of a polytope requires a different amount of real numbers
to represent than its vertex representation. An important operation for set-based
reachability analysis is the Minkowski sum which is computationally expensive for
polytopes [5]. Because of the good scalability of the state space models and cheap
computation, zonotopes are preferred [27].

A way to overapproximate reachable sets is by using support functions [24,32,43].
Given a compact convex set, a finite number of vectors and their associated support
functions are only necessary to provide the overapproximation. In the case of linear
systems, if the set of inputs is closed and convex, then the corresponding reachable
set also preserves these properties. Thus, reachable sets of non-linear systems can be
computed by linearizing the system and using the Taylor polynomial along with set
operations. In the literature, TIRA [44] and CORA [4] are two of the most popular
toolboxes used to compute reachable sets with a set-based approach. The first is

based on intervals, and the second on zonotopes, polytopes, and intervals.

1.3.2 CHEN-FLIESS SERIES

A Chen-Fliess series is a weighted sum of iterated integrals whose coefficients belong to
a real coordinate domain. An iterated integral of a vector function at a particular time
is defined recursively as the nested integral of the first coordinate function times the
integral of the remaining coordinate functions. Because of this combinatoric nature,
the Chen-Fliess series is indexed by words from formal languages. The mathematical
structure that defines these words and their rules of formation is called a monoid.

A Chen-Fliess series provides an input-output representation of nonlinear affine



control systems under certain conditions [21,22,35]. Applications of this methodol-
ogy include data-driven identification [68], interconnected systems representation [31],
and control [18]. Although the behavior of a Chen-Fliess series is intrinsically local,
its advantage lies in that under a proper setup, its coefficients are learned online.
That is, the Chen-Fliess series does not necessarily rely on a state-space model repre-
sentation of the system [68]. This is useful since systems in the engineering field are,
each time, more complex and challenging to represent. A more detailed account of
the concepts associated with Chen-Fliess series are provided in [29]. In the present
manuscript, Chen-Fliess series are used to present another methodology to compute

overestimations of reachable sets of non-linear control affine systems.

1.4 CONTRIBUTION

In Chapter 3, interval arithmetics is used to compute the overestimation of the output
reachable sets of nonlinear control affine systems represented by the input-output
Chen-Fliess formalism and whose inputs lie in a box. Specifically, this box is the
cartesian product of an interval with itself as many times as the dimension of the
input vector function. To obtain the overestimation of the output reachable set, first,
the arithmetic product of intervals is defined and the closed form of an arbitrary
power of an interval is obtained. Then, the closed form of the overestimation of
the output reachable set of a single iterative integral is calculated. The relationship
between the output reachable set of an iterative integral and its associated state-
space representation is described. Next, all the overestimating boxes of the output

reachable set corresponding to the iterative integrals associated with a Chen-Fliess



series are added up to obtain the overestimating box of the output reachable set.
Simulations and an example in which this straightforward methodology computes
the actual reachable set and not an overestimation are provided.

In Chapter 4, the notion of mixed-monotonicity (MM) of systems whose outputs
are described by a Chen-Fliess series is extended introducing the notion of input-
output mixed-monotonicity (IOMM). In the state-space version, this definition relies
on a decomposition function of the vector field that is defined in an extended do-
main and has monotone characteristics. In the input-output case, a way of obtaining
this function is by expressing the Chen-Fliess series of a sum of two input functions
in terms of the sum of two series. A partial order is defined to provide the mono-
tone behavior of the new decomposition function. It is shown that any convergent
Chen-Fliess series is input-output mixed-monotone. Next, the overestimating box
is obtained using the decomposition function on each orthant of the input domain.
Examples and simulations are provided.

In Chapter 5, the minimum bounding box of output reachable sets of systems
represented by Chen-Fliess series is calculated by performing first-order optimization
of Chen-Fliess series. For this, the closed form of the Fréchet and Gateaux derivatives
and the gradient are obtained. A proof of the mean value theorem by algebraic means
is given. Specifically, the closed form of the derivative of the sum of two inputs is used
instead of the proof from the books by the chain rule. The gradient descent algorithm
is implemented for Chen-Fliess series, allowing the optimization and computation of
the minimum bounding box. Examples and numerical simulations are provided.

In Chapter 6, three contributions are presented. First, the concept of differential

languages is introduced. This is inspired by differential fields in [16] with the pur-

10



pose of making the derivatives of Chen-Fliess series easy to represent. Second, the
second-order Gateaux derivative of a Chen-Fliess series is used to provide a finer ap-
proximation by its Taylor series. The closed form of the Hessian is obtained and differs
slightly from the one for real functions on real coordinate domains. The second-order
optimality conditions follow naturally from this. The third contribution consists of
using the Hessian along with the Newton algorithm to optimize a Chen-Fliess series to
obtain the minimum bounding box of the output reachable set. Then the trust region
optimization algorithm is used to overcome the ill-posed cases. Examples and simula-
tions are provided showing the efficiency of the trust regions method on Chen-Fliess
series. The examples and simulations are presented in Chapter 7.

In Chapter 8, a discussion on the backward reachable set of an output set is
presented. The goal is to describe two possible approaches to output backward reach-
ability. Then assuming the convexity of the output set, an inner approximation of
the output reachable set is obtained. Both problems are expressed and solved as
optimization problems.

As a summary, a list of the contributions is given:

1. Different approaches for the computation of the forward reachable set using

Chen-Fliess series:

Interval arithmetics: appears in [56].

Gradient descent: appears in [54].

Newton: appears in [55].

Trust regions: appears in [58].

2. Inner and backward reachable set using Chen-Fliess series: appears in [59)].

11



3. Chen-Fliess calculus:

Gateaux derivative: the closed-form is obtained and proved in [54].

Fréchet derivative: the closed-form is obtained and proved in the Transac-

tions on System and Control Letters Journal [57].

Hessian: the closed-form is obtained in [55].

Differential monoids: introduced in [55].

12



CHAPTER 2

PRELIMINARIES

In this section, Chen-Flies series are presented as a tool that provides an input-
output representation of a type of nonlinear systems. Its definition is given in terms
of iterated integrals indexed by words. Because of this, concepts of formal language
theory such as words and formal power series along with the results that guarantee
the Chen-Fliess series’s convergence to the system’s output are presented. Then,
the theory of mixed-monotonicity is presented as a tool to approximate the set of
outputs of a system as a result of a set of inputs and initial conditions acting on the
system. This approximation is given in terms of an embedded system whose trajectory
preserves certain partial order with respect to the inputs and initial conditions of the

original system.

2.1 FORMAL LANGUAGES

Formal languages have applications in many fields such as the automata, programming

languages, linguistic and logic fields. The objective of this section is to introduce the

13



monoid structure, which describes what a word from an alphabet is. In the literature,
Chen-Fliess series are represented by means of formal languages. In the present work,
these concepts are also used to represent the differential tools of Chen-Fliess series.
In principle, formal languages help index series of iterative integrals in a much more
informative manner than just enumerating the elements of the series with the naturals,
for example. This is mainly because of the structure of the iterative integral. This
is will be clear when the Chen-Fliess series is defined. The first concept of formal

language is the alphabet.
Definition 1 An alphabet is a finite set of symbols, and its elements are called letters.

In this manuscript, by convention, the alphabet is denoted X = {xo, 21, -+, x,,} for

an m € N. With an alphabet, one can form words.

Definition 2 A word over an alphabet is a finite string of zero or more letters. The

word consisting of zero letters is called the empty word.

In general, a word over X has the form n = xz;, --

.+ Ti,. Naturally, two words are

the same if they have the same number of non-empty letters and all their letters are

the same, this is, n = x;, ---x;, and v = x;, - - - x;, are such that n = v if and only if

T

r=sand x; =uxj, for ke {l,---,r}. A useful characteristic of a word is its length.

Definition 3 Consider the alphabet X = {xq,- -+ ,Zm} for an m € N. The length of
the word | - | is equal to the number of letters that compose the word. For the word

N =T - T, the length is |n| = k.

The number of times the letter x; appears in the word 7 is denoted |n|,,, the

empty word is denoted () and has zero length || = 0. The symbol X* denotes the set
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of all words of length k, X* is the set of words of any length, and Xt denotes the set

of all words with positive length.
Definition 4 Any subset of X* is called language.

To formalize the formation of words, the concatenation operation on words is
defined. This operation is associative, noncommutative, and the empty word works

as the neutral element.
Definition 5 The concatenation product on X* is the associative mapping C : X* X
X — X*

(7,€) = n§

The successive concatenation of a word is denoted as the power of the word n* = n---n
where 7 appears k times. With all the previous definitions, the following structure

can be establish.
Definition 6 A free monoid refers to triplet (X*,C,0).

In the present section, the concept of monoid was introduced. This set the foun-
dations for studying real functions from a monoid which can also be represented as

series.

2.2 FORMAL POWER SERIES

In the previous section concepts from formal language were given. In the present

section, those concepts are used to define formal power series.
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Definition 7 Consider the alphabet X, a formal power series ¢ is a function that
maps the set of all words to a real coordinate domain c : X* — R’. Denoting the

image of the function ¢ as (¢,n), the function is represented as the formal sum

c= Y (c,nn

nex*

If the coefficients of a power series ¢ lie in a real coordinate domain with dimension
¢ > 1, the power series of the coordinates are called the component series of ¢ €

R*((X)) and are denoted

Ci = Z (Cv 77)2777

nex

where the i-th coordinate of (c,n) € R is denoted (¢, n);. The set of all formal power
series over the alphabet X is denoted R*((X)). The next definition helps define a
particular class of formal power series. The set of words in the series with associated

non-zero coefficients is called the support of the power series.

Definition 8 The support of a power series ¢ is the set of words whose image under

c is non-zero. This is,

supp(c) == {1 € X" : (c,) # 0.

A formal power series ¢ with finite support is called a polynomial and the set of all
polynomials is denoted R*(X). A couple of characteristics of a power series are its
order and degree defined next.

Definition 9 The order of a power series ¢ is the smallest length of its words. This
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18,

min{[n| : n € supp(c)} ,c#0,
ord(c) =

00 ,c=20
A proper series ¢ is such that ord(c) > 0.

Definition 10 The degree of a polynomial is given by the biggest length of the word

max{|n| : n € supp(p)} ,p#0
deg(p) =

—00 P = 0
Finally, another important concept used in the definition of a differential monoid,

introduced in this dissertation, as seen later, is given next.

Definition 11 Consider the language L C X*. The characteristic series char(L) of

L is equal to the formal sum of its elements. This is,

char(L) = > v.

veL

As seen in the following sections, a Chen-Fliess series is associated to a formal
power series. In the present section, formal power series were defined among other
concepts that describe them. Next, an important set and operation for the whole

present work is addressed.
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2.3 THE SHUFFLE SET AND PRODUCT

In this section, useful tools on monoid are presented. These are the shuffle set and
product. These objects possess, intrinsically, a combinatorial nature. The shuffle set
is the set of all possible ways two words can be shuffled. In the same way as shuffling
a deck of cards, but instead of having two parts of the deck, one has two words. The
second concept is the shuffie product of two words and provides a polynomial whose
monomials are the outcomes of the shuffle. Both definitions are extended to formal

power series, and the product makes R((X)) an algebra and an integral domain.

Definition 12 The shuffle of two words n,& € X* is defined to be the language

Sn,é = {V € X" v =m&mbe - Mbn, M & € X7,

n=mng- N, =68 &, n> 1}

In particular, S,y = {n} and Sy = {{}. Notice that this is a set, and as a set,

all elements appear only once. For example, consider the language X = {z}, then

Se. = {2?}.

Definition 13 The shuffle product of two words is

(zin) w (2;€) = zi(n w (2;€)) + 2;((2in) wWE)

where z;,z; € X, n,§{ € X* and with nw@ =0wn=n.
It is easy to notice that the shuffle product and the shuffle set are related through

the support function by the identity S, ¢ = supp(nw§).
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Given the set of all words of length n with a fixed number of letters in the alphabet,
this is, L = {n € X" s.t. |n]zy = 10y -+, M|z, = nm}, & helpful way to represent its

characteristic polynomial is by means of the shuffle product as
char(L) = xp® w - -+ wap™ (2.1)

Moreover,

char(X") = > af®w - wahm.

no+-+nm=n
It is seen later that there is an important relationship between the shuffie product
and the product of iterated integrals. In the next section, Chen-Fliess series are

presented.

2.4 CHEN-FLIESS SERIES

The purpose of the current section is to introduce the concept of Chen-Fliess series.
These are weighted sums of iterated integrals. First, the domain of the input functions
is specified. Then, the definitions are given along with Fliess’ representation theorem
of nonlinear control affine systems.

Consider p € N such that p > 1 and ¢y, ¢t; € R such that ¢y < ¢;. The input vector
functions w : [tg, t;] — R™, where u(t) = (u1(t),- - , un(t)), considered in this section

are Lebesgue measurable. The norm in this input space is [lul[, = max{|[u, 1<

Iy :
i < m}, where [lu;l|, is the usual Ly-norm of the measurable real-valued coordinate
function, u;, defined on [tg, t1]. Let L}*[to, 1] denote the set of all measurable functions

defined on [to, 1] having a finite [|-[|, norm and define the closed ball of radius R as
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the set By*(R)[to, t1] := {u € L[to, t1] : [Jull, < R}. Denote C[to, 1] as the subset of

continuous functions in L7 [to, t1].

Definition 14 An iterated integral is defined inductively for each word n = x;n7 € X*

as the map E, : L{'[to, t1] — Clto, t1] by setting Ey[u] = 1 and letting

Beiul(1,10) = [ () Bglul(r, ) dr, (2.2)

to
where x; € X, n € X*, and ug = 1.

Definition 15 [21,22/A Chen-Fliess series, is a causal m-input, (-output operator,

F., associated with a formal power series ¢ € R*((X)) such that

y(t) = Flul(t) = > (c,n) Bylul(t,to).s (2:3)

nex*

It is assumed hereafter without loss of generality that ¢, = 0, which allows denoting

E,[u](t, to) as E,[u](t). Consider |z| := max; |z;| when z € R".

Definition 16 A Chen-Fliess series is locally convergent if there exists K, M > 0
reals such that

(el < KM |t ¥y € X*.
The set of all locally convergent series is denoted R ((X)).

In this case (2.3) converges absolutely and uniformly for sufficiently small R, T" > 0
and is a well defined mapping from By*(R)l[to, to + T into BS(S)[to, to + T], where

the numbers p, q € [1, +o0| are conjugate exponents, i.e., 1/p+1/q =1 [30].
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Definition 17 A Chen-Fliess series is globally convergent if there exists K, M > 0

reals such that
l(e,n)] < KM Vn e X*.

The set of all globally convergent series is denoted R, {((X)).

In this case, (2.3) converges on the extended space L} (to) into C[ty, o0), where
Ly (to) == Urso Li'[to;to + T]. Thus, (2.3) is well-defined for all times. A deeper

discussion of the convergence of Chen-Fliess series is presented in [70].

Definition 18 Given a locally convergent Chen-Fliess series I, defined on By (R)[to, to+
T| and having finite Lie Hankel rank. The series F. is realizable by a system of the

form

() = go(2(8)) + D_ gi(2() wi(t), 2(to) = 2o, (2.4a)
i=1
Uit = b)), =121, (2.4D)
if y;(t) = Fo;[ul(t) = hj(2(t)), t € [to,to+T1, j =1,2,...,L where each g; is analytic
on some neighborhood W of zy € R", and each h; is an analytic function on W

such that (2.4a) has a well defined solution z(t), t € [to,to + T for any given input
u € BPMR)[to, to + T).

Theorem 1 [61,04] Given a realizable Chen-Fliess series F, of the system in (2.4),

then for any n = x;, ---x;;, € X* the coefficients of the corresponding Chen-Fliess
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series can be written as
(Cj7 n) = Lgnhj(zo) = ng‘l e 'Lgik h; (20), (2.5)

where Ly h; is the Lie derivative of h; with respect to g; [21, 35, 50].

In [68], it is shown that a Chen-Fliess series can be defined independently of a

state space model and thus can be used for data-driven analysis and control.

Definition 19 The Chen series of the input vector w € By,(R)[0,t] refers to the

following object

Plul(t) = >_ Eylul(t)n

neX™

It is also known [21,29] that the Chen-Fliess series can be written as

Felul(t)= (¢, Plul(t)) = ( > (emn, X En[U](t)n) - (2.6)

nex* nex*

The following is an important result linking the shuffle product and the iterated

integral.

Lemma 1 For any n,& € X*

Eylu](t) Eelul(t) = By elul(t).
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2.5 CONVEX ANALYSIS

In the current section, basic concepts of convex analysis are presented. The goal is to
provide the tools to understand that a compact and convex set in a real coordinate
domain can be described in terms of the half-spaces of all its support hyperplanes.
The convexity of functions is desirable in optimization problems since, in this case, a
local optimum is, in fact, the global optimum. In the present dissertation, Chen-Fliess
series are optimized, and even when restricting the input vector function to a constant
vector, the Chen-Fliess series is not a convex function, in general. This is the reason
the focus of this section is on convex sets and not on functions. The second reason
is that, later, the inner approximation of a set is obtained via Chen-Fliess series for

convex sets. The content is based on [11,33].

Definition 20 A set S C R" is convex if for all x,y € S, axr + (1 —a)y € S for

a€[0,1].

Definition 21 A convex combination of elements x1,--- ,x, in R™ is an element of

the form

k k
S i where Y ai=1 and ;>0 for i=1,--- k.

=1 i=1

A way to generate convex sets is by taking the convex combinations of the elements

of a set. This is the convex hull of a set, which, alternatively, can be defined as follows

Definition 22 Consider a nonempty set C C R"™. The convex hull co C is the

intersection of all convex sets containing C.
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The following fundamental result characterizes the elements of the convex hull of

a set in terms of the original set.

Theorem 2 (C. Caratheodory) Any z € co S C R"™ can be represented as a con-

vex combination of n+ 1 elements of S.

The extreme points of a set are the ones that cannot be written in terms of the

convex combination of two other points. An alternative definition is given next.

Definition 23 Consider C C R" convex. An element x € C' is an extreme point of

C if C\ {x} is convez.

Another fundamental result states that knowing the extreme points of a certain

set is enough to reconstruct the original set exactly.

Theorem 3 (H. Minkowski) Consider C' C R™ compact and convex, then C =

co(ext C).
The next tool is used later to provide a description of a convex set.

Definition 24 An affine hyperplane H,, supports the set C' when C' is entirely con-

tained in one of the two closed half-spaces determined by H,,. This is,

s-y<r, forallyeC.

the hyperplane supports C at x € C if, additionally, x € H,, which means that

ST =T.

The following result is known as the supporting hyperplane theorem.
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Theorem 4 Consider the convex set S C R™, and x € OC, there exists a hyperplane

supporting C' at x.

The next definitions appear in [32,43] and are used to characterize the inner-

approximation of the a of sets.

Definition 25 The support function of a compact conver set A C R"™ is the function

is defined as o4 : R" — R

oa(v) = max .z - v.

Definition 26 The support vectors of a compact convex set A C R™ are defined as
va(v) = arg Max - v.

The supporting hyperplane theorem represents a convex set in terms of the half-
spaces. This is called the dual representation of a convex set. In general, the sup-
porting hyperplanes for this representation are not finite. If only a finite amount of

these hyperplanes are taken, then an overestimation of the set is provided.

2.6 MIXED-MONOTONICITY OF STATE SPACE

MODELS

In section 1.3, mixed-monotonicity was briefly explained. In the current section,

a more detailed account is provided. First, a partial order is specified, then the
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decomposition function of a vector field is defined, and with this a system associated

with the original dynamics is used to compute an overestimation of a reachable set.

Definition 27 A partial order is a relation that satisfies the properties of reflexivity,

transitivity, and antisymmetry.
A natural partial order is provided next.

Definition 28 Let < be the componentwise partial order on R™. This is, for x =

(xla"' >$n) (I?’Ldy: (yla"' 7yn) ER”,ISnyCLTLdOTLly’LfJ?Z SyifOTie {L 7n}'

Consider the vectors z, #,y, § € R" and the concatenated vectors (z, ) and (y, 9)

in R2",

Definition 29 The southeast (SE) partial order <sg on R*" is defined as (v, %) <sg

(y,9) if and only if v <y and § < Z.

