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Abstract

An incident particle is drawn towards a neutral solid because of van der Waals at-
traction. When it collides, some of its energy goes to exciting vibrations of the solid.
As a result of the collision, the particle could be adsorbed by the solid, or it could
be scattered off the solid. The purpose of this thesis is to study the dynamics of a
slow-moving, cold atom that collides with a two-dimensional solid, such as a hydrogen
atom colliding with graphene. Using a time-dependent ansatz for the system wave
function, we obtained coupled time-dependent equations that describe the possible
outcomes of the collision. From these equations, the adsorption, or sticking, of the
atom on a surface is studied. The numerical calculation shows for the case of N vibra-
tional modes, the transition probability exhibits Rabi flopping. However, when the
vibrons have a finite lifetime, the oscillations of the transition probability damp over
time. From the calculations, the time dependent entanglement entropy (von Neu-
mann entropy), S(t), is subsequently studied. The entanglement entropy grows from
zero to a local maximum and then falls to zero. At a later time, the calculations show
“quantum revival” where the entanglement entropy again grows to a local maximum
and subsequently collapses to zero. These results are discussed and interpreted in
terms of the quantum sticking process.
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Chapter 1

Introduction

The process of atom adsorption is fundamental to science and technology. It is crucial

in making materials, catalyzing chemical reactions, and changing surface properties

of solids by coatings. Adsorption in the quantum regime is not fully understood. It

involves the quantum dynamics of a many-body system. This provides the motivation

to study simple models to acquire insights into the relevant physics. Entanglement

entropy is a measure of how much two subsystems are quantum entangled. In the

context of this thesis, entanglement entropy will be calculated using von Neumann

entropy. Quantum sticking, also referred to as quantum adsorption, is when the

incident atom transitions from the continuum to the bound state. Physically, this

means it sticks to the surface. I will discuss a time-dependent ansatz for the system

as a method to obtain a dynamical description of the particle as it collides with

the surface. As this setup is somewhat abstract, the physical system that could

correspond to my project would be a Hydrogen atom that collides and sticks to

graphene, which is a single layer of carbon atoms.

One case of quantum sticking is the system of an atom colliding with a surface.

For the purposes of this work, the system described is treated as a quantum dynamical

system rather than a classical one because it has sufficiently low energy and involves
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a system of mesoscopic size. While it is useful to consider classical analogs to the

system, it is not useful for accurately describing the dynamics of the system.

It is important to note the difference between absorption and adsorption, as this

thesis covers adsorption. In absorption, the atom would enter the pores of the surface.

For adsorption, however, when the atom collides, it sticks to the surface without

entering. Classically, adsorption can be observed when frost sticks the windshield of

a car during the winter. Quantum mechanically, adsorption occurs when the atom

transitions from a continuum state to the bound state localized on the surface.

Entanglement entropy was developed by John von Neumann after Lennard-Jones’

paper on the interaction between two hydrogen atoms. In his 1955 book “Mathemati-

cal Foundations of Quantum Mechanics,” von Neumann entropy is explained [1]. Von

Neumann entropy is a mathematical way to quantify the quantum entanglement. It

has a classical analog in Shannon entropy that is widely used in information theory.

The cold, slow-moving incident atom is drawn towards the surface to collide due to

van der Waals attraction. This is the same force of attraction between two atoms that

the Lennard-Jones paper explored. Thus, van der Waals interactions are fundamental

to understanding the behavior of a cold, slow-moving atom close to a surface. First,

to better understand this force, I will describe how it behaves for an atom-atom

interaction, then I will describe its relevance to this thesis.

When two neutrally charged atoms are some distance, R, apart, there is a weak

attraction between them, provided they are polarizable. So, despite each atom being

neutral, each experiences a weak attraction. The attraction is dependent on the

polarizability of the atom. The atom has electrons in orbitals that spin around the

nucleus. As the electrons move around their respective nucleus, there are times when

the electrons are unevenly distributed. This will cause moments when there are more

electrons on one side than the other, causing one side of the atom to be negatively

charged and the other side to be positively charged. At this time, the atom then
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would be considered to be polarized and thus has an electric dipole moment [2].

The dipole moment in this atom occurs only briefly because the atom remains

neutral. However, during the brief polarization, an attractive force between the two

atoms arises. This brief attractive force from the temporary electric dipole is referred

to as van der Waals force. Most often, van der Waals interaction is described using

the potential. The van der Waals potential is written in equation 1.1 [3].

∆V = −ℏ
8m2ω3

0

e2

2πϵ0

1
R6 (1.1)

In equation 1.1, the distance between the two atoms is represented with R. It

is important to note the potential is proportional to the inverse sixth power of the

separation between the atoms [3]. This relation provides the foundation for describing

the attraction potential between atoms. The same interactions occur between an atom

and a two-dimensional surface, such as the setup I studied for this thesis. However,

due to the geometry of the setup, the proportionality changes.

For the interaction between an incident atom and a surface, the van der Waals

attraction is proportional to the inverse third power of the distance between the

atom and the surface [4]. The atom-graphene van der Waals attraction has a different

dependence than that of the atom-atom interaction because the geometry of the setup

is different.

During the collision, energy goes into vibrating the graphene. The vibrational

modes caused by the collision can be studied. The vibrations will damp because the

edges of the surface are not physically able to be ideally clamped. The vibrations

would also damp because the modes are not purely harmonic. Another cause of

damping in vibrations is due to the imperfections in the graphene. Graphene is a

two-dimensional layer of carbon, which has different isotopes. The disorder in the
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distribution of carbon isotopes, along with vacancies in the graphene, contribute to

vibrational damping. Mathematically, the damping can be included by allowing the

vibrational frequencies to have a small imaginary term.

Another aspect of my research is to describe the time-dependent entanglement

entropy S(t) of the collision process. The density matrix, corresponding to the wave

function considered was used to obtain an expression for the entanglement entropy

S(t). In Chapter 5, the time-dependent entanglement entropy is plotted for a variety

of model parameters. These results give insight into the adsorption process.

1.1 History
Quantum sticking was first studied in the 1930s by John Edward Lennard-Jones and

A. F. Devonshire. It was one of the first applications of the newly created quantum

theory. Lennard-Jones published a paper in 1930 that explores the van der Waals

attraction between two hydrogen atoms using perturbation theory [5]. Perturbation

theory is a method for obtaining approximate solutions for an unsolvable Schrödinger

equation. It involves separating