This is equivalently written in terms of the componentwise partial order as (z, %) <gg

(yu g) if and OHly if (I7 _‘%) S (yv _@)

Definition 30 Consider a,b € R™, an extended hyper-rectangle is defined as the set

la,b] :={x eR": a<x<b} CR"

Another way used to define a hyper-rectangle in R™ is by considering a single
point a = (b, 3) in R?" that is the concatenation of the vectors b,B € R” and setting
[a] = [b, 13] The southeast partial order in R?" helps represent a partial order
relation on the set of hyper-rectangles in R™. To observe this, consider the nested

hyper-rectangles [a,b] C [¢,d] C R™ where ¢ < a and b < d. This inclusion relation of

26



X6
Y4

X5

X3
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Figure 2.1: The hyper-rectangles [(3,2),(5,3)] and [(1,1),(6,4)] in R? satisfy
((1,1),(6,4)) <sr ((3,2), (5,3)) in R™.

hyper-rectangles in R™ is equivalently written as (c,d) <sg (a,b) in R*". Figure 2.1
illustrates the SE order as defined in this section.

Consider the hyper-rectangles X C R™ and &/ C R™ and the locally Lipschitz con-
tinuous function in each argument f : X x U4 — R"™. The continuous-time dynamical
system is defined

(2.7)

z(0) = xo,
where zp € X and u : [0,7] — U. Given an input function u(t) and an initial
condition z, the trajectory function ¢(¢, u, xy) of (2.7) satisfies the dynamical system
and represents the state of the system at time ¢t. Next, the set of states reached at a

certain time by the dynamics is defined.

Definition 31 Consider the system described by (2.7). The reachable set of the sys-

tem subject to a set of inputs U = [u, @] and a set of initial states Xy = [x,T] is the
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set
Reach(Xo,U)(T) := {gzﬁ(T,u,xo) e R" : for some u : [0,t] = U, xq € XO}.

The next definition generalizes the concept of monotone system by embedding the
vector field of the dynamics into the diagonal of a new function called decomposition

function. This function has monotone properties in each argument.

Definition 32 [15] Let d : X x U x X x U — R™ be a locally Lipschitz continuous
function. The function d is said to be the decomposition function of (2.7) if the

following holds:

i. Forallx € X and allu e U, d(x,u,z,u) = f(x,u).

it. Foralli,5 € {1,--- ,n} with i # j, gji_(:c,u,ﬁc,ﬁ) >0 for all x,z € X and for

all u,u € U whenever the derivative exists.
iti. Foralli,j e {l,--- ,n},

od,;

<0
0; =

>

(x7 u? ‘@7

for all x,z € X and for all u,u € U whenever the derivative exists.
iv. Forallie{l,--- ,n} and all k € {1,--- ,m},

od,;

od;
Bu (x,u,z,0) >0,

- Oy

(x,u,2,0) <0

for all x,z € X and for all u, i € U whenever the derivative exists.
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The system (2.7) is said to be mized-monotone if there exists a decomposition function

of its vector field. The definition suggests that the decomposition function of a system

is not unique. In fact, a system may have several decompositions. The next theorem

provides one decomposition function of any vector field described in (2.7).

Theorem 5 [15] Given an arbitrary system of the form (2.7). The system is mized-

monotone with respect to the following decomposition function d:

(2.8)

The decomposition function is used to compute an overapproximation of a reach-

able set of the system (2.7) by making it the vector field of system called embedding

system.

Definition 33 Consider the mized-monotone system (2.7) with decomposition func-

tion d, the embedding system is defined as

where (v,2) € X x X C R* and input (u,4) €U x U C R*™.

The following definition helps establish

29

(2.9)



Definition 34 [1] A tight decomposition function D of (2.7) is such that for any

decomposition d, it follows that that

forx <z and w < 0.

The decomposition provided in Theorem 5 is the tightest in the sense that any
other decomposition function generates no smaller hyper-rectangle that contains the
true reachable set [15]. It is important to highlight that obtaining a closed-form of
(2.8) is nontrivial and in general, requires solving a non-convex optimization problem.

Let ®°(t, (zo, Z0), (u, 1)) denote the state trajectory of (2.9) at time ¢ when the
initial state is (zg,%9) € X x X and the inputs are wu, 4 : [0, 00[— U = [u,u]. When
the inputs are of the form w(t) = w and 4(t) = @, the state trajectory of (2.9) is
denoted ®°(¢, (o, Zo), (u,@)). The trajectory ®° preserves the south-east order [15].
The next theorem relates the embedding system with the reachable sets of system

(2.7).

Theorem 6 [15] Assume system (2.7) is mized-monotone with respect to d. Con-
sider Xy = [z,T] C X a hyperrectangle of initial states and the input functions

uy : [0,00[—= U, us : [0, 00— U, satisfying ui(t) < us(t) for allt >0, then

Reach(|z, |, [u,a])(t) C [®°(t, (z,7T), (u,u))]

for allt > 0.
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2.7 ALGEBRAIC GEOMETRY

In this section, two essential results in the field of algebraic geometry are presented.
This content is based on [10,52]. In a sense, algebraic geometry concerns the rela-
tionship between algebraic and geometric properties of polynomials or a set of these.
The geometric part comes from the zeroes of the polynomials, and the algebraic part
comes from the generating structure. It is also the background for the modern study
of elliptic curves [60].

Consider k a closed field, k[zy, -+ ,x,] is the set of polynomials in the xq,--- , x,
variables with coefficients in k. An affine algebraic set is the set of zeroes of a set of
polynomials. When an affine algebraic set is irreducible, meaning it is not composed
of the union of affine algebraic sets, it is called an affine variety. An ideal is a subset
of a ring that forms a group under the addition, and it absorbs the ring under the

multiplication.

Theorem 7 (Nullstellensatz) Consider k an algebraically closed field and let I C
klzy, -+ ,x,) be an ideal satisfying V(I) = 0. Then 1 € I or equivalently, I =

klxy, - xy,).

Here, V(I) = () means that the set of points that make all polynomials of the ideal
equal to zero is the empty set. Then, this theorem provides a criterion for the existence
of solutions of systems of polynomial equations. Similarly, the next theorem provides
a criterion for the existence of points that make a system of polynomial equations

non-negative.
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Theorem 8 (Positivstellensatz) [10] Let R be a real closed field. Let

F:{f]ER[X177Xn] : j:l’...’5}7
G=A{gr € R[Xy, -, X,] : k=1,---,t},

H={heR[Xy, -, X,] :1=1,---,u}

be families of polynomials. Denote by P the cone generated by the elements of F', M
the multiplicative monoid generated by the elements of G and I the ideal generated by

the elements of H. Then the following properties are equivalent:

e The set
{z eR": fj(x) >0, j =1, , S,
gk<$) 7é O? k= 17 7t7
hi(x) =0, =1, ,ut
18 empty.

o There exists f € P,g € M and h € I such that f + g*> + h = 0.

Examples of these powerful theorems are provided in [52].
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CHAPTER 3

CHEN-FLIESS REACHABILITY VIA INTER-

VAL ARITHMETIC

This chapter is based on [56] where an over-approximation of the output reachable
set of a nonlinear control affine system (2.4) represented by a Chen-Fliess series is
provided. Here, the input is assumed to lie inside a box determined by the cartesian
product of one compact interval with itself. To compute this over-approximation,
first, the reachable set of a single iterated integral is obtained by using interval arith-
metics, specifically the power of an interval. To extend it to Chen-Fliess series,
the result for each iterated integral is added up and multiplied by its corresponding
weight. The advantage of this method is its closed-form, fast computation and good
accuracy for short periods of time. If the time is large enough the approximation
loses accuracy. Examples are provided and compared with the mixed-monotonicity
approach described in Section 2.6. It is possible that the over-approximation via
interval arithmetics coincides with the real reachable set but this is not guaranteed

in general. Additionally, the relation between the input-output reachable set of an
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iterated integral and the reachable set of its state-space representation is discussed.

3.1 INTERVAL ARITHMETIC

An interval is a set in R defined as [a,b] = {x € R : a <2 < b} for a,b € R. It
is a box over R according to section 2.6. In order to shorten the notation, the box
[a,b] x -+ X [a,b] are defined by two vectors each with the same coordinates, this is,
la,b] = [(a1, - ,an), (b1, - ,b,)] C R" with a; =a and b; = b for all i € {1,--- ;n}.

Following [49], the product of intervals is defined.

Definition 35 Given the intervals Iy = [a1, bi] C R and Iy = [ay, bs] C R, the

product Iy - Iy is defined as the interval [L T}, where

I= min yiys, [ = max yiys.
y1€la,b1] y1€[a1,b1]
y2€[az,b2] y2€[az,ba]

Observe that by simple inspection the product of [aq, b1] and [ag, by|, with a1, as, by, by €

R, is written as

[alabl] : [a2,b2] = [miﬂ{ala27@1b27b1a27ble}; maX{G1a27a1b2,bla27 ble}]~

In particular, when the intervals are the same I; = I = [a,b] C R, the product
[a,b] - [a, b] is denoted as a power of intervals [a, b]*>. In general, the product of n times

the same interval [a, b] is denoted [a,b] - - - [a, b] = [a, b]™.
~—_——

Example 1 Consider the intervals [—2, 1] and [1, 3]. From Definition 35, the product

[—2,1] - [1,3] = [-6, 3], because min{—2,—6,1,3} = —6 and max{—2,—6,1,3} = 3.
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Also, the second power of the interval [—2,1] is [—2,1]* = [-2,4].
Another operation used in this manuscript is the product of a real number and a set

Definition 36 Given a set X C R"™ and a number A € R, the product of X and X is

defined as NX = {\x : x € X}.
Example 2 Consider the interval [—2,1] and X\ = 3, then 3[—2,1] = [—6, 3].

In order to distinguish between the reachable set of system (2.7) given by Definition

31 and the reachable set of a Chen-Fliess series, the next definition is provided.

3.2 ITERATED INTEGRALS OVER INTERVALS

Definition 37 Given the alphabet X = {xg, -+ , 2}, the formal power series ¢ €
RY((X)) and the hyper-rectangle U C R™, the reachable set of the Chen-Fliess series

F_[u](t) taking values in the set of inputs U is the set
Reach.(U)(T) := {y = F.[u](T) € R* : for some u :[0,t] — L{}.

Next, a simple example is provided to illustrate this definition and the idea behind
the use of interval arithmetic to compute overestimations of the reachable set of a

Chen-Fliess series.

3.2.1 THE IDEA

Example 3 Consider the alphabet X = {xo,z1}, the formal power series ¢ = 3 €

R((X)) and the interval U = [—2,1] C R. The Chen-Fliess series F.lu|(t) is repre-
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sented by only one iterated integral F lu](t) = E2[ul(t). Since the inputs are taken

in the set U = [—2, 1], then

—2< u(T) <1,

—211 < / T)dT < T4,

which means that [J* w(T)dr € [—2m, 7] and since 7, > 0, then by Definition 36

=27, 71| = [-2,1]71. On the other hand, u(m) € [-2,1], then

u(m) /0 "um)dr € [<2,1] - [-2,1]n

and

t2

Ealul(t) = [ u(r) [ u(rydrdn € 2,175

Therefore, Reach.(U)(t) C [-2, 1]2%
Remark: The challenge to computing reachable sets of more complex Chen-Fliess
series by adding up the reachable sets of the iterated integrals is that in general

min By, [u](t)+min By, [u](t) <min(Ey, [u] (t) + Ey, [u] (1)),

ueU uel ueU

max(Ey, [u] (t) + Ep, [u] (1) <max E,, [u] () + max E,, [u] (1),

ueU ueU ueU

which means that the weighted sum of the reachable sets of the iterated integrals is

not equal to the reachable set of the Chen-Fliess series necessarily.
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3.2.2 REACHABLE SET AND ITERATIVE INTEGRALS

To relate both reachable sets in Definition 31 and 37, notice that an arbitrary iterated
integral has a dynamical system associated with it. To observe this, consider the
formal power series consisting of only one word ¢ = n = x;, ---x;,, € X*. The
associated Chen-Fliess series of ¢ is the iterated integral F.[u|(t) = E,[u](t). Define

the following set of functions

(3.1)

By differentiating the equations above, the following state-space represented dynam-

ical system is obtained in R"™:

u’)l (t) = Ui, (t)w2 (t)’
W (t) = ug, (Hws(t), (3.2)

wn (1) =i, (¢)

with initial condition w(0) = w;(0) = -+ = w,(0) = 0. Without loss of generality,
assume that i, # 0. Consider the set of initial states Wy = {(0,---,0)} C R™
According to Definition 31, for a box & C R™, the reachable set of system (3.2)

is Reach(Wp,U)(t) and from Definition 37 the reachable set of the iterated integral
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E,[u](t) is Reach, (U)(t). Therefore,
Reach,, (U)(t) = Proy,, (Reach(W,,U)(t)).

The closed-form of the reachable set of an iterated integral in terms of the interval

defining the input set is given next.

Lemma 2 Consider the input function u : R — R"™ with values in the boz [a, b] (i.e.,
w;(t) € [a,b],V t € [0,T] withT > 0). Forn = x;, ---x;, € X*, the reachable set of

the iterated integral E,[u](t) is bounded by
aul
Reach,([a, b])(t) C [a, b]'ﬂl—iﬁlzom,v te[0,7).
n|!

Proof: As shown by (3.1) and (3.2), there is a dynamical system associated to E,[u](t).
From Theorem 5, the decomposition function associated to the embedding system of

(3.2) is

dy(a,b) =a, d,(b,a) =0,

dj(wj+17a,wj+17b) = min 2y, if wiy <
YE[Wwjt1,W541]
z€[a,b]

dj (U)j+1, b, Wj41, &) = max zY, if Wj41 < Wj41
yE[wj1,@541]
z€[a,b]

for j € {1,--- ,n—1}. Therefore, the embedding system corresponding to E, [u](t) is

wl - dl(w27a7 QDQa b)7 e 7wn - dn(a7 b)7
(3.3)

U;\)l == dl(w27b7 ’LUQ,CL), e )U;\)n - dn(ba (l).
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According to Theorem 6, the states w; and w; provide the evolution of the south-west
and north-east corners of the overapproximating hyper-rectangle of the reachable set
of (3.3). Given that (3.3) is also a chain of integrators, one can simply start solving
for w,, and ,, and then solve sequentially for n — 1,...,1. The solution to (3.3) is

then

and, forany j=1,...,n—1,

¢ ¢
wj_; = min / zy(T)dr,W;_y = max / zy(T)dr.
y€[w; ;] Jo y€[w; ;] Jo
2€]a,b] z€[a,b]

Given the simple solution for w, and ,, one can apply the change of variables
r =y/7" in each w,_; and W, _; for i € {1,--- ,n — 1} so that the min and max are
calculated over [a,b]. This together with the monotonicity of the integral operator

gives

i [ ra(r)dr = min 2’

wy_1 = min_ [ 7zz(7)dr = min zz—

nl z€la,b] JO x€|a,b] 2’
z€[a,b] z€[a,b]

t 2

W,_1 = max / Tzx(T)dT = max zr—.
ze[a,b} 0 xe[avb]
2€[a,b] z€[a,b]
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Continuing the recursion, it follows that

t’n

wy = min_ Ty---Tp—,

zi€a,b] n!
i€{17"'7r}

t’n

W, = max xp---Tp—,

z;€[a,b] n!
ie{l, o}

where 7 = |n| — ||z, Finally, from Definition 35,

. —— ¢l
Reach,([a, b])(t) C [wy, @] = [a, b]" 1 0W7

which completes the proof. [ ]

3.2.3 BoxES USING INTERVAL ARITHMETICS

Since the reachable set of iterated integrals with inputs taking values in a hyper-
rectangle is given in terms of interval products, the following lemma provides the

closed-form of the n-th power of an interval.

Lemma 3 Given the interval I = [a,b] C R, its n-th power I"™ is given by

[a™, b"], a,b>0,n even
(6", a"], a,b < 0,n even
I" = { Imin{a"'b, ab"'}, max{|a|,|b|}"], a < 0,b>0,n even (3.4)
[a™, b"], ab > 0,n odd
[min{a™, ab” '}, max{a""'b,b"}|, a<0,b>0,n odd
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Proof: The lemma is proved by induction. For n = 1, it follows directly that

I' = [a, b]. For n = 2, one has that

[a?, b?], a,b> 0,

I? = [[)2’a2]7 a,b <0,

[ab, max{|al,|b|}?], a < 0,b> 0.

Assuming now that (3.4) holds for k odd, it follows that

Ik_[2 —
[min{a**2, a*b?, v*a?, b¥+2}, max{a**2, a*b?, v*a?, b2}, ab > 0,
[min{a**1b, ak*2 a*0?, a* 1}, max{a**1b,a**? a*b? a**t1}],a < 0,0 > 0,]al > |b],

[min{a?b*, ab* 1, 0"}, max{a®b*, ab* 1 **2}], a<0,b>0,b > lal.

If ab > 0, then

min{ak+27 ak:bQ7 bka2, bk+2} — ak+2

and
max{a"*?, a"b?, b¥a?, bF T} = b2,

If a<0,b>0and |a| > |b], then

min{ak—&—lb, a2 ko2, ak—H} — g2
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and

max{a*™'b, a""2 a"b?, a* '} = b,

If a<0,b>0and |b > |a|, then

min{aQbk, abk+1’ bk+2} — akarl

and

max{azbk, abk—f—l7 bk+2} — bk+2.

Hence, (3.4) holds for k£ odd. The case for k even follows in a similar manner.
Observe that (3.4) can be written compactly as

min{a", ab” '}, max{b",a"1'b}|, n odd
=

[min{a™, ab™ !, a"1b, 0"}, max{a™, b"}],n even.

In the current section, the closed formula of a box formed by n-th power of an

interval was provided. This is used to provide the closed formula of an overestimation

of the reachable set of a single iterated integral. In the next section, the overestimation

of the reachable set of a Chen-Fliess series is obtained by adding up the result for

each iterated integral.

3.3 CHEN-FLIESS SERIES OVER INTERVALS

Since a Chen-Fliess series is a sum of weighted iterated integrals with coefficients in

R, the reachable set obtained in Lemma 2 of each iterated integral is used in the
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next theorem to provide an overapproximation of the reachable set of a Chen-Fliess

series.

Theorem 9 Consider the formal power series ¢ € Rpc{((X)) and u: R — R™ be a
function with image in the box |a, b for allt > 0. The reachable set of the Chen-Fliess

series F.[u](t) satisfies

Reach.([a, B])(t) C [F[1)(t), F:[1](t)], V¢ € R,

where

(¢,n) = min {(c, n)[a, b= M=o }, (3.5a)

(e.1) = max {(67 n)la, b7l } (3.5h)

Here, 1 as the input of a Chen-Fliess series refers to the vector of m ones. This is,
1=(1,---, )T

Proof: The result follows directly from adding up the reachable set of each iterated
integral provided in Lemma 2. Given the minimum of a sum is not smaller than
the sum of minimums and the maximum of a sum is not greater than the sum of

mazimums, it follows that

> min (¢,n)E,[ul(t) < min F.[u](t) and max F.[u](t) < > max (c,n)E,[u](t).

neEX* u€la,b u€[a,b| u€la,b nEX* u€|a,b
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Then

F.[u)(t) € > (¢,n)Reach,([a, b])(t),Vu € |a, b],

nex*

where the product of (c,n) € R and the set Reach,([a, b])(t) is as described in Defini-

tion 36. One now has that

Reach([a, b])(t) C > (c,n)Reach,(|a, b])(t).

nex*

The result follows by replacing the expression of the reachable set of each iterated

integral, from Lemma 2, and noticing that

min{(c, ) Reach, [, ) (1)} = min { (e, ) o, 67~ LB, [1](0),

max{(c, 1) Reachy([a, b])(t)} = max {(c, n)[a, b7l }En[]l](t).

3.3.1 THE CLOSED-FORM

Next, explicit expressions of the coefficients of the defining series of Reach.([a, b])(?)

are obtained.

Corollary 1 Letting n = |n| — |n|s,, and defining the function f: R x N — R as
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1. a,b>0

c,m)a", (c, 0,
Fen)m) (¢,m)a”, (c,n) > |

(c;mb™,  (e,n) <0

1. a,b<0

(e,mb™,  (¢,n) >0, n even or (¢,n) <0, n odd
f(le,n),n) =
(e,m)a", (¢,m) >0, n odd or (c,n) <0, n even

iti. a < 0,b>0,|a| < |b]

(¢, mab™ L, (¢,n) >0,

(c,m)o", (e,n) <0,

f((C, 77): n) =

iv. a<0,b>0,b <|al

(¢,n)a™ b, (¢,n) >0, n even or (¢,n) <0, n odd
f(e;m),n) = .
(e,m)a™, (¢,m) >0, n odd or (c,n) <0, n even

then the coefficients of ¢ and ¢ in Theorem 9 are (¢,n) = f((¢,n),n) and (¢,n) =

—f(—(C, 77)7 n)
Proof: The proof follows by using Lemma 3 and taking into account that the bounds

of Reachc(]a, b])(t) switch when multiplying by a negative number. [ |
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3.4 NUMERICAL SIMULATIONS

Example 4 To illustrate the proposed Chen-Fliess over-approximation, consider the

following single-input single-output system
T =uxu, y=uwx, o= 1. (3.6)

Assume the input u is constrained to the interval U = [1,2.8]. Using (2.5), one can

compute the coefficients of the Chen-Fliess series. Thus, one has that

Ffu) = 1+ 3 Bylul(0),

where (¢,n) = 1 for all n € X* which implies that ¢ € Rec((X)). This is, Fe.|u]
converges for all t > 0. Also, from Definition 33, it is not difficult to see that the

embedding system for (3.6) is

with initial set of states equal to (xo,%9) = (1,1). Solving for this embedding system
(Theorem 6) provides the reachable set of (3.6) for inputs in U = [1,2.8]. On the

other hand, from Theorem 9 and Corollary 1, one has that

(e,n) = 2.8" and (c,n) =1
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for |n| = k. Therefore,

Reach,([1, 2.8))(t) C [F.[1](1), F{L)(1)] = |1+ f: o1+ f} 287

4.5 T T T T T T T T T

s ((F'S-1A upper bound
4r CFS-IA lower bound
= ==+ MM lower bound
= = « MM upper bound

Figure 3.1: Comparison of the overestimation of the reachable set of the system in Example
4 with initial state xo = 1 by the Chen-Fliess series interval arithmetic (CFS-IA) procedure,
for an input in U = [1,2.8] and word truncation size N = 3 and the Mized-Monotonicity
(MM) approach.

Example 5 Consider the following MISO Lotka-Volterra system given by

Ty = —X1Ty + T1U1, To = T1T — Tol, Y = T (3.7)

with initial condition xo = (1/6,1/6)". The embedding system obtained using Defini-
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0.3 . .

s (/F'S-1A upper bound

CFS-1A lower bound
0251 = = MM lower bound
= =« MM upper bound

0.2
=%
- Sy
0.15 S——
01} Tt~ -a o
DIDS 1 1 1
0 0.1 0.2 0.4 0.5

Figure 3.2: Comparison of the overestimation of the reachable set of the system in Example
5 with initial state xo = (1/6,1/6) by the Chen-Fliess series interval arithmetic (CFS-IA)
procedure, for inputs in U = [—1,1] and word truncation size N = 3 and the Mized-

Monotonicity (MM) approach.

tion 38 is

T1 = —T1T2 + T1U1, To = ToX1 — Tals,

i’l = —1?1.’1)2 + flﬁl, fg = i’gfi‘l — ..%QUQ.

The reachable set on the initial set (x4, T20, 21,0, T20) = (1/6,1/6,1/6,1/6) is given

in Figure 3.2 together with the result obtained from the interval arithmetic procedure

from Theorem 9.
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CHAPTER 4

INPUT-OUTPUT MIXED MONOTONICITY

This chapter is based on [53] where a Chen-Fliess series as described in (2.3) is shown
to have monotonic properties similar to those presented in Section 2.6. This is done
by extending the property of mixed-monotonicity to Chen-Fliess series and produc-
ing an appropriate decomposition function. First, the closed-form of the Chen-Fliess
series of the sum of two input functions is obtained in terms of the addend func-
tions. For this, an extended Chen-Fliess series taking two input function arguments is
presented. Then, a decomposition function is provided by decomposing an arbitrary
input function as the difference between its positive and negative parts and lifting
the function domain of the extended Chen-Fliess series. This decomposition function
preserves the monotonicity of a partial order in the input function domain. Because
of this monotonic behavior, the decomposition function is capable of providing an

overestimation of the reachable set of the output of a nonlinear control affine system.
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4.1 THE CHEN-FLIESS SERIES OF THE SUM

OF TwoO INPUTS

Since the procedures regarding the Chen-Fliess series with coefficients in R’ can be
performed componentwise, it is assumed hereafter that ¢ = 1 and that all inputs are
defined over the time interval [0, 7] for some 7' > 0. To extend the Chen-Fliess series
to be able to take two input functions as arguments, two alphabets are considered

instead of only one.

Definition 38 Let the alphabets X = {xo, - ,xm}, Y ={y1," -+ ,ym} and Z = X U
Y. A letter morphism is defined as any map p : Y — X such that fory; € Y one has
p(y;) € X. This mapping is naturally extended to a word monoid homomorphism p :
Z* — X*, where for n =z, -+ z;, one has that p(n) = p(z;,) -+ p(zi,). In particular,

k

the monoid homomorphism defined for letters as ox(y;) = x; is called a substitution.

4.1.1 EXTENDED ITERATIVE INTEGRAL

The next definition extends the iterated integrals to take two inputs associated with

two different alphabets.

Definition 39 Consider the alphabets X and Y associated to the input functions

u, v € L0, T], respectively. The iterated integral of n € Z* for the input (u,v) is
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given by the mapping &, : Ly*[0,T] x L*[0,T] — C[0,T], where Elu, v](t) = 1 and

/0 " (1)E, 0| (T, 7 € X,
Exmlu, v](t) = (4.1)
./o vi(T)Eu, v](T)dT, 2 €Y.

Similar to (2.2), (4.1) is linearly extended to polynomials p € R(Z) and then to series
c € R((Z)). Hence,

Fc[u7 U] (t) = Z (C, 77)677[“7 U] (t) (42)

nez*
is a well-defined input-output operator.
Define the substitution language of a word n = x;, ---x;, € X* as the following

set of words in the alphabet Z
177 = {Zil cc o Ziy, SAE Zij € {.Tij,’yij}, ] = 1,. o ,n}.

Observe that I, = supp ((z;, + yi,) - -+ (@i, + vi,)) and that it is comprised of 2"
elements. Moreover, if 1y,7, € X* are such that n; # n, then I, # I,,. If this were
not the case and n; # 7 are such that I,, = I,,,, then 0,72 € I,,. Since n is the

only word in X* that belongs to [

m» then 1y = ny, which is a contradiction.

4.1.2 THE CLOSED-FORM

The following lemma provides a closed formula for the Chen-Fliess series of the sum
of two inputs in terms of two alphabets which is useful for obtaining a decomposi-

tion of (2.3) for the purpose of studying its mixed-monotonicity. Recall that, from
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Definition 38, ox(§) =7 for any & € I,,.

Lemma 4 Let X and Y be alphabets associated to u, v € L;”[to,tl], respectively.

Given ¢ € R((X)), the Chen-Fliess series of uw+ v is written as

Flutd) =Y Y (cox(©)€lu o)) (43)

k=0 £E€S yu vk

Proof: To obtain (4.3), it is first shown that

Eﬂ [U + U](t) = gchar([,,) [u7 U] (t) (44)

for any n € X*. This is proved by induction over the length of the word 7. Consider
In| =1, n=x; and I,, = {x;, y;}. By the linearity of integrals and Definition 39, it
follows that

t

B, [u+v|(t) = /0 u; (1) + v;(7)dr,
= /Ot w;(T)dT + /Ot v;(7)dT,
= &, [u,v](t) + &y, [u, 0] (1),

= char([xj) [U, U] (t) :

Now assume that (4.4) holds true for any 7" € X* such that || = k, and compute

the expression for n = x;n’. That is,

E,fu+0(t) = /0 (s (7) + vi(7) By + 0] (7).
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Since |n'| = k and by the induction hypothesis, one has that

t
Eylu+0)(t) = [ (wa(7) + 0i(r) i [, 0] (1),
Hence, using linearity and (2.2) over the alphabet Z, it follows that

Byl + v](t) = Enyehae(r, ) [t 0]() + Eyyenar(z, ) [, ] (£)

— Cchar(Iy) ['LL, U] (t) :

Now, (2.3) can be expressed in terms of (4.1). That is,

Felu+v)(t) = > (e.n)Eylu+v)(t)

nex*

= Y (e;n)Enar(zy 1, v](£)

nex*

- Z Z(Cvn)gﬁ[uvv](t>'

neXxX* el

Since n = ox(§) for all £ € I,, and using the inner product in (2.6), it then follows

that

Flu+0](t) = Y. > (c,0x(€))Eu, v](¢) (4.5)
neX* (el
- ( > TleoxO)k T T & v1<t>5) e
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As observed before, if 1y # 12, then I, and I,, are disjoint, which gives
z'=J L= U {¢: ¢e,}
nex* nex*
and

2 =2 2.¢ (4.7)

tezx nex- ¢el,

Applying (4.7) in (4.6), one has that

Felu+0](t) = > (¢, 0x(8))&[u, v](t) (4.8)

cezr
Notice that Z* = ;2 Sx« v, then (4.8) is equal to (4.3) which completes the proof.
n

When the input functions u and v in (4.2) are related to a common function (e.g.,
u = g(w) and v = h(w) for g and h arbitrary functions), one can write the extended

Chen-Fliess series F.[g(w), h(w)](t) as

Felw](t) = Felg(w), h(w)](t)

= > (e.n)&lg(w), h(w)](?).

nez*

In the current section, the closed form of the Chen-Fliess series of the sum of
two inputs was provided. In the next section, this formula provides a decomposition

function of a Chen-Fliess series in the mixed-monotonicity sense.
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4.2 A DECOMPOSITION FUNCTION FOR CHEN-

FLIESS SERIES

In the mixed-monotonicity approach, the decomposition function of a vector field
is used to provide an overestimation of the reachable set. In the current section, a
decomposition function for Chen-Fliess series is provided by separating the positive
and negative parts. Then, a partial order in the function space is defined and used
to work with the decomposition to obtain the overestimation of the reachable set of
a Chen-Fliess series. When restricted to constant functions and a particular orthant,
this partial order is equivalent to the partial order induced by the respective orthant

cone.

4.2.1 POSITIVE AND NEGATIVE PARTS OF A CHEN-

FLIESS SERIES

The next theorem provides a decomposition of a Chen-Fliess series in terms of non-

decreasing and non-increasing parts.

Lemma 5 Letu € L;*[0,T] and its corresponding positive and negative parts u™ (t) =
max{u(t),0} and u™(t) = max{—u(t),0}, respectively. Then, F.[u] can be decomposed
as

Felul(t) = Fer[ul(t) = Fo- [u] (D), (4.9)
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where

ing*gg(j,g Eelut,u](t), (4.10a)
éng*gg(i L Ee[ut uT(t). (4.10Db)
and ct,c= € R((Z)) are such that
(¢*,€) = max{(~1)"(c,0x(€)), 0}, (4.11a)
(¢7,€) = —min{(=1)"(c,0x(¢)), 0} (4.11b)

for any § € Sx« y».

Proof: First, observe that u = vt — «~. Then, from Lemma 4, it follows that

Folu](t) = Fo[u™ —u~](t)

:i Yo (=D e, 0x(8)E[ut, uT](). (4.12)

k=0 nEX* €€S,

This summation can now be re-written using (4.11a) and (4.11b) as

3D M) SR ARSTATRNS [0

k=0nEX* €S, L

—i S Y (e Q& u ()

k=0 neX* ¢€S

(4.13)
n, Yk

where (4.10a) and (4.10b) can be directly identified in (4.13). This completes the
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proof. [ ]

This decomposition in terms of the positive and negative parts of the Chen-
Fliess series presented in the current section defines a decomposition in the mixed-
monotonicity sense, as seen later. A decomposition needs a partial order to overes-
timate the reachable set of a Chen-Fliess series in a box. In the next section, the

partial order is defined.

4.2.2 PARTIAL ORDER OVER THE SET OF FUNCTIONS

The following partial order is useful for establishing monotonicity properties of de-

composition functions of Chen-Fliess series.

Definition 40 Let u; : R — R™ and us : R — R™. These functions are ordered
wy = ug if and only if ui < ud and uy < uy, where < is the standard order of real

numbers (componentwise).

Example 6 Consider the function uy(t) = sin(t) and us(t) = 0.5sin(t). The positive

and negative parts are then ug (t) < ui (t) and uy (t) < uy (t). Therefore uy =< u;.

The next definition extends the notion of mixed-monotonicity to Chen-Fliess series

according to the partial order in Definition 40.

Definition 41 A Chen-Fliess series Fi[u](t) is Input-Output Mized-Monotone (IOMM)

if there exists a decomposition function

dlu, @)(t) : LI"[0, T] x L0, T] = C([0, T))

that satisfies the following:
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it. d[u,0](t) is non-decreasing in u,

iti. dlu,u](t) is non-increasing in 4,
where the monotonicity of the arguments is in the sense of the partial order < in
Definition 40.

The partial order acts on the argument of the decomposition function of the Chen-
Fliess series and later it is seen that by restricting the domain of the input the partial
order is preserved for Chen-Fliess series. The decomposition function is provided in

the next section.

4.2.3 THE DECOMPOSITION FUNCTION

The next result provides a closed form of a decomposition function of a Chen-Fliess
series that is used to obtain an overestimation of the reachable set of a system’s

output.
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Theorem 10 Let c € Rpo((X)) and u € B*(R)[0,T]. Given the Chen-Fliess series

F.[u](t), the decomposition function

dlu, 0)(t) := Fe+[u)(t) — Fe-[1)(2) (4.14)

satisfies Definition 41, and therefore F.|u](t) is IOMM.

Proof: Notice first that since

(", &) = max{](c, ox(£))], 0},

then |(c*,&)| = max{|(c,ox(€))],0} < KM V¢ € Z*. In the same manner
(¢, €)| < min{|(c,ox(£))],0} and |(c™,&)| < KMEl|¢|, Ve € Z* for K, M associated
with ¢. Therefore ¢*,¢™ € Rre((Z)) and Fe+[u](t) and F.-[u](t) are well-defined
maps. The theorem is now proved by checking directly the properties in Definition 41.

That is, condition . holds from (4.9) in Theorem 5, where

By fixing 4, condition ii. is satisfied since the coefficients of F .+ [u](¢) are non-negative,
and noticing that 0 < E[ui, ui] < Efud, uy| when uy < uy for any € € X*. Similarly,
by fixing wu, condition 4ii. holds since the coefficients of F.-[u](t) are non-negative.
Hence, F,[u](t) is IOMM.

A Chen-Fliess series can have several decomposition functions and the one given in

(4.14) is not unique (as is the case for the mixed-monotonicity property). In general
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(4.14) is not the tightest but it is applicable to any Chen-Fliess series. The next
corollary deals with the ordering of the decomposition function (4.14) as a consequence

of the south-east order originating from =.

Corollary 2 Let ¢ € R((X)) and u € BJ'(R)[0,T]. Given the Chen-Fliess se-
ries F.[u](t) and its decomposition d[u, ], if (u1,01) <sg (ug,U2), then dluy, ;] <
d[ug, Us).

Proof: From the SE order definition, one has that u; = uy and s = Uy. Now, from
the monotonicity of the arguments in the decomposition function given in Theorem 10,

one has that dluy, U] < d[ug, U] < dug, Gs]. This completes the proof. n

In the next section, the partial order and the decomposition function are used

together to provide an overestimation of the reachable set of a Chen-Fliess series.

4.3 OVERESTIMATION OF REACHABLE SETS

Next, the points in the box Y C R™ are grouped in subsets of U such that each subset
has a maximum element according to <. For example, for the interval [—1,1] C R,
the points 4 = 1 and u = —1 are not ordered as ut < 4%, but 4= < u~ then
u A @ nor & A u. On the other hand, by grouping the elements in two subsets as
[—1,1] = [—1,0] U [0, 1], any two elements in each subset are ordered in the same
subset. Notice the farther from the origin the greater. To see this, take 4 = —1
and u = —0.5, then u < 4. In general, for an orthant K, = {x € R™ : 0 < (—1)"z;}
where v = (vy, -+ ,1y,) with v; € {0,1}, the partial order < behaves as the partial
order induced by the cone orthant <y . The next theorem and corollary show that

(4.14) can be used to construct an over-approximation of Reach,.(U)(t).
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D(-1,1) u, A(11)
e o)
0(0,0)
I I H;
o 9)
C(-1-1) B(1,-1)

Figure 4.2: The box [(—1,1),(1,1)] defined by the component-wise partial order < is par-
titioned in the box [(07 0)7 (1a 1)]a [(07 0)7 (1a *1)]’ [(Oa 0)7 (*1’ *1)]a [(07 O)a (ila 1)] deﬁned in
terms of the partial order <.

Theorem 11 Consider the Chen-Fliess series F.[v](t) with v € L'[0,T] taking val-

ues in the box U, := [u,,0,] C K, for some fized v with partial order <, then
Reache(U,)(t) C [dlun, @)(t), dlit,, u,](£)].

Proof: First, one has u, = v(t) =X 4,, which implies (u,,4,) <sg (v(t),v(t)) <sg

(G, u,) for all t. Then, from Corollary 2, it follows that
dluy, @) (1) < Feo](t) < dlan, u)(t)

which completes the proof. [ ]

Note that any box U = [u, 4] C R™ can be written as U = U,c; (U N K,,),

where J = {(v1,...,v,) : v; € {0,1},j = 0,...m}. Define each part of i in K, as
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[u,, 4, = [u, ] N K, where u, <4, for u,,1u, € K,.

Corollary 3 Let F.[v](t) be a Chen-Fliess series with v € Li[0,T] taking values in

the box U = [u, ] C R™, it then follows that

Reach.(U)(t) C |J [d[uwﬁu](t)ad[awUV](t)}7

veJ

where [u,,4,] =UNK, forallv € J.

Proof: The proof follows directly from Theorem 11 and the fact that U = U, ¢ s[u,, G, ].

In this chapter, a decomposition function of the Chen-Fliess series in the mixed-
monotonicity sense is provided. This decomposition was obtained using the closed
form of the Chen-Fliess series of the sum of two inputs. This representation allows
the separation of the Chen-Fliess series into its positive and negative parts, then the
domain is lifted to obtain the decomposition function. A partial order is defined
that preserves the order of the decomposition function. This is used to provide an
overestimation of the reachable set of a Chen-Fliess series by restricting the input
domain to the orthants of the real coordinate domain and applying the decomposition

in each orthant, and finally adding up each part.
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CHAPTER 5

CHEN-FLIESS CALCULUS AND MINIMUM

BouNDING Box

The current chapter is based entirely on [57]. Previously, in Chapter 4, an overesti-
mation of the reachable set of the output of non-linear affine systems was provided
by extending the concepts of mixed-monotonicity to Chen-Fliess series. This overes-
timating box is not the minimum bounding box of the reachable set. In the present
section, the minimum bounding box is computed by optimizing the Chen-Fliess series
of the system, this is, finding the minimum and maximum of F.[u] for all u taking
values in the box U. The closed form of the Fréchet and Gateaux derivatives are
obtained for this purpose. In general, this optimization problem is non-convex with
respect to the input function w, and the intersection of the border of Reach.(i) and
the minimum bounding box is non-empty as seen in Figure 1.2 whenever the output

set is compact.

63



If the optimal points are interior points u*, then they satisfy
DF[u"][h](t) = 0,vh € B*(R)[0,T],

where DF_[u*][.](t) represents the Fréchet derivative of F,.[u*](t). To obtain a numer-
ical solution, the Gateaux derivative along with the Gradient Descent is used. This

recursion is set for some initial condition uq that has the form
Ujr1 = Uj — €VFC[UZ](t), (51)

where ¢ is the learning parameter and VF.[u;](t) is an appropriate gradient with
respect to u of the Chen-Fliess series F.[u] for some generating series ¢ € R, ~((X)).
The section will first define an appropriate gradient of Fi.[u] to be used in (5.1) and
then show that such recursion is well-posed.

In the following sections, the closed-forms of the tools from analysis are developed

to solve the optimization problems.

5.1 DERIVATIVES OF CHEN-FLIESS SERIES

To perform derivative-based optimization, first, the closed form of the derivative of
the Chen-Fliess series needs to be obtained. Since the input domain of the Chen-
Fliess series lies in a Banach space, the involved derivative is the Fréchet derivative, a
functional map that assigns the input perturbation measure to each input perturba-
tion direction. By assuming a particular direction, the Gateaux derivative is obtained.

It is proved that algebraically, these two have the same closed form. The derivatives
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must satisfy the next definitions.

Definition 42 Given ¢ € R{(X)) and the input functions u € L;'[0,t], the Chen-
Fliess operator is Fréchet differentiable at uw € BJ*(R)[0,t] if and only if there exists
DF.[u][J(t) : B*(R)[0,t] — R such that the following limit is satisfied for all u+h €

By (R)[0,1]:

(Fc[u + h)(t) — F.[u](t) — DE,[u][h] (t)) _

lim
h=0 [|hl],

The concept of the Gateauz derivative in [25] is extended to Chen-Fliess series in the

next definition.

Definition 43 Given ¢ € R({(X)) and the input functions u, v € L;*[0,t], the Chen-
Fliess operator is Gateaux differentiable at w in the direction of v if and only if there

evists 2 F.[u](t) € R such that the following limit is satisfied:

lim = (Fc[u + 20l(t) — Fulul(t) — ati[u] (t)a) — 0.

e—=0 ¢

In the next sections, the closed forms of the derivatives are provided.

5.1.1 THE FRECHET DERIVATIVE

Based on the formula of the Chen-Fliess series of the sum of two inputs in Lemma 4,

the closed form of the Fréchet derivative is provided next.

Theorem 12 [57] Let X and Y be alphabets associated with u,h € By*(R)[0,T],
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respectively. The Chen-Fliess series is Fréchet differentiable if and only if

h—>0 ||th (Z Z Z ¢, UX gﬁ[uv h](t)) =0,

k= QT]EX* §€S Yk

and its Fréchet derivative is expressed as

DEMIG = 3 3 (eox(©)Eelu, hl(2),

nex* fESn’y

whenever ¢ € Ry ((X)).

Proof: 'The proof is done by a direct application of Lemma 4 and Definition 42.

Consider 6 > 0 and h such that ||h|[, < J, from (4.3), it follows that

F.[u+ h|(t Z S (e,0x(8)E[u, hl(t).

k=0nEX* £€S, Lk

For k£ = 0, one has that

= > > (c,ox(8)&[u, (). (5.2)

nEX* £€S, o
Note here that & [u, h| = E¢[u] since £ € X*, which is why the left-hand side of (5.2)
does not depend on h. Then, it follows that
F.[u+ h)(t) — = > > (c,0x(8)E[u, h](t) =

neEX* €Sy y
S5 Y (eoon (©)Elu. h(1).

k=2neX* geSW,Y’V
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Multiplying by 1/||h||, and taking the limit of h to 0 gives the desired result. Fi-
nally, observe that the generating series of DF,[u][h](t) inherits the local convergent
bounds of the original series ¢. Therefore, for ¢ € RY ,((X)), the Fréchet derivative

DF_[u][h](t) converges, which completes the proof. n

The closed form of the input perturbation of the Chen-Fliess series in a particular

direction is obtained next.

5.1.2 THE GATEAUX DERIVATIVE

The Gateaux derivative is obtained by assuming a particular direction in the Fréchet

derivative closed formula. As shown next, algebraically, both derivatives are the same.

Corollary 4 [54,57] Let X and Y be alphabets associated with u, v € Li*[to, 1],
respectively. The Chen-Fliess series is Gateaux differentiable in the direction of v if

and only if

> Y Y (o (€)Elu o] (1) = 0, (5.3)

e—0
k=2 ’IYEX £€Sn’yk

and its Gateaux derivative is expressed as

LEMW =Y X (eox(©)Edu o),

UEX* fegn,Y

whenever ¢ € Ry ((X)).

Proof: The proof follows directly from Theorem 12 by taking the limit in the direction

of h = ev when € tends to zero. ]

Some extra operations and notation are needed before presenting some examples
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about computing the Gateaux derivative of Fi.|u|(t). Let X and Y be alphabets as in
Definition 38. For n = z;, ---x;, € X", the set of all words formed by the substitution

of r letters in n with letters in Y is denoted by

L={¢e(XUY):ox(&)=mn ¢y =1}, (5.4)

where ox is a substitution homomorphism transforming any letter in Y of £ into its

corresponding letter in X. Furthermore, one can see from (5.4) that

k
U Sxu = UL
r=0

r4+s=k

Example 7 Let u,v € By*(R)[0,t] be associated with the alphabets X and Y, respec-
tively. Consider the series ¢ comprised of just one word c =n = x;, ---x;, € X* and
let the substitution homomorphism oy such that oy (x;) =vy; fori = 1,...,m. The
corresponding Chen-Fliess series for input u is F.[u|(t) = E,[u](t). In this ezample,
the objective is to obtain the Gateauzr derivative of F.[u](t) showing that it satisfies
(5.3). From Lemma 4 and (5.4), the variation between E,[u+ ev](t) and E,u](t) is

expressed as

To establish (5.3), observe that for every & € I, one has that

R

[Eelu, v](1)] < T
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where R = max{||upq|lp; [[vpgllp. t} [30]. Then, assuming ¢ <1 and

Rl
M:max{w: £€I,’]’, 2§r§k},
the sum in (5.3) is bounded as
k
SN Elu,v)(t)e T < (2% — (14 k) Me.
r:2§61;

It is clear now that the limit of the sum of higher order terms when € goes to zero is

ll_r}%Z > Eelu,v)(t)e"t = 0.

r=2 {6[}7
Therefore, the Gateaux derivative of F.[u] is

S B = X &0l

¢el}
as stated by Corollary 4.

The next example considers computing the Fréchet derivative of the Chen-Fliess

series corresponding to a linear state space system.

Example 8 Consider the system

& =Ax + Bu, x(0) = xg
(5.5)

y=Clz,

and the functions u,v € B,(R)[0,t]. The Chen-Fliess series is computed using (2.5),
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and is given by

tk

F.[u Z CAFzo— i I;) CA*B B, [ul(t).

Note the first term on the right-hand side corresponds to the natural response, and
the second term is the forced response. This representation is in agreement with what
a Volterra operator gives for a linear system with analytic Kernels. To compute the
Fréchet derivative, consider § > 0 and h such that ||h||, < d. The series is perturbed

as

F.[u+h](t Z C’A’%O Z CA*B Etia, [u, A1)+

Z CA*B &, [u, h](t).

Since there are no higher order terms, then the condition in Theorem 12 is satisfied,

and the Fréchet derivative is
DF, Z CA*B &, [u, ().
Example 9 Consider the scalar bilinear system
T=zxu, y=u1x, 9= 1. (5.6)
u € By(R)[0,t]. It can be easily checked that the output of the system is

y(u(t)) = exp < / t u(T)dT).
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Starting from the Gateaux derivative of the Chen-Fliess series as given in Corollary
4, one has that

a o0

SR =Y Y &l

k=0 fGSx;f’yl

_ ll—Ig% i(FC[u + ev|(t) — Felul(t))

=l = > Buglu+ () — Buglul(0)
=1lim = > — [k E [+ ev](t) — kU, [u](1)]
—lim -3 {Exlm ot e0](8) ~ B, [u] (t)}

= [Bedlu o]~ B, [)(1)Y].

In the following section, the Gateaux derivative is used to obtain the gradient.
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5.1.3 THE GRADIENT OF CHEN-FLIESS SERIES

The Gateaux derivative in Corollary 4 is now used in (5.1) for the purpose of obtaining
the input signal that produces the reachable sets of a Chen-Fliess series characterized
by the generating series ¢ € Ry ((X)). As a reminder, the objective is to find the

minimum bounding box of the reachable set of a Chen-Fliess series such that,
Reach. (U) (t) C [E(t), F(1)],
where

F(t) = min F.[u](t) and F(t) = max F.[u](t),

7 ueU

and U is a box in R™. Hereafter, the existence of the Gateaux derivative in Corollary
4 is assumed.

In the following paragraphs, the gradient of a Chen-Fliess series is obtained. It is
used along with a Gradient Descent algorithm to provide a solution to the optimiza-
tion of a Chen-Fliess series on the box U.

The following result is useful in the implementation of line-search optimization

methods.

Corollary 5 [54,57] Let the elementary functions e; : [0,T] — R™, such that e;(t) =
(1,0,---,0)7,...,en(t) = (0,0,--- ,1)T forallt € [0,T]. The Gateauz derivative of
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F.[u](t) in the direction of u; is

TR0 = Y Y (cox(@)lu el

v nEX* £ESy .y,

Example 10 Considern = zox; € X* and the associated Chen-Fliess series Fy,[u](t) =

Ey oz, [u](t), the Gateauz derivative in the direction of v is

0
o Felul(t) = Expy,[u, v](1).

Example 11 Considern = x1x2 € X? and the associated Chen-Fliess series F,[u](t) =

E. 2, [u)(t), the Gateauz derivative in the direction of v is

The gradient of a Chen-Fliess series is therefore naturally defined as VF, : By*(R)[to, t1] —
By (R)[to, t1] such that

VEM@I(if%MW“wQLEM@)- (5.7)

The next lemma provides the Gateaux derivative of a Chen-Fliess series in an arbitrary

constant direction v in terms of (5.7).

Lemma 6 [54,57] Consider the constant vector v = (vy,- -+ ,v,,) € R™, u € L0, 1]

and the Chen-Fliess series F.lu|(t), the Gateaux derivative and the gradient are related
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0

%Fc[u] (t) = vI VF.[u](t).

Proof: The proof follows directly from Corollary 4 and S,y = U, S,,,. That is,

8(1 Z Z c,ox(8))E]u, vl(t),

nex* fESn Y

= ivi ( Yo > (cox(8)Elu, ei](t)> :

i=1 neEX* €Sy y;

— TV EL[u](t).

Example 12 Consider the linear system (5.5) once again with u € Ly[0,t]. The
gradient of F.lu| is

Z CAkngkyl u, e1](t),

— Z CABE [ul(t),
k=0
tk+1

- zcw il

Note that by integrating (5.5), the output is

y(t) = Cexp(—At)zo + /Ot Cexp A(t — 7)Bu(T)dr.
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Taking the derivative with respect to u gives
dy t
—= [ C A(t —71)Bd
T /0 exp A(t — 7)Bdr,

which coincides with the expression obtained using (5.7). This is,

dy _

~% = VE.[u](t).

In the next section, the approximation of the Chen-Fliess series using derivatives
is addressed. A useful tool to provide an algebraic proof of the mean value theorem

is presented.

5.2 FIRST-ORDER APPROXIMATION OF CHEN-

FLIESS SERIES

In the current section, the input perturbation of the Chen-Fliess series is approxi-
mated and a tool to proof the mean value theorem is provided. From Lemma 6 and

assuming the conditions of Corollary 4, it is easy to see that

F.Ju+ev] = F.[u] + vV E.[u](t)e + i Y3 (e,0x(8))Elu, v](t)e" (5.8)

k=2nEX* £€S, Lk

As the limit of the higher order terms (rightmost term in (5.8)) is zero, then, for a

small € > 0, it follows that

F.[u+ ev] = F.[u] + v VE.[u](t)e.
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The following result is a tool to provide an algebraic proof of the mean value theorem.

Lemma 7 [57] Let r € R, ¢ € RY{(X)), and X and Y be alphabets associated to

u € L[to, t1] and h € B*(R)[to, t1], respectively. It follows that

[e.9]

DFE[u+rh][a)(t) =3 32 kr' (e, ox(€)Elu, k().

k=1 £€SX*’Y;€

Proof: Let & = x;, - y;.

Ty, € Sxn-1y such that

Je={m- 22, € (XUY)" 1 25 =y, 2 € {wi,, 3, }Vr # j}.
First it is proved that if £ € Sx-y then

Eelu+rh h)(t) = 3 W1 u, h)(t). (5.9)
¢ede

The proof follows by induction on the length of the word. Consider £ € Sx-y with

€] =1, &€ = y;, then Je = {y;}, then

Eelu+ rh, h](t) = /Ot hy(r)dr

= > e fu hl(2).

CEJ§

Now assume that (5.9) holds true for any & € X* Y such that |¢/| = k. Computing

the expression for £ = ;£ gives

Ecutrh, H](t) = /0 (w(7) + rha(7)) e [u + rh, B](F)dr
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Since |¢’'| = k and by the induction hypothesis, one has that

ot rh () = | (s(r) + (7)) S B fu, h(r)dr

CEJE/

Using linearity and the iterated integral in (4.1) over (X UY)*, it follows that

Eelu+rh,h](t) = D rNE, [u, h](7) + rlhIE, [u, h)(7)dr

CEng
=> rl =18 [u, B](T)dr.

CGJg

The Fréchet derivative is now expressed in terms of (5.9) as

DEJu+rh[b(t) = Y (e.ox(€)Elu+rh,H](t),

§E€Sx*y

= Y 3 e ox(Q))Ecu, A (t).

§ESx*y (€J¢

Now it is showed that for each { € Sx-y, the elements of ( € J¢ repeat |(|y times
in the series. Assume £ € Sx« y+ such that § = x;, ---y;, - 2, -+ ¥j, - - ¥4, Con-
sider the word &, formed from & after substituting all letters in Y except for y;, with
ox(yp) = )y - ox(y) = @5, This is, &, = @iy Ty Ta s+ Yy - Tjy - T
Then by definition, § € Je, for all r € {1,---k}. Note that these are the only sets
formed from elements of Sx«y. Therefore, { € Sx« y» appears £k times in Usesyey Je,

which implies that

DEJu+rhB)(0=3 Y k(e ox(€)Echu. (1)

k=1 fesx*yk
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This completes the proof. [ ]

In the next section, Lemma 7 is used to prove the mean value theorem for Chen-

Fliess series.

5.2.1 THE MEAN VALUE THEOREM

The local monotonicity of the Chen-Fliess series is expressed in terms of the sign of
the Fréchet derivative. This is done by proving the mean value theorem for Chen-
Fliess series. The next result is an alternative proof of the mean value theorem
by an algebraic avenue using Lemma 4 instead of the classical proof from the book
using the chain rule. This proof forces us to compute the closed form of the Fréchet
derivative of the sum of two input functions which helps obtain the closed form of

higher derivatives of the Chen-Fliess series, in the next chapter.

Theorem 13  [57] Consider the open conver set U C Ly*'[0,t], u € U and ¢ €
Rrc((X)), § >0 and h € B*(R)[0,t] such that ||h||, < 6 and u+h € U. Then there

exists eg € (0,1) such that

Fulu+ h)(t) = F[u](t) + DF.Ju+ oh][h](t).

Proof: The theorem is proved by an application of Rolle’s theorem [9] and a continuity
argument. Basically, any continuous function that is zero when evaluated at the two
extreme points of an interval [0, 1] must have a point g € (0, 1) where its derivative

is zero. Define the function ¢ : R — R as

o(v) = /07 DF.[u+ rh][h)(t)dr — (F.Ju+ h](t) — F.[u](t))y. (5.10)
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Applying Lemmas 6 and 7 to the term inside the integral in (5.10) gives

DEJu+rh)[B](t) = DELO +3 3 kb (e, 0 (€))Eelu, v](2).

k=2 €S v yi

Integrating with respect to r, it follows that

/O,)/DFc[U‘Fthh]( )dr = DF.[u 7+Z > (cox(€)Elu, vtV (5.11)

k=2 £€S .\ yi

Using equation (5.8), the second term in the right hand side of (5.10) can also be

written as

(Felu+ hl(t) = Fe[u](t))y = DF.[u 7+Z > (c0x(§)Elu, hl(t)y.

k=2 £€S yu vk

(5.12)
The fact that ¢(1) = 0 follows from using (5.11), (5.12) and making v =1 in (5.10).
Also, it is easy to see that ¢(0) = 0. Thus, by the continuity of F.[u], Rolle’s Theorem

guarantees the existence of g3 € (0,1) such that ¢/(g9) = 0. This implies that
DF_.[u+ eoh|[h](t) — (F.lu + h](t) — F.u|(t)) = 0.

Solving for F.[u + h|(t) completes the proof. u

The procedure of the proof can be used to provide an approximation by means of

the gradient of a Chen-Fliess series.

Corollary 6 [57] Consider the constant vector v € R™, the function u € By*(R)[0,]
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and ¢ € Rpe((X)). Then there exists g € (0,¢) such that
F.Ju+ev)(t) = F.[u](t) + v! VF.[u + v](t)e.
Proof: From Theorem 13 and the fact that

DF_.Ju+ rv][v](t) = E?UFC[U + rol(t),

consider the function ¢ : R — R over interval [0, €] given by

60) = [ VIV L+ rol0dr = (Ffut20](0) - Rlu@)y. (513

The result follows by applying Rolle’s Theorem to (5.13). [

Corollary 6 reveals the fact that if v"VF.[u](t) < 0, then there exists a neigh-
borhood of w for which the Chen-Fliess series F.[u](t) decreases in the direccion
of v. More explicitly, taking £ small enough such that u + v is still inside this
neighborhood of u, from Corollary 6, it follows that there exists an &y, € (0,&) such
that F.lu + év] = F.[u] + vIVF.Ju + &wv|(t)e. As vIVE.[u + &w](t) < 0, then
F.[u+ év] < F.[u].

In the next section, the use of gradient descent algorithm is outlined for Chen-

Fliess series.
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5.3 THE GRADIENT DESCENT ALGORITHM

In the following paragraphs, the optimization is performed for each coordinate of the

output separately. This is,

min F,, [u](t)

ued

The direction of the greatest decrease in equation (5.8) isv = =V F,[u](t)/||V F.[u](t)]|

which is obtained by solving
min v’ V F,[u](t)

st |l < 1.

The optimal value is then obtained continuing in such direction with an appropriate
choice of . Finding an input u such that the gradient is zero reduces to the search

of a fixed-point of the function ® : L[*[to,t1] — Li*[to, 1] such that
Ou| = u—eVF.[u](t).
Furthermore, if ® is a contraction, then the sequence
Uir1 = u; — eV E[u(t) (5.14)

converges to such fixed point. Based on this recursion, a gradient descent algorithm

on Chen-Fliess series can be formulated as follows:
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Algorithm 1 Gradient Descent
Input: Ngp, ug, €, v, U

Initialization : ug
1: for : =1 to Ngp do
20 Ui = u; — eVE[ul(t),
30 Ui ¢ saty(uigr)
4: end for

5 return F.luy,,|(t)

Here U is a box defined by its lower and upper limits given, respectively, by u € R™

and @ € R™, and the function saty, is defined componentwise as

u, u >,
saty(u) = ¢ w, uel,

Algorithm 1 gives F'(t) and F(t), which gives the minimum bounding box.

5.4 INDEPENDENCE OF THE OPTIMIZATION OR-

DER

In this section, it is proved that the optimal input function of the Chen-Fliess series
in a time interval is equal to the sum of the optimal input functions of any partition

of the convergent time interval.

Theorem 14 Consider ¢ € Rpc((X)), U C BJ'(R)[0,t] and a partition {t;};_, of
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the interval [0,t], then

Hzl}HF Z T%{IHFC tzatz’Jrl)

7

where U; C By (R)[ti, tia].

Proof: Notice that, in general, for u € U,

N-1
Z in Flu](t;, tiv1) < Felu](t)
U;
k=1
then
N-1
1n F.u](t;, tiv1) < min Flu](t). (5.15)
= Y u

Now consider the u*(t) := uj(t1,ta)# - - - #ul(ty_1,tn) where each function u;(t;,t;11)* =
arg ming F.[u](t;,tiv1) and # is the operator that concatenates paths. To prove that
the equality holds in (5.15), a function uw € U has to be found to satisfy the equality.

The candidate is u*(t). Notice that

X g Efl ) = ELIC)

since u*(t) € U, then the theorem is proved.

This result reduces the optimization of Chen-Fliess series over the convergence
time interval to the optimization of Chen-Fliess series over smaller intervals. This

is useful to approximate the optimal input function by optimizing over the set of
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constant functions under the appropriate conditions.
In the next section, examples of the computation of the minimum bounding box

are provided.

5.5 NUMERICAL SIMULATIONS

This section presents two examples illustrating how IOMM and the gradient descent
are used to compute overestimations of the reachable sets of dynamical systems. The
results are compared to the overestimating sets using mixed-monotonicity. The first
example considers the single input single output bilinear system seen in Example 9.
The second example then considers the dynamics of a multiple input multiple output
Lotka-Volterra system. In both examples, the formalism for the optimization of Chen-
Fliess series via the gradient descent algorithm provides the minimum bounding box

of the corresponding reachable sets.

Example 13 Consider the bilinear state space system in example 9. This system
was first presented in [20] in the context of interconnection of systems. Assume the
input u is constrained to the interval u € [—1,1]. From (2.5), the Chen-Fliess series

of the system is
Flul =1+ Exlul(t), (5.16)
k=1

where (¢,n) =1 for all n € X*. Note also that ¢ € Ree((X)), and thus the output is
well-defined for all times.

For the IOMM approach, the coefficients of the decomposition function are ob-
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tained from (4.11).

1, [€],, even
(C+7£) = 9

07 |§|y1 Odd

0, [&],, even
(c7,8) =

L, [&]y, odd

From (4.10), the decomposition function is given by d[u, 0](t) = Fo+[u](t) — F-[u](t),

where

Fald) =1+ ¥ 5 5 &lut,u ),

k evenr=0 §€SII ylf

Follh) =S Y &fut,u])

koddr=0€€S . 1

From Corollary 3, the interval [—1,1] in terms of the component-wise partial order
< in section 7 is expressed as the union of [0,1] and [0, —1] in terms of the partial

order = in Definition 40. Then, the reachable set satisfies the following inclusion
Reache([~1, 1])(¢) < [d[0, 1)(¢), d[1,0](t)] U [d[0, ~1](#), d[-1,0](¢)]
which implies that
Reache([-1,1))(t) C [min{d[0, 1](¢), d[0, —1](t)}, max{d[1, 0)(t), d[~1,0] ()} .
This is depicted in Fig. 5.1, where clearly the magenta and cyan lines lower and upper
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bound the reachable sets of (5.6). As expected, the boundaries created by the IOMM
overapproximations are conservative.
On the other hand, the gradient descent algorithm requires the gradient of (5.16).

From Corollary 4, the Gateaux derivative of (5.16) is

a [ee]
%Fc[u] =3 > Elu,v|(t).
k=0¢&€S g
=71
This expression is used in Algorithm 1 to compute the input that produces the maxi-
mum and minimum values of F.lu|(t) over time. One finds the mazimum by flipping
the sign of the increment in the gradient descent recursion. Fig. 5.1 shows the result

of the algorithm. For comparison purposes and according to Definition 33 for the

mized-monotonicity methodology, the embedding system for (5.6) is found to be
i =azu, =20 (5.17)

Selecting as the initial set of states equal to (xg, o) = (1,1) in order to match the con-
ditions for the IOMM and gradient descent methods. From Theorem 6, the reachable
set of (5.6) for inputs in U = [—1,1] is the solution to the embedding system (5.17).
Fig. 5.1 shows such solutions in relation to the ones obtained from the IOMM and
gradient descent methods. The mixed-monotonicity and the Chen-Fliess series gradi-
ent descent approaches coincide for a step size of € = 0.1, Ngp = 100. A truncation
length of N =5 for the Chen-Fliess series was used, which gave the same minimum

bounding box as the mized-monotonicity approach.
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3 CFS-GD lower bound
CFS8-GD upperbound |
25|— — ‘MMlowerbound | ="
— — ‘MMupperbound | "
| R— CFS-IOMM lower bound -
CFS-IOMM upper bound | "
1I5 iy “--ll -

Figure 5.1: Estimation of the reachable set of the system in Example 13 with initial state
xo = 1 and inputs in U = [—1,1] by three approaches: mized-monotonicity (MM), IOMM
with word truncation N = 5, and the optimization of the Chen-Fliess series with the gradient
descent algorithm (CFS-GD) for Ngp = 100 iterations, step of € = 0.1, initial value of
ug = 0 and same word truncation as in the IOMM method (CFS-IOMM).

Example 14 Consider the following MIMO Lotka-Volterra system given by

T1 = —X1T2 + T1Uq, (5.18a)
jﬁ'g = T1X9 — T2U2, (51813)
y=ux (5.18¢)

with initial condition xo = (1/6,1/6)". The Chen-Fliess series representing the out-
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puts y1 and yo of the Lotka-Volterra systems are given by

F. [u](t) =0.1667 — 0.0278 E,, [u](t) + 0.1667 E,, [u](t)+
— 0.0278 E 0, [1] (1) — 0.0278E, 4 [u] (1) +
+ 0.1667Ey, 4, [1](t) 4 0.0278 E,,4, [u] (1) +
+ 0.0015 E g [1] (1) + - - -

F.,[u](t) =0.1667 + 0.0278 E,, [u](t) — 0.1667 E,, [u](t)+
— 0.0278 E,py, [u] (t) + 0.0278 By, [u] () +
— 0.0278 o [11] + 0.1667 Eyy, [1] (1) +

— 0.0015E,z0m0 (1] () + - - -

From corollary (4), the Gateauz derivatives are the following:

;}Fcl [u] =0.1667E,, [u, v](t) — 0.0278Es,,, [u, v] (£)+
0.0278,, 44 [, 0](t) + 0.1667E, ., [u, v](t)+
101667y, [us ](£) (1) + 0027800 [u, v](t)+
— 0.0278&yyy oy [, V] (E) - - -,

B fu] = — 016678, [, 0](1) — 0.0278,,5, o, 0] (1)

+ 0.0278E&,, 4, [u, v](t) — 0.0278E,, 4, [u, v](t)+
0160,y 1, 0] (1) + 016678, [, 0] (1) +

+ 0.0278& yous [, V] (E) - - -

According to the mized-monotonicity method and Theorem 5, the decomposition func-
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tion of (5.18) is

A~

di(z,u, 2,0) = —x189 + T1Ug

A~

dy(x,u, Z,0) = x9m1 — Tols.

Thus, from Definition 33, it follows that the embedding system has the form

:tl = dl(m7u7j7ﬁ)u ih? = dQ((L',U,ZE,ﬁ),

21 = dy(&, 0, x,u), Ty=dy(2, 0,z u).

The mixed-monotonicity overestimation of the reachable sets using the initial set

0.3
T mm
0.25 - | crs-6p s
[ ICFS-IOMM| e [0
~ 02 [
0.15 06
0.1 0.5
0.25

Figure 5.2: Estimation of the reachable set of the system in Example 14 with inputs satisfy-
ing —1 <wuy(t) <1, =1 < wua(t) < 1. The three approaches shown are mized-monotonicity
(MM); gradient descent (GD) with Ngp = 100 iterations, € = (0.1,1), uo = (0,0), and
truncation length N = 5; and IOMM with the same truncation as the gradient descent
method.
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(1,0, %20, Z1,0,220) = (1/6,1/6,1/6,1/6) is given in Fig. 5.2. For the IOMM ap-
proach, the input box [(—1,—1),(1,1)] defined in terms of the coordinate-wise par-
tial order < was decomposed as the union of boxes [(0,0), (1,1)] U [(0,0),(—1,1)] U

[(0,0), (—1,=1)] U[(0,0), (1, —1)] defined in terms of the partial order <. Then
ReaChCz'([(_la _1)7 (17 1)])(t> - [szz]a fOTi € {17 2}

where the bounds of the intervals are given in terms of the decomposition function

(4.11). Thus,

L; = min{d,,[(0,0), (1,1)](t), dc,[(0, 0), (=1, 1)](¢),
dci[(oa 0)7 (_17 _1)](t)7 dCi[(()? 0)7 (17 _1)](t)}a
L; = max{d,,[(1,1),(0,0)](t), d,[(-1,1), (0,0)](t),

dC¢[(_1a _1)’ (07 O)](t>7 dcz'[(L _1>7 (07 O)](t)}>
and from Lemma 5, the Chen-Fliess series decomposition functions are

dey[u, 0] = For[ul(t) = F. - [a](1)

de[u, 0] = Foplul(t) = F. [a](1)

90



with

For[u(t) = 0.1667 + 0.1667&,, [u™, u~](t)+
+ 0.0278E 4y, [ut, u™](t) + 0.1667E,, 4, [u™, u”|(t)+
+ 0.0278E o [u™, u™](t) + 0.0278E, 4 [u™, u” (1) +
+ 0.1667E,, 4, [u™u”|(t) + - - -,

Fe- [ul(t) = 0.0278,, [ut, u”](t) + 0.1667E&,, [ut, u~](t)+
+ 0.0278E pyzy [, u” | (£) + 0.0278E 4y o [u™, u™ | (£)+
+ 0.1667E,,,, [ut, u™](t) + 0.1667E,, 4, [ut, u~](t)+

+ 0.0278E, 4, [u+, u () 4+,

Fo[u)(t) = 0.1667 + 0.0278E,, [u™, u~|(t)+
+ 1.667Ey, [u™, u”](t) + 0.0278Eyy, [u™, u™](t)+
+ 0.0278E 2 [u™, u™](t) + 0.1667E,,y, [u™, u”|(t)+
+ 0.0278E o [ut, u”](8) + -+ -,

Fo; [ul(t) = 1.667,, [u,u” () + 0.0278E oy [u™, u™ | (£)+
+ 0.0278E o [u, uT](E) + 01667y, [u™, u”|(t)+
+ 0.1667E ., [ut, u™](t) + 0.0278E,, 2o [ut, u™](£)+

+ 0.1667E ., [ut, u”](t) + - -

Fig. 5.2 shows an overlaying of overestimations of the reachable sets of (5.18)

obtained using mixed-monotonicity, [IOMM, and gradient descent of Chen-Fliess series
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Figure 5.3: Estimation of the reachable set of the system in Example 14 for t = 1.5s with
initial state xo9 = (1/6,1/6) and inputs satisfying —1 < uy(t) < 1, —1 < ug(t) < 1. The
three approaches shown are mized-monotonicity (MM), gradient descent (CFS-GD), and the
brute force computation of the output reachable set directly from solving the corresponding
ODE. For the gradient descent method Ngp = 10000 iterations were used, ¢ = (0.01,0.04),
ug = (0,0), and the truncation length was N = 8.

up to t = 0.5s. It can be seen that the three approaches are very closed to each other
for small time horizons, then they start to diverge from each other as time passes. In
Fig. 5.3, the true reachable set of system (5.18) for t = 1.5s along with the gradient
descent of Chen-Fliess series and the mixed-monotonicity approach are presented.
The truncation length of N = 8 was selected due to the negligible error between the
solution of (5.18) using standard numerical ODE solvers and the truncated Chen-
Fliess representation at ¢ = 1.5. It can be clearly observed that the gradient descent
of Chen-Fliess series provides the minimum bounding box of the reachable set while
the mixed-monotonicity approach is strictly larger than the minimum bounding box

despite being tight as in Definition 34.
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In the current chapter, the closed form of the derivatives of Chen-Fliess series were
provided. These are the Fréchet, the Gateaux, and the gradient. Also, an algebraic
proof of the mean value theorem was given. The gradient descent was used to obtain
the minimum bounding box of the reachable set of a Chen-Fliess series. Finally, the

independence of the order of optimization within a time interval partition was proved.
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CHAPTER 6

CAaLcurLus OVER POWER SERIES

This chapter is based on [55,58]. The goal is to introduce an algebraic framework for
describing the derivatives of a Chen-Fliess series introduced in Chapter 5 and also the
higher order derivatives. For this, a derivation on the monoid is defined which helps
provide a derivative rule for Chen-Fliess series. With this, the second order derivative
is used together with the trust region optimization algorithm to provide the minimum
bounding box of a reachable set. Hereafter, it is assumed without loss of generality

that ¢ = 1 since all the following formulations can be applied componentwise.

6.1 DIFFERENTIAL MONOIDS

Motivated by the description of differential fields in [16], a differential algebraic struc-
ture based on a monoid structure is presented next. Consider the monoid (X*, ®,0)
with an alphabet X = {zg,z1, -, 2}, associate a differential alphabet to X by
defining the set of letters 6.X = {dxy, -+ ,dx,,}, and set Z = X U X.
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6.1.1 DERIVATION

The next definition satisfies the Leibniz rule of derivation.

Definition 44 [55, 58] Let n € Z* such that |n|x = n1 > 1 and |n|sx = ne and

consider the language

Ly = {& € Sxni-1 5xmat1 8.t. 0x(§) =ox(n)}. (6.1)

The derivative of n is 6(n) = char(L,) € R(Z). When ny = 0, L, is empty and

d(n) :==0.
Alternatively, this derivation can be defined in a simpler way as

Definition 45 [19] Let X = {xq, -,z } and define the language 60X = {0x1,- -+ , 0T}
and Z = X U0X. Consider the mapping ¢ : Z — {0X,0}, where §(z;) = dx; for
1=1,2,--- ,m and zero otherwise. Fxtend the definition of 0 to Z* by letting it act

as a derivation with respect to the concatenation. Equivalently,

6(n) = d(xs)n" + x:0(n'), (6.2)

where n = x;n € Z*.

The derivation can be extended, by linearity, to polynomials p = Y% (p, m:)n: €
R(Z). That is, d(p) := > (p,m:)0(n;). This operation is included next in a monoid
structure to provide the underlying differential algebraic structure for computing

derivatives of Chen-Fliess series.
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Definition 46 Given the monoid (X*,®,0), a differential monoid is defined as the

tuple (Z*,®,0,0) where Z = X UdX.

6.1.2 COMBINATORIAL PROPERTIES

This algebraic structure is used in the rest of the document. It is expected that o
operating on words will satisfy properties related to the traditional derivative opera-

tion.

Example 15 Let n = zgx; € X2. Note that & = xodx; is the only element in Sx sx
such that ox(§) = ox(n). Then §(zox1) = xodxy. Hence, xy behaves as a constant

with respect to 9.

Example 16 Let n = z129 € X?. One can easily find that L, = {dx129, x1022}.

Thus, §(x122) = char(L,) = dx129 + 21622, which matches Leibniz’s derivative rule.
These examples can be generalized into the properties shown in the next lemma.
Lemma 8 The derivative operator in Definition 44 satisfies the following properties:
i. 6(n) = ixil ey, Oy T e Ty, VI € X
j=
ii. 62(n) =0, for |n|x =0 or1,

dii. 0(nw&) = 6(n) w&+nwd(E), n,& €27,
0. 5(1’n1mmxnk)— k xnlu_,xnjilmxnkm(sxzj

i1 iy ) T =114 15 1k

where {x;,, ..., 2, } CX.
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Proof: Property i is shown directly from the definition of 6(n) forn = z;, - - - z;, € X™.

Observe that

Ly =Axs -y, 0w, w4, ---xy, for j=1,... ,n}.

Hence, the result follows since §(n) = char(L,). Property ii is checked for |n|y =
0 and 1. The case for |n|x = 0 follows from Definition 44. For |n|x = 1, note
that d(n) = dx;, - - - 0z, since 0z, - - - 6x;, € Sxog(x)n is the only element such that
ox(dxz;, -+ dx; ) = n. By Definition 44, it follows that d(d(n)) = 0, which completes
the proof. Property iii is proved by induction on the k = |n| + |£|. For n = 0,1, the
result holds true by Definition 44. Assume property ii2 holds for £ — 1 and consider

n==§&n, { =xxf € Z* and z;,x; € X. From (13) and property ¢

d(muwé) =0(x(n' wé) +x;(nwf’))

=0(zi) (' w&) +2;0(n w&) + () (nw) +x;0(nw).

Using property ¢ and the induction hypothesis, it follows

6(nw&) =owi(n w&) +x:i(6(n') w&) + zi(n wo(§)) + dxj(nwl’)
+2;(6(n) w&) +ai(nwd(E))
=0xy(n w&) +2:i(0(n') w&) + wi(n w (6,6 + x;0(£")))

+ 0w () +;(nwo(&) + (6 + 2:6(n)) wn').
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From the linearity of the shuffle product, the terms are rearranged as follows

0(nw§) = (0 ) w & +nuw (0;€) + b () w & +nw (2;0(5))

=0(n) w&+nwi(f),

which completes the proof. The last property is also proved by induction on the

ni—1
11

number of letters k. For k = 1, n = x}! and from property 7, §(x}}) = WOy, .
Assume the induction hypothesis holds for k£ = r. The result is proved for k = r + 1.
Notice from iii that

ni Nr4+1\ __ ni n Nr41 ni n MNr41
5(Slfi1 W Wy, ) —(5(!17“ Ly e m$ikr)u4$ir+1 +$Ui1 NI UJ:,U,L'I: “45(371'7-“ )

Using the induction hypothesis for £ = r and the proved case for k = 1 gives

r
1 Nr41\ 71 . nj—l .. Ny ) Nr41
St e wap ) = D apt Wy w wr w | wag
7j=1
ni Ny nr41—1
—|—.’L’Z~1 L u_lﬂﬁ% $ir+1 uJ(leHl
" 1
— n1 g L2 Tr 1
—ZLE“ LL W Ty L mxir €; 11 Lué.CEZJ
Jj=1
ni Ny npp1—1
+ i w Wy wr W,
r+1 1
_ ny nj— Ny Nr41
—Zl‘il L Ty L W, xir+1 \_u(SZEZJ,
Jj=1

98



which completes the proof. [ ]

The derivation satisfies the following diagram:

é
d N
¢ SXO,(SXl SXO,(SX2 SX0,5X3 e
SX1,6X0 SX1,§X1 SX1,6X2 SX1,5X3
SXQ,(SXO SX2,§X1 SX2,5X2 SX2,5X3
Sx3 §X0 SX3,6X1 SX3,5X2 Sx3’5x3

It should be noticed in Lemma 8 that property ¢ constitutes Leibniz rule in the
context of formal power series and that the proof of property #:¢ has also appeared
in [19]. The next definition extends (6.1) to multiple applications of the derivative

operation 9.

Definition 47 Let n € Z* with |n|x = n1 > 1 and |n|sx = na. The language to

describe k applications of § is defined as

Lﬁ = {€ € Sxni—k sxno+k 5.1 0x(§) = ox(n)}.

Example 17 Compute 6%(n) and 6(n) for n = x;x,x;,. Obtaining §(n) is trivial
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using Lemma 8. Applying 0 twice to n gives
62 (24,03, m5,) = 21024, 024, T, + X4, 004,005, + 64, 24,074,).
Applying & once more produces
8 (i, iy iy) = 31024, 024,04,

Observe that the application of 0 twice to a word with no letters in the differential

2

o, and a third iteration produced 3!

alphabet X produced 2! copies of every word in L

copies of each element in Lf’]. This is generalized in the following lemma.

Lemma 9 Given n € X" it follows that
6" (n) = k! char(LY). (6.3)

If k > n, then 6*(n) = 0.

Proof: The proof is done by induction on k. The case for £ = 1 holds true from
Definition 44. Assume the induction hypothesis for £ = r and solve the case for r+1.
Taking the derivative and from its linearity, one has that 6"*'(n) = r!é(char(L;)).
Next, the elements of L;*' are counted in the polynomial D := §(char(L})). With-
out loss of generality consider § € Lj such that § = dx; 0wy, -+~ 0wy, @i, - Ty,
From Lemma 8, §(§) = 35, 0z, 0x4, - - - 615,24, - - 02, - - 15,. BEach element in
supp(6(£)) C Ly repeats r + 1 times in D. To see this, consider the element
¢ = 0w, 0wy - 025,02, T4y -+ Xy, in supp(6(§)). Next, it is shown that ¢ ap-

pears in the derivative of other r elements different from ¢ in Lj. Take § € L; for
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se€{l,---,r} where

n*

§s = 0wy, -+ 0y, T3 0T yy -+ Oy Ty * T

By the Leibniz rule in property i of Lemma 8, ¢ € supp(d(&s)) for s € {1,--- ,r}.

These along with £ are the r» 4+ 1 elements, which completes the proof. [ ]

The following lemma will be helpful in Section 6.3 for characterizing the Gateaux

derivative of a Chen-Fliess series.

Lemma 10 The k-th derivative of char(X*) satisfies
8" (char(X™)) = klchar(Sx«sx+)- (6.4)

Proof: The proof is performed by induction on k. Consider k = 1landn =x;, ---z;, €

n

X" for n € N. It is clear that char(X™) = 3, cy» 7. From properties i and 4ii in

Lemma 8, one can rewrite d(char(X")) as

5(2 n)zé( > x80m~-mx”mm>
nexn no+:-Nm=n

= char(X" ') WX

= char (Sxn-15x),
which is (6.5) for £ = 1. Assume now k£ > 1 and that the induction hypothesis holds
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true for any integer lesser than k. One has that

0" (char(X™)) = 6 (6*~" (char(X™)))
=0 ((/{7 — 1)! char (SankJrl,(gxkfl))

(k= 1)1 6 (char(X" 1) L, ox*1)

= (k= 1)! 6 (char(X"#+1)) o ox*!

— (k—1)! char(X"™*) L dX woX 1,

Since 2 w2 F = (Z) 2! for any z; € Z and

(st_l = Z 51’?1\_14 mém%”,
n1+-+nm=k—1
then 6X wo6X* ! =k §X*. Hence,
6" (char(X™)) = k!char(Sxn—x sx*)- (6.5)
Finally, the linearity of § provides (6.4), which completes the proof. |

An identity for the k-th application of the mapping § to formal power series is

provided in the next lemma.

Lemma 11 The k-th derivative of ¢ € R{(X)) satisfies

)=k Y (eox(©) (6.6)

Eesx*ﬁxk
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Proof: By the linearity of the derivation and from Lemma 9, it follows

5 ()= Y (e,m)d"(n)

nex*

=k (e n)char(Lf;)

nex*

= k! Z Z (Cv UX(g))f

neX* ¢elk

=k > (cox(©),

gESX*ythk

where the last equation comes from the fact that L’fh N ng = for n, # my and

Unex+ L = Sx« sx», which concludes the proof. n

Example 18 Consider the word x10xox304%5 in the set Sx« sx2. Taking the deriva-

tive operation three times gives
63 (216m9w302475) = 310216090230 140T5.

The word dx1720x3%475 € Sx+ sx2, which is different from x10x9x30x475, also satisfies
63 (6m1020232475) = 310216090230 140T5.

5
It is easy to see that there are <2> different words £ in Sx«sx2 such that ox(§) =

T1Tox314xs and they all satisfy 63(€) = 310x10x90x3024025. Adding all of these words
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it follows that

i53

31 ((5%151321’31’4375 + 5I1$25$3$4$5 + (5$1.1’2.T35$4SC5 + 5$1$2$3$451’5

+ ZE151'2($I'3{E41'5 + $15$21‘35I4l’5 + ZE15{E2$3ZE4I‘5 + ZL‘1I25I35$4I’5

+ 12902324025 + x1$2x35x45x5)

= (;) 0210220230140 Ts.

Since for power series, all these words will have the same coefficient (¢, r1x2x37475),

then this behavior extends to power series by the linearity of the derivative.

The next lemma will be used in Chapter 7 to present a proof of the mean value
theorem for Chen-Fliess series by algebraic means and provide a second-order approx-

imation for a Chen-Fliess series.

Lemma 12 Let (Z*,®,0,0) be a differential monoid. For k,r € N, it follows that

r+k
r

L (char (Sx-sxr)) = (

o )char (SX*#;XTM) (6.7)

and, for ¢ € R((X)), one has that

> geo@t©=("T" T @odor 09

r
§€SX*75XT EESX*’(;XT-H«

Proof: The proof is done by double induction on r and k. The case for r = 0 and
k € N is proved in Lemma 10. The case for k = 0 and r € N is trivial. Assume that

the result is satisfied for an arbitrary » = p and k = ¢. First, the result is proved for
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k=q+1and r = p. That is,

0 (1'(5(1 (char S)p}g)(p)) = (p + q)(; (char (SX*’(;XP-HZ)) .
q: q

From Lemma 10,

1

q'5Q+1 (Chal" SX*,(;XP) = (p —; q) (p -+ q + 1) (char (SX*,(;XZH’CPFI))

!
= m (Char (SX*76XP+4+1)) .

plq!

Thus, dividing both sides by (¢+ 1) gives the result for g+ 1. Now the result is proved

forr =p+ 1 and k = ¢q. From Lemma 10, one has that

1

char(Sy« sxr+1) = T 1)!5p+1(char(X*)).
Taking the derivative ¢ times gives
1
0 (ChaI‘(SX*7§Xp+1)) = (p n 1>' 5p+q+1(char(X*)), (69)

Again, from Lemma 10, the right-hand side is expressed as
SV (char(X™)) = (p + ¢ + 1)!char(Sx« sxprat1). (6.10)
Replacing (6.10) in (6.9), it follows that

1)!
04 (Char(Sx*75XP+1)) = %(Sp+Q+1ChaI'<SX*75XP+q+1).
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Thus, (6.7) follows by dividing both sides by ¢!. |

6.2 CHEN-FLIESS SERIES OVER DIFFERENTIAL

LANGUAGES

In this section, a Chen-Fliess series is characterized in terms of a differential monoid.
Hereafter, all statements assume the underlying differential monoid (Z, ®, (), ¢), where
X and 6X are alphabets associated with inputs u,v € By*(R)[0,t], and Z = X UdX.

The characterization of the Chen-Fliess series of the sum of two inputs in terms

of the derivation of words is given next.

Lemma 13 Given ¢ € R{(X)), the Chen-Fliess series of the sum of u and v is

written as

F.Ju+ v]( f: Z i (c,0x(&))Eu, v](t). (6.11)

k=0 gedk (X* )

Proof: The proof follows from Lemma 4 by identifying the alphabet 'Y associated with

the function v with 0X since both are sets of symbols and by using the inner product
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in (2.6). That is,

Flu+o)(t Z > (e, 0x(€))E[u,v](t)

k=0 £€S yu 53k

= i( Z (C, O'X<€>>£7 Z gﬁ[u7v]<t)£)

k=0 \€€Sx+ sxk £€Sxx 5xk
ZZ(Z(cnk,ék LY el 504 >)
k=0 \neX* nex*
1
= Z Z k‘ (C, 0x (5))55 [U, ?}] (t)a
k=0 ¢esk(X*)
where the third equation comes from Lemma 11. [ ]

Notice that from Lemma 13 if the exponential of the derivative of ¢ € R*((X)) is

defined as

> 1
d(c k
e’ =% H(S (c)
k=0
then Chen-Fliess series of the sum of two inputs u, v € L?[0,1] is expressed as

F.Ju+v|(t) = Fooe [u, v](t).

6.2.1 LINK BETWEEN ANALYSIS AND ALGEBRA

Consider set .# = {F.:c € Rpc((X))} as in [40], and define the sets %5 := { Fj
c€Rrc((Z))} and Fs2 == {Fs2(o) : ¢ € Rpe((Z))}. The next theorem establishes the
link between analysis and algebra by relating the Gateaux derivative of a Chen-Fliess

series to the derivation of a differential monoid.
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Theorem 15 Given ¢ € R((X)), if

o0

> S (e ox(€)Emelu, vl =0, (6.12)

—0
€ S:2§€SX*’6XT )

for 1 <71 <k —1, then the k-th order Gdteaux derivative of F.[u](t) in the direction
of v is written as

ak

SR =K (e ox(@)Edu o)),

gegx*’(gxk

Furthermore, the derivation o and the Gateaux derivative satisfy the following com-

mutative diagram

Rpc{(X)) —— Rpc{{Z)) —— Rpc{{Z)) -

Proof: The proof follows by induction on k. The case for £ = 1 is proved directly
from Definition 43 and Corollary 4 by identifying the alphabet Y associated with
function v with the alphabet 6. X. Assume the induction hypothesis holds true for

k = r, the case for k = r+1 will be constructed from Definition 43. Applying Lemma
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13 to the term & [u + ev, v](t), it follows that

I

%Fc[u +evl(t) =1 Y (e, 0x(8))Eu+ v, v)(t)

£€SX*’5XT‘

Ay Y 81!(c,O—X<g)>555(©[u,v](t)gs. (6.13)

5=0£€Sxx sxr

Notice that the term for s = 0 in the double sum on the right side of (6.13) is equal

to

Ao Feul(®) =1t >0 (e ox(8)E[u,v](t).

£€SX*,6X7'

Then, moving the s = 0 and s = 1 terms in (6.13) to the left side of the equal sign

and dividing by ¢, it follows that

: (s;“Fc[u +evl(t) — aa;Fc[u](t)—r! Y. (e0x(8)Ese)lu, ] (t)e)

€ fESX*’(;Xr

“HY Y (eox(@)nelu (e

s=2 €ESX*7§X’I‘
Using (6.12) and the limit when € tends to zero gives

;;LFC[“} )y =71 > (c,0x(8))Eselu,v](t). (6.14)

SESX*ﬁX'r
Applying Lemma 12 with £ = 1 to (6.14) provides

8r+1

Flul(t)=(r+D! Y (c,0x(8)&[u,v](?). (6.15)

Qurtl™ ¢
Eesx*7tgxr+1
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Hence, applying Lemma 11 in (6.15) gives the generating series resulting from 6*(c).

That is,

ak—f—l
St Felt)(£) = Fyers o [ul(2),

which shows that the commutative diagram between the Gateaux derivative and the

derivation ¢ holds. n

In the next section, the derivatives of the second order of a Chen-Fliess series are

characterized using the derivation.

6.3 SECOND ORDER DERIVATIVES OF CHEN-

FLIESS SERIES

6.3.1 PARTIAL DERIVATION

Define first the restriction of d to a single letter z; € X. That is, let 9,, : Z — Z such
that d,,(z;) = dx; for x; = x4, 05, (x;) = 0 for x; # x;, and d,, (dx;) = d(xe) = 6(0) =0

for any i, j.

Definition 48 Let Zs, := Z\{dx;} be the alphabet where dx; has been removed from

Z,n e Z* such that |n|z;,, =ny > 1 and |n|ss, = no and consider the language

Ls,, @) = {€ € Szzin17176$?2+1 s.t. ox(§) =ox(n)}.
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The derivative of n relative to x; is

b2 (n) = char(Ls, ) € R(Z).

When ||z, =0, Ls, () is empty and d,(n) := 0.

Example 19 Consider the alphabet X = {xo,x1, 22}, 1 = zor12271 € X and com-
pute 04,(n). Since Z = {xg,x1, 2,011,022}, Zs,, = {zo, x1, 29,022} and Ls, ) =
{xodx129m1, 12021}, then Oy (ToT122x1) = XdT1T221 + ToT1220x1. Similarly,

02, (1) = Tow102977.

The following two lemmas characterize the Gateaux derivative of a Chen-Fliess
series with respect to the canonical directions given by e; : [0,7] — R™, such that

er(t) = (1,0, ,0)T, ... em(®) = (0,0, ,1)T.

Lemma 14 Consider ¢ € Rpc((X)), the Gateauz derivative in the i-th canonical

direction satisfies

0

G FLul(0) = s o))

Proof: Similar to Theorem 15, the proof follows by identifying the alphabet Y with

0X which associates y; with dx; and the application of Corollary 5. ]

Lemma 15 Consider the derivative operators 0, and 5%. for x;,x; € X. It then

follows that

> (Gox(§)ia, ()= > (cox(§)E (6.16)

gESX*,ézi SGSX*,SHPP((S(L‘i LL ézj)
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Proof: The proof follows the same steps as that of Lemma 11 but taking the d,,

derivative instead of 0 and the fact that Ls, (¢,) N Ls,, (c) = () for &, & € Sx+ sz, and

&1 7 &2, and Uges,.. 4, Lo, ©) = Sx-supp(an o) =

6.3.2 SECOND-ORDER PARTIAL DERIVATION

The next Lemma shows that the second-order canonical derivatives of a Chen-Fliess

series are expressed in terms of the derivative of words.

Lemma 16 Let c € Rpc((X)) and u € BY*(R)[0,T], if

o 1 .
1_1_1}(1) >y E(C, UX(f'))E(;z;j(f) [u, e;](t)e" =0, and
k=2 §€SX*,5zi
> Y L@ ol e)ne =0
k=2 £€Sxn 50, 1
then
82
SE R0 =Y (cox(@)e), (6.19
e €ESX* supp(a; LI b2)
where e; ;(t) = (0, - - 7\1/_/,0,-~~ 7\1/_/,--- ,0).
i—th j—th

Proof: The proof is similar to that of Theorem 15, but taking instead the Gateaux

derivative in the canonical directions. That is,

peFli )t = T (on(@edu+ee el
-y ¥

k=0 £ESx* 5z,

1
E(C’ UX(£)>85’£]- ©lu, €;5](t)e".
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By taking the £ = 0 and k£ = 1 terms to the left of the equal sign and dividing by &,

one obtains

! (QFC[U feelt) - SR - Y (@ ox(€))s,, (o[t e,,j](t)g>

auz £€SX* Joxy;

:i ) ]i!(C7OX(&))‘S‘&’;],@)[U,ei,j](t>5k1.

k=2€£€Sx+ sa;
Thus, from (6.17), it follows directly that

32

Felu](t) = (€, 0x(6))Es,.;6)[us €4,1](2)-
aujauz 5682*:,611- ]( ) !
Finally, (6.18) is obtained from Lemma 15. n

Observe that when the second derivatives exist and the condition of Lemma 16
holds, then they satisfy the Schwarz Theorem for the symmetry of second order
differentiation [9], i.e.,

& &
Flu](t) = Ffu)(t).
B0, ) = G, Tl

6.3.3 THE HESSIAN

Grouping all the second-order derivatives of a Chen-Fliess series in a matrix arrange-
ment where its components are indexed with respect to all canonical directions gives

then a symmetric matrix. This is presented in the next definition.

Definition 49 Let ¢ € Rpo((X)) and u € B]'(R)[0,T]. The Hessian of F.[u](t) is
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given by

2EFL(t) o g Flul(t)
V2F,[ul(t) = .
gog Pelul(®) o 2 Fful (1)

The next lemma shows the expression for the Hessian matrix with respect to a con-

stant direction. v = (vy, -+ ,v,)T € R™.

Lemma 17 For ¢ € Rpe((X)), u € LY'[0,T] and v = (vy,--- ,v,)" € R™, the
second order Gateauzr derivative and the Hessian matriz of Chen-Fliess series’ are
related as

62

55 Flul(t) = vV Elul (0.

Proof: Define I,,, = {1,--- ,m}. For k = 2 in Theorem 15, one has that

TERH=2 Y (cox(@)duln

£€SX*’5X2

=2>" > vi(c,0x(8))E[u, € ](t)

1€l éeSX*yéz?

+ > > vivj(c,0x(§))Eu, e 5](t)

(Z,j)el,?n geSX*,{&zi&vj,(Szjézi}

i#]
, 07 0?
= Uz au2 C[u] (t) + - ) .Ulv] aujauz C[u] (t)
1&lm ? (7/7])6‘[777,7
i#j
= oI V2 F.[u](t)v,
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which completes the proof. [ ]

In what follows, the Gateaux derivative of the output y of a system in the direction
of the input function v at time ¢ is denoted D, [y](t) in contrast to the Gateaux deriva-
tive of the Chen-Fliess series, F.[u](t), denoted 2 F.[u](¢). The next example shows
that computing the Hessian of a Chen-Fliess series using the differential monoid struc-
ture coincides with the analytic Hessian computation of the corresponding nonlinear

state space system.

Example 20 Consider the bilinear system
t=zu, y=u=x, x(0)=1 (6.19)

with input u € Ly[0,t]. Its power series is ¢ = Y5027 € Rac((X)). Since the
number of inputs is m = 1 and from Lemma 17, the Hessian of the Chen-Fliess
series of (6.19) is obtained by calculating the second-order Gateauz derivative in the

direction of uy = 1. That is,

VIR =2 > Efu,e](t) (6.20)
€S xu 542

=20 > Eul(t). (6.21)
EESX*’Ig

On the other hand, since the output of (6.19) is

y(t) = exp (/Ot u(7‘)d7‘> :
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one can compute the derivative in the direction of v analytically as

Dyfy)(#) = lim = (y(u+ <0) — y(u)
_ llgcl)i exp (/Ot u(T) + €U(T)d7'> — exp (/Ot U(T)d7> )
_ llgcl)i exp (/tu(T)dT> (exp </Ot €U(T)d7'> — 1))

Using the same procedure, it follows that

2

D2 [y](t) = exp (/Ot u(7‘)d7‘> </0t U(T)d’]’) .

Ezpanding the exponential and re-writing in terms of the shuffle product, the second-

order Gateaux derivative is

- B, fu] (1)
= 3 S (Bl ).
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Notice that % = klz* and §z % = 2\5z,, then

mmwrﬂgﬁ@mwaﬂwmw
=2§@§mg[u,v1<t>

=20 Y Efu,v](0).

€8x+ 502
This agrees with (6.20) when dx; is associated to v = 1.

Example 21 Consider the linear system
&= Ax + Bu, y=x. (6.22)
with input uw € Ly[0,t]. The output of (6.22) is
t
y = etlay + / €A(t7T)BU(T)dT.
0
Computing the derivative analytically gives

Dufy)(¢) = lim ~ (y(u + <0) — y(u)

t
= / GA(t_T)B’U(T)dT.
0
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The second-order derivative follows similarly

1 (dy dy
D22 :1 - - —_—
2010 =ty (G0 20) - )
1/ st ¢
= lim — (/ A7) By(r)dr —/ GA(t_T)BU(T)dT) (6.23)
e—0 ¢ 0 0

On the other hand, from Lemma 17 the second-order Gateauzr derivative is

82
WFC[U’] (t) = 2! Z (C7 OX(S))(S’[U,, U] (t)
v €Sy 5,2
X*,ézl
Observe that for all § € Sx. 5.2, then ox(§) = n € Sx.,2 and (c,0x(§)) = (¢;n).
For the linear system and from (2.5), for words n containing two x; letters, the Lie
derivative Lyx = 0, then (c,n) = 0. Therefore %Fc[u] (t) = 0. This implies that the

Hessian is V*F.[u](t) = 0, which is expected from a linear system and coincides with

(6.23).

6.3.4 APPROXIMATION OF CHEN-FLIESS SERIES

Here it is shown that the Chen-Fliess series with a small perturbation in its input can
be written in terms of its gradient and Hessian. This perturbation together with the
second-order mean value theorem for a Chen-Fliess series is essential to ensure the
convergence of the Newton and trust regions methods to be presented in Chapter 7.
The underlying setting for the following lemmas, theorems, and corollaries remain the

same except that the input v related to the alphabet §.X is a constant vector v € R™.

Lemma 18 For ¢ € Rpe((X)), u € LY'[0,T], v = (v1,--- ,vp)" € R™ and e > 0,
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one has that

Fu+ev](t) = FJu](t) + v VE. u](t)e + ;UTVQFC[u] (t)ve?

Y (oo (€)Eelu ol (1"

k=3 EESX*,EXk

Proof: The proof is by construction and follows directly from the application of
Lemmas 13 and 17. [ ]
Prior to presenting the second-order mean value theorem the next lemma is

needed.

Lemma 19 Let p € R, c € R{(X)), u € L*[0,t], and v € R™. It follows that

LIS =3 Y @y“%mﬂm&muw. (6.24)

k=2€€S . * 5xk
Proof: Applying Lemma 12 for » = 2 and adding up the terms in k, it follows that

> v peo@ro-3 ¥ (7)enoe e

k=0€€Sys 552 k=0E€Syx sx2+k

Similar to (6.13), the left side of the equation is the power series of the second deriva-
tive evaluated at u + pv

82

502 —telu+ pu)(t Z Z c ox(£))Esm e [u, v](t).

k= 0§€SX* 6X2
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This expression can be rewritten using Lemma 17 in terms of the Hessian as

1 > 1

SRt o =Y 3 (e ox(©)Emg . ul(t).
k=0£€Sxu sx2

where the input associated to 6(¢) is now pv. Then the CFS of the power series on

the right side of (6.25) is

> 5 (") eorsduo

k=08€Syx sx2+k

Thus, from (6.25) substituting k 4+ 2 with k, one can obtain (6.24), which completes

the proof. [ ]

The next theorem gives the second-order mean value theorem for a CEFS which is

proved algebraically by the developed tools instead of the standard chain rule.

Theorem 16 Let ¢ € Rpo((X)) and € > 0. Then there exists ey € (0,¢) such that

1 feo
F.Ju+ev] = F.Ju] + vV F,[u](t)e + -
o J0

1
ivTVQFC[u + 7o) (t)veddr. (6.26)

Proof: The theorem is proved by an application of Rolle’s theorem [9] and the
continuity of the Chen-Fliess series [17]. Any continuous function that is zero when
evaluated at the two extreme points of an interval [0, ] must have a point €y € (0, ¢)

where its derivative is zero. Define the function ¢ : R — R such that

P(y) = /07 /09 ;UTVQFC[U + 1) (t)ve*drdd

_ ;72( Flu+ ev](t) — F[u](t) — o' VE[u](t)e).

(6.27)
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Applying Lemmas 17 and 19 and by direct integration with respect to r, it follows
that

01 1
/W/ ivTVQFC[u + 7] (t)ve’drdd = ZUTVQFC[u} (t)ve®y*+
0 Jo

°0 1 (6.28)
+2 > 5(@UX(5))5§[UaU](t)€2’Vk-

k=3 £€SX*Y5X;€

Using Lemma 18, the term 37*(F.[u + ev](t) — F[u](t) — vT VF[u](t)e) is equal to
the right hand side of (6.28). Thus, if v = ¢ in (6.27) then ¢(¢) = 0. Also, it is easy
to see that ¢(0) = 0. Thus, by the continuity of F.[u], Rolle’s Theorem guarantees

the existence of gy € (0,¢) such that the derivative of ¢ at g is zero. That is,

&' (g0) = /060 ;UTVQFC[U + o] (t)veldr — (F[u + ev](t) — F.u](t) — v' VE.[u](t)e)eo

Hence, solving for F.[u + ev] completes the proof. [ |

The next corollary follows form Theorem 16 and gives a condition for the existence
of an input producing a local minimum in a Chen-Fliess series. Define a ball centered

at an input u* with radius R as By*(u*, R)[0,T] := {u € L0, T : [lu — u*[|, < R}

Corollary 7 Let ¢ € Rpe((X)) and u* € L}[0,t] such that v VF.[u*](t) = 0. If

there exists a neighborhood By (u*, R)[0,T] of u* in which
VIV Ju* + rv)(t) v > 0,

for all r € R such that u* +rv € B*(u*, R)[0,T}], then u* produces a local minimum

in the direction v.
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Proof: From Theorem 16, u* satisfying v" V F[u*](t) = 0 and u*+ev € By*(u*, R)[0, T

give
« SRR Y Al i 2
F[u" + ev]=F,[u"] —|——/ 3V VEF [u* + rv](t)vedr
€nJ0

with u* +rv € B (u*, R)[0,T],Vr € (0,¢). Hence, it follows that F.[u* + rv] > F.[u]
in the direction of v, which implies that u* produces a local minimum F,[u*](¢) for

t €1[0,7T]. n
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CHAPTER 7

MINIMUM BOUNDING BOX VIA SECOND-

ORDER OPTIMIZATION

The problem of computing the minimum bounding box of reachable sets in an input-
output context as described in Definition 37 corresponds to finding the minimum and
maximum of Fi.[u](t) for all u taking values in the hyper-rectangle /. In general,
this problem is non-convex. The goal of this section is to find the minimum and
maximum of Fi[u](t) for all u € U in a systematic manner for any system that can be
represented as a Chen-Fliess series. One way of solving this is by extending Newton’s
method for a Chen-Fliess series given an initial condition uy. The algorithm for a

Chen-Fliess series has the form
’LLZ‘+1 = U; — VQFC[UZ] (t)_IVFC[UZ](t>T, (71)

where VF,[u;](t) and V?F,_[u;](t) are the gradient and the Hessian of F.[u;](t) for the

generating series ¢ € Ry ((X)). The section focuses on showing that a recursion
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(max ¥, max y,)
max y,

[ ]Reachable set
I Vinimum bounding box

min Y,
(miny, miny,)

min ¥, Y, max ¥y,

Figure 7.1: Output reachable set of a control affine system with a 2 dimensional output and
its minimum bounding box (MBB) in terms of its mazximum and minimum outputs.

based on (7.1) is well-posed. Fig. 7.1 outlines the idea for computing the minimum
bounding box of a reachable set for a Chen-Fliess series by noticing that for a system
with ¢ outputs the points (miny;,--- ,miny,) and (maxy,--- ,maxy,) explicitly

define the minimum bounding box of output reachable set.

7.1 MINIMUM BOUNDING BOX VIA NEWTON

The Hessian in Theorem 16 can now be used to obtain the input signal that produces
the MBB of the reachable sets of a CFS characterized by the generating series ¢ €

Rre((X)). As a reminder, the objective is to find

%1615{1Fc[u](t) and %135<Fc[u](t),
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where U is a hyper-rectangle in R™. Hereafter, the Hessian in Definition 49 is assumed

to exist.

Theorem 17 Consider a constant vector v € R™, u € L'[0,], ¢ € Ryo((X)) and
the positive definite Hessian V*F,.[u](t) > 0. The decreasing direction v for the input

u s given by
v=—V2F[u)(t) VE[u](1)".
Proof: From Lemma 18, F.[u + v](t) is approximated by
Flu)(t) + o™V Eu(6) + ;UTWFC i (#)o,

which is a quadratic expression in terms of v with a positive quadratic coefficient.
Then, the minimum is obtained by taking the derivative with respect to v and equat-

ing it to zero. That is,
VE.[u)(t)" + V2F.[u](t)v = 0. (7.2)

Thus, the direction is obtained solving for v in (7.2). n

Theorem 17 implies that if V2F,[u](t) > 0, then the sequence of inputs
Ujr1 = U; — VQFC[UZ](t)_1VFC[UZ] (t)T

provides a decreasing sequence F.|u;|(t). Note that this recursion coincides with the

standard Newton’s iteration. Similar to the gradient projection method in [51], to
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satisfy the input constraints at each iteration, a projection into the feasible regions
is applied. Given that the feasible set is a box, such projection is equivalent to a
saturation function. That is, given the box U = [u, ], at each iteration step the new
input is obtained after applying the function saty(u;) = w if u; < u, saty(u;) = @ if
u; > 1, and saty(u;) = u; otherwise. Thus, Newton’s method for a Chen-Fliess series

is given in Algorithm 2.

Algorithm 2 Newton’s method
Input: R, ug, U

Initialization : ug
1: forv=1to R do
2 w1 = u; — V2E[u] () IV EL[u] (1)
30 iy < saty (i)
4: end for

5. return F.lugl(t)

7.2 MINIMUM BOUNDING BOX VIA TRUST RE-

GIONS

The underlying assumption in Newton’s method is that the Hessian is positive def-
inite. When this is not the case, the trust regions’ method is an alternative to find
local minima [51]. Here the objective is to adapt such methodology for the case of
a Chen-Fliess series. Specifically, the Cauchy point optimization method is used in
the present work. For simplicity, set g; = VF.[u;](t) and B; = V2F_.[u;](t). First,

the optimization problem is restricted to a region of fixed size where decreasing is
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ensured. That is, the minimization problem becomes

min Fc U; t +UT )
in, Fe[wi](t) +v7g

whose solution is v = —ﬁ gi- Then, the second step consists in optimizing the step

7 in the direction of decreasing by solving

2

-
min F.[u;)(t) + 70l g; + —vT Bw.
in Felui] (t) 9+ 5

The solution to this problem is 7; = 1 if g/ B;g; < 0 and 7; = min(]|g;||*/(Ag! Big;), 1)
otherwise. Thus, the trust regions’ method for a Chen-Fliess series is given in Algo-

rithm 3.
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Algorithm 3 Trust regions’ method
Input: R, ug, U

Initialization : ug
1: fori=1to R do
2: g < VE|ul(t),
3: BZ <— VQFC[U,] (t),
. ) __A
AU T

5. if g/ Big; <0 then

6: T, = ]_,

7. else

8: 7 = min(||gi| >/ (Aig] Bigi), 1),
9: end if

10: V; < T;U;,

11: Uil = Ui + Uy,

12: iy < saty(uigq)
13: end for

14: return F.lug|(t)

7.3 NUMERICAL SIMULATIONS

Example 22 Consider the system in Example 20. The reachable set of the system
with input set U = {u € R : =1 < u < 1} is provided in Fig. 7.2 together with
the outcome of Algorithm 2 applied to the Chen-Fliess series corresponding to (6.19).

Fig. 7.2 shows that Algorithm 2 approximates the reachable set up to t = 1 wvery
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Figure 7.2: Estimation of the minimum bounding box (MBB) of the reachable sets in Fx-
ample 20 with x(0) = 1 using Algorithm 2, up =0, U = {u: —1 <wu <1}, and Chen-Fliess

series truncation N = 3.

well. Also, it is observed that the number of iterations for Newton’s method is faster

(Ny =~ 10) than that of the gradient descent method presented in [54] (Nap ~ 1000 ).

Example 23 Consider the bi-steerable car in Fig. 7.3 described by the set of equations

T
To
T3

j,'4 = U9y

with output y = (1, x2)7, k

cos(rs + x4)uq,

sin(xs + x4)ug,
sin((1 — k)a)
(L cos(ka)) ’

0.7, a =n/8, L =1, 2o = (0,0,0.1,0.2), and u;

and uy the inputs to the system. The outputs of the system as Chen-Fliess series’

are yi(t) =

F. [ul(t) and ys(t) = F.,[u](t), where the coefficients are computed using
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Figure 7.3: Bi-steerable car.

(2.5). Thus,

cp =0.952; — 0.192121 — 0.292129 — 0.392 121201+
— O.613§'11’1CE2 — O.61£C133'2$1 — 0.95$1$2$2 + -
Co = 0291171 + 0.615(71.1’1 -+ 0.95$1$2 — 0.12371.’1711’1

— 0.193711’1.'172 — 0.19.’171%2331 — 0.29331%2.%2 + -

From Lemma 14 and Theorem 15, the derivatives (0, (c1), 0z, (c1)) and (04, (¢a), 0x,(c2))
determine the generating series of gradient of Fi [ul(t) and F.,[u](t), respectively.

From Lemma 11, these are

51‘1 (01) 20956I1 — 0195$1I1 — 019I16$1

— 02951’}@2 — 0.39(51’1!E11‘1 + -
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(SxQ (Cl) = — 0291'1(5.1'2 — 0.61.1'11'1(55172 — 0.611'1(5372371

— 0.9533155(72.7}2 — 0,951’13}251’2 +e

53;1 (02) = 0296l‘1 + 0615{131131 + 0611’1(51'1

+ 095(5I11’2 — 0.125$1$1$1 + ey

(512 (Cg) :095$1(5$2 - 0.191}1%1(5372 - 0.19371(5372.1’1

- 0.29I15$2$2 - 0.29%11’261‘2 +---

Using Lemma 16, the second-order derivatives are

6501331 (Cl) = — 038(5Z‘15$1 — 0.78(51‘161)’51(1]1

— 0.780x1x1071 — 0.78x 1011011 + - - -,

5901132 (Cl) = — 0295171(51'2 — 0.6151’11’1(51’2

—0.61x10x10x9 — 0.6102102001 + - - - )

(5m2$2(01) = — 1.90[1)1(51‘251‘2 + 0.381‘11’151’26&'2

+ 0.38x10x921029 + 0.38x 102202021 + - - -,
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6361231 (CQ) = 12251’1(51’1 — 0.245.1'151'1371

—0.240z 121621 — 0.2421021021 + - - -

6561302 (Cg) = 0955$15$2 - 0.195I11’161'2

- 0.19{23'151‘151‘2 — 0.1951‘151521’1 + -

51«212 (CQ) = — 0.58%161’2(5%2 — 1.22%11}151’25562

— 1.22.T1(5$2I1(5$2 — 1.22I15I25$2I1 + e

According to Lemma 17, these are the power series that determine the Hessian of the
Chen-Fliess series. Fig. 7.4 shows the result of applying Algorithm 8 to compute the
minimum bounding box of the reachable set at different points in time. It is clear from
the plots at t = 0.5, 1 and 1.5 seconds that the computed over-approximations are in-
deed the minimum bounding box of the true reachable sets.  Furhermore, Fig. 7.5
compares the trust regions method against the gradient descent method for the compu-
tation of minimum bounding boxes of the system in Example 23. The gradient descent
method in [53] produced the black dashed box in Fig. 7.5 with 10 iterations whereas
the trust regions method converged to the true minimum bounding box with the same
number of iterations. To match the true minimum bounding box, the gradient descent

method needed approrimately 100 iterations.
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Figure 7.4: Reachable sets and minimum bounding bozxes in Example 23 for U = {(u1,ug) :
0<u; <1, 0<ug <1} and truncation N = 8.

Example 24 Consider the Lotka-Volterra system described by the set of equations

T1 = — XT1T2 + T1Uq,

To =T1T2 — T2Usg,
)T

with output y = (x1, x2)T, initial condition xo = (1/3,2/3)" and inputs vy and us.

Similarly to the previous example, the outputs of the system are described as Chen-
Fliess series by y;(t) = Fe,[u](t) and ya(t) = F,[u](t). The corresponding coefficients

are computed from (2.5). Thus, one has that

Cl = 0.33 — 022150 + 033%1 + 0.071‘01:0 — 0.22$0$1

+ 0.22z9x5 — 0.222120 + 0.332121 + - - - ’
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in

Figure 7.5: Minimum bounding box and reachable sets (RS) in Example 23 at t = 1.5s with
U={(ur,u2) : 0<u; <1, 0<wug <1} and truncation N = 8. The trust regions method
(TR) needed 10 iterations to converge to the minimum bounding box. The gradient descent
method (GD) in [53] with 10 iterations and a step size of 0.01 gives the black dashed bo.
Both methods were initialized with (uq,u2) = (0.5,0.5).

Cy = 0.66 + 0221‘0 - 066%2 - 0.07$QZEO + 0.221’01‘1

— 0.22!EOI2 - 0.221‘21’0 + 0.66.1'21‘2 + -

The generating series of the derivatives determining the gradient of F. [u](t) and

F_,[u)(t), respectively are computed according to Lemma 11. These are

6x1 (Cl) = 033(5371 - 022%0(5371 - 0225561%0

+0.330x121 + 0.3321021 + - - -,
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5352 (Cl) = 022.%05372 — 0.223701'0(51'2 + 0.2233'037151'2

— 0.07xg0x229 + 0.222902021 + - -+,

(le (02) = 022!E0(5[L’1 - 0.071‘05!L‘1l‘0 + 0.221'0(51’1{['1

+ 0.22z9x1071 — 0.22200T109 + - - -,

6372 (Cg) = — 066(5%2 - 022370(5%2 - 0225$2$0

+ 0.660x9x9 + 0.66290x9 + 0.222020029 + - - -

The second-order derivatives are computed using Lemma 16. These are

6$1$1 (Cl) = 0665(1]1(51’1 - 0.44(13051’161]1 - 0.44(5.73151‘1.%‘0

+ 0.66(55[]1(51’11‘1 + 0.66(55[]1%151‘1 + - 5

51211 (Cl) = O.221’05$15$2 + O.22.T05.’1325!E1

+0.22021 29029 — 0.14z020021 029 + - - - |

5$2x2 (Cl) = — 04451‘251'2 + 1.031‘01’061’25[E2

- 0.44ZEO$15$25$2 -+ 0.441'051’21‘051‘2 + - s
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Figure 7.6: Reachable sets and minimum bounding box in Example 24 for U = {(u1,ug) :
0<wu; <1, 0<wug <1} and a Chen-Flies series truncation of N = 8. On the right side,
the graph displays the minimum bounding boxes at three different times: t = 0.3s, t = 0.6s
and t = 0.9s. The trust region size used was A = 1.

(Sfclxl (CQ) = 0.441'0(51’1(5(['1 + 0.29560‘7)0(5%151‘1

— 0.14z¢gdx10x120 + 0.44200210T1 21 + -+ -,

Oy, (C2) = — 0.22200x1029 — 0.2220029024

— 0.225.7321'0(5.’151 + 0.14$0$05$152 + - 5

5x2z2 (62) = 13351’251’2 + 0.4456051’251’2 + 0.4451‘21’051’2

+ 0.4451’251‘21)0 - 1.335$25$2l’2 + e
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Figure 7.7: Minimum bounding box and reachable set (RS) in Ezxample 24 at the time
t=09s withid = {—1 < w3 <1,—-1 < uy <1} and a Chen-Fliess series truncation of
N = 8. The trust region algorithm (TR) needed 140 iterations while the dashed box gives
the minimum bounding box using the gradient descent with 140 iterations. One will need
490 iterations to a fized step size of € = 0.01 over the same number of iterations. The actual
minimum bounding box is obtained through gradient descent with a step size of € = 0.1 and
490 iterations.

From Lemma 17, these determine the Hessian of system. Fig. 7.6 shows the result
of Algorithm 3 to compute the minimum bounding box of the reachable at different
points in time (t = 0.3, 0.6 and 0.9 seconds). Fig. 7.7 compares the trust region
method against the gradient descent method for the computation of the minimum
bounding box of the system in Example 24. The gradient descent method produced the
dashed box in Fig. 7.7 with the same number of iterations the trust regions method
took to obtain the true minimum bounding box. To match the true minimum bounding

box, the gradient descent method needed 490 iterations.
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CHAPTER 8

BACKWARD AND INNER APPROXIMATION

OF REACHABLE SETS

The problem of computing the minimum bounding box of the input-output backward
reachable set given the output box [y,7] of the Chen-Fliess series Fi[u|(t) can be
reduced to finding the minimum and maximum of u of all u € By*(R)[0, T subject to
F.[u](t) and lying inside the box [y,7]. This is a non-convex optimization problem,
and this section provides a methodology for solving it. The idea for such a method

revolves around setting a gradient descent recursion for some initial condition ugy that

has the form

where ¢ is the learning parameter and e; is an appropriate gradient with respect to

u;, which is the i-th coordinate of the input w.
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8.1 PRE-IMAGE AND BACKWARD REACHABLE

SETS

Here, finding the backward reachable set of (2.4) using a Chen-Fliess series represen-
tation is stated as an optimization problem. It is important to notice that this prob-
lem lies in the realm of infinite dimensional analysis and is in general non-tractable.
Therefore, the problem is solved using a numerical method based on the Gateaux
directional derivative [25].

The definition of a backward reachable set for system in state-space representation

can be written as

Definition 50 The state backward reachable set at a fived time t of (2.4) subject to

a set of states taking values in Z C R™ and a set of initial states Zy; C R" is
Pre(Zo, (1) ::{z € Zy: Fue L0,4], ot u, z0) € z}

where ¢(T,u, z9) for T € [0, T] represents the trajectory of the state z satisfying (2.4a).

Before getting into the details, observe that Definition 50 does not consider an
output equation. The following definition is a mild extension of the definition of the

state backward reachable set.

Definition 51 The backward reachable set at a fized time t of (2.4) subject to a set

of outputs taking values in Y C R and a set of initial states Z, C R™ is

Pre(Zo, V)(1) = {z € 2y 3u € L(0,1], h((t, u, 2)) € y}
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where ¢(T,u, z9) for T € [0,t] represents the trajectory of the state z satisfying (2.4a).

This is extended to the backward reachable set of a Chen-Fliess series providing an
input-output framework. For the next definition, consider for any ¢ € R((X)), the

power series ¢ € RY({X)) such that ¢ = ¢ — (¢, ().

Definition 52 Given the alphabet X = {xg, -+ , 2}, the formal power series ¢ €
RY(X)) and Y C R™, the input-output backward reachable set of the Chen-Fliess

series F.[u](t) with outputs taking values in Y is the set
Pre.(Vo, V)(t) = {yo €Yo+ Jue LM0,8],yo + Fulul(t) € y}.

In the case that the backward reachable set at ty > 0 of a given Chen-Fliess series with

final output set )V at t; needs to be obtained, the following set is more appropriate:

Pre.(yo, V) (to, ts) = {y eR! . Jue L?[O,t],Fc[u](tO,tf) €Y, F.[u](0,ty) = y}.

In many branches of the analysis of systems such as control, path planning, and
viability, the knowledge of the set of inputs that steer the Chen-Fliess series to a
given output set is sought. For Chen-Fliess series, this set is equal to the pre-image

of the given output set.

Definition 53 Given the alphabet X = {zo, -+ ,z,}, the formal power series ¢ €
RY((X)) and the output set Y C R™, the pre-image of the Chen-Fliess series F.[u](t)

with outputs taking values in Y is the set

FA (D)) ={ue BM(R)[0,T] : Flul(t) € V}.

[
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The next result relates the state backward reachable set definition from the output

perspective with the definition via Chen-Fliess series.

Theorem 18 Consider the nonlinear affine control system in (2.4), given the output
set Y C RY and the initial state set Zo C R™ and the initial output set YV, = h(Zy), the
output backward reachable set of the system in Definition 51 is equal to the backward

reachable set of Chen-Fliess series in Definition 52. This is, h(Pre(Z,Y)(t)) =
Pre.(Yo, V) ().

Proof: The proof follows straightforwardly from the fact that the Chen-Fliess series

represents the output of the system in By*(R)[0,7T].

y € h(Pre(20,Y)(t)) <= 3z € 2o, Ju € L0, 1],y = h(o(t, u, 20)), yo = h(20)
<~ Ju € L;Jn[ovt]? Yo = h(Zo),y =Y + Fc[u](t)

<y € Pre (Y, V)(1).

For computational matters, Theorem 18 implies that the output backward reachable
set can be computed using the Chen-Fliess series of the system. Naturally, the min-
imum bounding box of the output backward reachable set is equal to the minimum
bounding box of the backward reachable using Chen-Fliess series.

The definition of an output reachable set in Definition 37 is extended to take a

set of initial outputs.

Definition 54 Given the alphabet X = {xq, -+, 2z}, the formal power series ¢ €
RY((X)), the set U C BJ*(R)[0,T] and the set of initial outputs Yy, the reachable set
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Figure 8.1: Pre-image set of a control affine system with a 2 dimensional input and its
minimum bounding box in terms of its maximum and minimum inputs.

of the Chen-Fliess series F.lu|(t) with inputs taking values in U and initial outputs

Yo € Vo is the set
Reacho(U, Vo) (t) = {y — yo+ Fulu](t) €R : Vu € U,y € yo}

The next result characterizes the reachable set of a Chen-Fliess series at any time in
terms of the initial output set, the Minkowski sum and the reachable set of the power

series without the drifting element.

Theorem 19 For any c € RY((X)), the reachable set satisfies

Reach.(U, Yo)(t) = Yo & Reach. (U, 0)(t)
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Proof: The proof follows by definition

y € Reach (U, Yp)(t) <= Fu e U,y € Yo,y = yo + F[u](t)

<=y € Vo ® Reach, (U, 0)(1)

[ |
Given the linear control system
& = Az + Bu, z(0) = x,
the solution is given by
t
2(t) = exp(~Atyzo + [ exp(A(t = 7)) Bu(r)dr
0
then the reachable set o the linear system for o € Xy and v € U is
Reach(U, Xy) = Reach(X),0) @ Reach(0,U). (8.2)

8.2 BACKWARD REACHABLE SET COMPUTA-

TION VIA CHEN-FLIESS SERIES

Theorem 19 extends the well-known result in (8.2) to the Chen-Fliess series setting.
In what follows, the focus is on the computation of the minimum bounding box of

the pre-image set in Definition 53. For the sake of space, denote B = B}"(R)[0,7].
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The idea to compute the minimum bounding box is to reduce the calculations to
only two points. Figure 8.1 illustrates the idea of the computation of the minimum
bounding box of the pre-image set by the optimization of the coordinates of the input.

Equivalently, the following problems are solved:

mip . max  u 83
st. Fufu)(t) € [y,7] st. Bu(t) € [y.7)-

call the solution of each problem wu; and u; respectively and form the vector u =
(wy, -+ ,4,) and @ = (U, -+ ,Up,) then the minimum bounding box of the backward
reachable set is [u,]. Notice that the problem of the feasibility of (8.3) is not trivial
since the constraints are a set of polynomial inequalities. To tackle this problem the
Positivstellensatz in Theorem (8) can be used.

Formally, the problem in (8.3) having a solution follows from the Karush-Kuhn-
Tucker conditions, where the critical points of the Lagrangian function are the can-

didates for optimal points. Here, the Lagrangian expressions of interest are

LA u) = uirk 3 NG — Fo[u](1) + A (Fu[u)(t) — y,),

N (G — Fulul(t) = 0,
A?(QZ - FCi [u] (t)) = 07
Fci [u](t> _yi S 07

Y, — FCZ[U](t) < 07

=1

k
N> 0,Vk € {1,2}
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for all j € {1,---,m}. The optimal points (A\*,u) are characterized by the set of

Gateaux partial differential equations:

2L()\*, u*) =0,
%A (8.4)

Obtaining a closed-form of the solution of (8.4) is challenging even for real value
functions over real coordinate domains. In recent efforts [19], the critical points
characterizing the optimal values of the unconstrained optimization of a Chen-Fliess
series are found analytically for simple cases. Here, the problem in (8.3) is solved
numerically through a variation of the gradient descent method known as projected
gradient descent [51]. Similar to [54-57], the constraint is enforced by projecting the
solution at each iteration on the boundary of the constrained sets in the problem.
This projection constitutes the difference between the method used here and the one
used in [54], where in the latter the input updates were only projected over the pre-
defined input constraint set. Define the set P = F'([y, 7])(t) := {u € BJ*(R)[0,T] :
F.lul(t) € [y,7]}. Using Definition 53, the projected gradient descent method for
the minimization of the i-th input coordinate is described in Algorithm 4 where

Projp(u) := min,ep ||z — ull.
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Algorithm 4 Projected Gradient Descent
Input: Ngp, ug, &, P

1: Initialization : ug

2: for j =1 to Ngp do

J+1

32wl =ul —eey,

ul " Projp(ul')

>

5. end for

N
6: return wu; "

8.3 INNER APPROXIMATION OF REACHABLE

SETS VIA CHEN-FLIESS SERIES

In this section, a method for computing the inner approximation of a reachable set of
a nonlinear affine control system in (2.4) using Chen-Fliess series is povided. Similar
to [53], the approach here is based on the optimization of a Chen-Fliess series and
follows along the lines of that in [43], where the method for inner approximation of the
reachable set is applied to linear systems. By using the Chen-Fliess series framework,
inner approximations can be obtained for a broader class of systems but with the
condition that the reachable sets must be convex. Furthermore, the method in [43]
computes inner approximations of the so-called viability set by using a support vector
function.

Figure 8.2 shows the reachable set overapproximated by taking a sample of support

vectors equal to the canonical basis of R? i.e., (e;,e3). This results in the box
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Figure 8.2: Inner-approximation of the reachable set of a control affine system with a 2
dimensional output and its minimum bounding box in terms of its maximum and minimum
mputs.

Y = [miny, maxy], which can also be expressed as

V={yeR?: y-v<o0y),v € {e, e, —e1,—es}}.

The points defining the inner-approximation of the reachable set are the solutions to

the following optimization problems:

argmin F [u](t) and argmax F [u](t) (8.5)

ueU ueU
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Figure 8.2 shows these points explicitly and labeled as

Al = (Fm [’U,ﬂ(t), Fc2 [uﬂ<t))u
A2 = (Fm [U;](t), Fc2 [u;]<t))a
Az = (Fe, [up] (1), Fe, [ug] (%)),

Ay = (Fcl [UZ] (t)7 Fe, [UZKt))a
where

uy = argmax [, [u] (1), up = argmin Fo, [u](4),

uz = argmax Fe, [u] (), uy = argmin Fe, [u](t).

Hence, the inner-approximation is given by the convex hull
[Reach.(U)(t) = conv(Ay, As, A3, Ay).
In [43] the same set was written as
[Reach.(U)(t) = conv({u. : e € {e1,e2, —€1, —€a}}),

where vy(e) = argmaxyeyy - e and u. € vy(e). Here, to obtain the reachable set
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inner-approximation, one computes

u' = argmin F, [u] (1)
u' = arg max Fe, [u](t)
Ai - (Fc1 [QZ](t% FC2 [QZ](t))

Zi - (Fc1 [ﬂz](t)7 Fc2 [ﬂz](t))

for i € {1,--- ¢}, which yields the reachable set inner-approximation as

—/

IReach,(U)(t) = conv(A',--- ,AZ,Zl, e AD).

8.4 NUMERICAL SIMULATIONS

This section presents two examples illustrating how Algorithms 4 is used to compute
the MBB of the pre-image and how to compute the inner-approximation of reachable
sets. The results are compared to the pre-image and reachable set computed using
exhaustive evaluations. The first example considers a multiple input multiple output
Lotka-Volterra system to compute the minimum bounding box of the pre-image of

an output set, and in the second example, the Lorenz attractor is used to illustrate

the computation of the inner-approximation of the reachable set.
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Example 25 Consider the following MISO Lotka-Volterra system given by

Ty = —X1T2 + T1Uq,
To = T1T2 — ToU2,

y==x

with initial condition xo = (1/6,1/6)". The generating series of y1 and y, are com-

¢ | i I vBB
I Pre-IMG

U1

Figure 8.3: Estimation of the minimum bounding box of the pre-image (Pre-IMG) of the out-
put set Y = [(—2,—2),(2,2)] of the system in Example 25 with initial state zo = (1/6,1/6),
output set , and truncation length N = 8.

puted

C1 = 0.33 — 0221’0 + 0331‘1 + 0.07ZE01’0 - 0.221'01‘1 s

Cy = 0.66 + 0221‘0 — 066[L’2 - 0.07$0l‘0 + 0.22,1'(){131 +---
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and its derivatives

8(cy) = 0.336m; — 0.2220621 + 0.22300T5 + - - -

§(ca) = 0.660z5 + 0.22200z, — 0.22200m5 + - - -

Algorithm 4 is used to compute the minimum bounding box of the pre-image as in

Definition 53 of the output set Y = {y e R? : -2 <y, <2,-2 <y, <2}

From Figure 8.3, it is clear that the pre-image is contained in the computed

minimum bounding box.

Example 26 Consider the Lorenz attractor

T = w(r2 — 1),
Ty = x1(u2 — T3) — T2,
(8.6)

T3 = T1Xy — X3,

Y= ($17332)T-

Assume the input u is constrained u; € [0,1], us € [0,1] and the initial state is

xo = (0.1,0.2,0.3). From (2.5), the generating series of y; and ys are

cp=014+0.1z9 —0.232x129 — 0.12121 + 0. 12729 + - - -

Co = 0.2 — 0231’0 + 0].3['2 + 02581‘0{1/’0 - 0.031’01‘1 + -

To perform the optimization, the derivatives of the generating series as in Definition
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45 are calculated to obtain the Gateaux derivative

d(c1) = —0.230z120 — 0.162121 — 0.121021 + - - -

5(62) = 015$2 — 003270(5.’171 — O.].x()&ﬂg + 0.15$2$1 +--

Figure 8.4 shows the minimum bounding box and inner-approzimation of the reachable
set at time t = 0.5s. It is clear from the plot that the inner-approxzimation is contained

inside the reachable set.

0.05
0.1 0.5

0.12 0.1
014 O t 0.1 0.1 0.12 0.13

Yi Y1

Figure 8.4: On the left, the reachable set (RS) of the system in Example 26 over a time
horizon of t € [0,0.8] is shown. On the right the estimation of the inner-approximation
(UA) of the reachable set with inputs 0 < u; < 1 and 0 < ug < 1, and truncation length
N = 6. The minimum bounding box is also shown.
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CHAPTER 9

VECTOR FIELD PERTURBATION

In the present chapter, the problem of quantifying the effect of the perturbation of the
vector field on the output which is represented by the Chen-Fliess series is addressed.
To accomplish this, the definition of the iterative Lie derivative is extended to be
able to take words from two languages, the original and a differential language. Then
the closed-form of the Chen-Fliess series of the output associated with the nonlinear
system with the perturbed vector field is obtained. With this, the Gateaux and

Fréchet derivatives are computed in a similar way as in [57].

9.1 PERTURBED SYSTEM

Consider the nonlinear system in (2.4) with perturbed vector fields

5= gol2) + eolz) + 3(6:(2) + exl2)u
=1 (9.1)

y = h(z)
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where the functions e;(z) represent the vector field perturbation. The iterative Lie
derivative as defined in (2.5) does not distinguish between the original vector field

and the perturbation. Consider the following example.

Example 27 Take the iterated Lie derivative of the output of (9.1) associated with

the word xqy. This is,

Lgh(z) = S0(2) - (00(2) + eaf2) 92)

the expressions Lh(z)-go(z) and Zh(z)-eo(z) cannot be written in the notation of the
iterative Lie derivative. To overcome this, consider the language Y = {yo,y1, "+ ,Ym }
and Z = X UY. Now associate Z with the original vector field g; and Y with the

perturbation field e;. Then (9.2) becomes

Luuh(2) = £o(2) - (() + eol)

= LZoh(Z> + Lyoh(z)

which is written in terms of Lie derivatives of the languages Z and Y .

9.2 EXTENDED ITERATIVE LIE DERIVATIVE

To extend the idea described in Example 27, the definition of iterative Lie derivative

in (2.5) is extended to take two languages.

Definition 55 Consider the alphabets X and 6 X associated to the vector fields g, e,

respectively. The extended iterative Lie derivative of n € Z* of the vector field (g, e)
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is given by the mapping L, : L0, T] — C[0,T], where Lyh(t) =1 and

0

%th - 0i, 2 € X,

Lonh = (9.3)
0
&Enh e, 7z €0X.

The following lemma provides a closed-form of the Chen-Fliess series of the per-
turbed system in (9.1) in terms of two alphabets. This expression is later used to
describe the derivatives of the Chen-Fliess series with respect to a vector field per-

turbation. From Definition 38, ox(§) =7 for any & € I,,.

Lemma 20 Let X, Y and Y be alphabets associated to g +e, g, e € Ly'[to, 1],
respectively. Given ¢ € R{{(X)) associated with the original nonlinear system (2.4),

the Chen-Fliess series of the output in (9.1), with power series ¢ ® d, is written as

Faodtl) =Y Y LehloFoyolu](t). (9.4)

k=0 SGSY*,éYk

Proof: To obtain (9.4), it is first shown that
Lyh = Lanas(r,)h (9.5)

for any n € X*. This is proved by induction over the length of the word 7. Consider

In| = 1, n = xj, then I, = {y;, dy;}. From the linearity of the derivative and

155



Definition 55, it follows that

= ﬁyjh + ﬁgyjh,

= Lenar(r,,)h-

Now assume that (9.5) holds true for any 7" € X* such that || = k, and compute

the expression for n = x;7’. That is,

0
th = gLn/h . (91 + ei).

Since |n'| = k and by the induction hypothesis, one has that

0

Lyh =—
" 0z

Echar(ln/)h (i + ),

Hence, using linearity of the inner product - and (2.5) over the alphabet Y U Y, it

follows that

th = Egpichar(ln/)h + Eé:pichar(ln/)h

= ‘Cchar(ln)h-
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Now, (2.3) can be expressed in terms of (9.3). That is,

Fegalul(t) = X Lyhlso Byl (1),

nex

= Z ‘Cchar(ln)h|20 E, [U] (t)7

nex*

- Z Zﬁéh‘ZOEn[u](t)-

neX=gely

Since n = ox (&) for all £ € I,,, it then follows that

Foalu)(t) = > Y LehlaBoyo)ul(t). (9.6)

nex+ ¢cl,

Observe that if 1, # ny then I, and I, are disjoint, then

Zr="U L= U{¢: €e ) (9.7)
nex* nex*
and
Y= > ¢ (9.8)
cezx nexx ecl,

Applying (9.8) in (9.6), one has that

Fegalul(t) = Y Lehl Eoylul(t). (9.9)

gezx

Finally, > ecz+ & = 3520 Xees

the proof. [ ]

€. Hence, (9.9) is equal to (9.4). This completes

x* 5xk
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9.3 THE FRECHET DERIVATIVE

Next, (9.4) is used to provide the functional derivative that quantifies the vector field

perturbation.

Theorem 20 Let X, Y and Y be alphabets associated with g +e, g, e € Ly'[to, t1],
respectively. The Chen-Fliess series is Fréchet differentiable with respect to the vector

field if and only if

1 &
A8 el (Z > cghzoEaX@)[u](t))o,
b

k:2§eSyﬁyk

and its Fréchet derivative is expressed as

DE[ulg,e](t) = 3 Y LehleyFoxiolul(h),

nEX* €€S, 5x
whenever ¢ € RY o ((X)).

Proof: The proof follows by a direct application of Lemma 20 and Definition 42.

Consider § > 0 and h such that [[h|, < d, from (9.4), it follows that

Faodtl) =Y Y Lehley By olul(®)

k=0 £€Sy 5y

For k = 0, one has that

Felul(t) = 3. Lehla Boxolul(t)- (9.10)

EESyx 5y0
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Note here that L¢h|,, = Leh|,, since & € Y*, which is why the left-hand side of (9.10)

does not depend on the perturbation e. Then, it follows that

Froaltl(t) — EL)(t) = S LehloBarolal) =Y S LehluoFoxolul(t).

£E€Sy = oy k=2 £€Sy sy k

Multiplying by 1/ |le[|, and taking the limit of e to 0 gives the desired result. Fi-
nally, observe that the generating series of DF.[u][g, e|(t) inherits the local convergent
bounds of the original series ¢. Therefore, for ¢ € Ry ((X)), the Fréchet derivative

DF.[u][g, e](t) is convergent and well-posed, which completes the proof. n

In this chapter, the vector field perturbation of Chen-Fliess series is measured.
A closed form of this is obtained by extending the definition of Lie derivative to be
able to read words from two languages where letters from one language are associated
with the original vector field and the letters from the new language are associated

with the perturbation of the vector field.
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CHAPTER 10

CONCLUSION AND FURTHER RESEARCH

10.1 CONCLUSION

This work provides a closed form of an overapproximation of the reachable set of the
output of a non-linear affine system represented by the Chen-Fliess operator. For this,
interval arithmetic was used to compute an overestimation of the reachable set of an
iterated integral, then the result was obtained by adding up all the overestimating
sets of the defining reachable set. The advantage of this method is its closed form
which makes computation faster than solving a non-convex optimization problem.
Also, the examples show very good accuracy for short-time horizons, but as the time
horizon gets larger, the accuracy decreases, which can be improved by increasing the
order of the approximation.

Two methodologies of computing overestimation of the reachable set of systems
represented in an input-output manner by the Chen-Fliess series formalism are pro-
vided. First, the input-output mixed-monotonicity method extended the notion of

mixed-monotonicity into the Chen-Fliess series framework. Then, to obtain the min-
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imum bounding box of output reachable sets, an optimization routine was provided
for Chen-Fliess series and the gradient descent method that essentially found the
input functions producing the system’s maximum/minimum outputs. This second
approach required finding a closed form of the Fréchet, Gateaux derivative and the
gradient in the Chen-Fliess framework along with a condition for its existence. It was
shown theoretically that the reachable set obtained by optimizing the Chen-Fliess
series is the minimum bounding box containing the reachable set. If the interval of
time is partitioned, it was proved that the order in which the optimization is per-
formed over each subinterval of time does not affect the result. This is important to
approximate the optimal value of the Chen-Fliess series by dividing the interval of
time into smaller pieces. Illustrative examples were provided in the last section, and
the results were compared against reachable set overestimations computed using the
mixed-monotonicity procedure.

The framework of differential languages to formalize the computation of Chen-
Fliess series derivatives and provide an algebraic method to obtain such Chen-Fliess
series derivatives is introduced. A closed-form of the Hessian for a Chen-Fliess se-
ries was presented, and Newton’s and trust regions optimization algorithms for the
computation of the minimum bounding box of reachable sets for systems represented
by Chen-Fliess series were developed. To ensure the algorithm works appropriately,
the second-order mean value theorem was introduced in the Chen-Fliess series con-
text using differential-algebraic means instead of the classical chain rule approach.
Mlustrative examples of three control affine systems were provided in the last sec-
tion showing that the over-approximations obtained from the algorithms are indeed

minimum bounding boxes.
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It was shown that the minimum bounding boxes are computed with fewer iter-
ations than the gradient descent approach. The notion of input-output backward
reachable set and output reachable set pre-image for systems represented by a Chen-
Fliess series. Two algorithms are developed for computing such sets. The first algo-
rithm computes the minimum bounding box of the pre-image set whereas the second
algorithm computes an inner approximation of output reachable sets. Two exam-
ples were presented with the purpose of illustrating the computation of the minimum
bounding box of the pre-image and the inner approximation of output reachable sets.

Finally, the measurement of the perturbation of the Chen-Fliess series with respect
to the vector field is addressed. The closed form of the Fréchet derivative is obtained
for this by extending the definition of the iterative Lie derivative to be able to read

two languages.

10.2 FURTHER RESEARCH

In the present section, the problem of collision avoidance using Chen-Fliess series
is outlined. The idea is similar to the original ideas of the control barrier functions
techniques [6,41,71]. For the sake of simplicity, the object to avoid can be represented
as a circle of radius r and center ¢. Also, assume that the task is to avoid the obstacle

with the least energy. The set-up of the problem is the following:

min vl

ueB (10.1)
st h(t) > —a(h(t))
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to include the Chen-Fliess series, the function h(t) = ||F.[u](t) — ¢||* —r is considered
instead where the object to avoid is the circle ||z — ¢|[[* < r. This problem is related
to control barrier functions. Since equation (10.1) is an optimization problem and in
the present dissertation, the tools to optimize Chen-Fliess series were provided, this

is a natural future research direction.
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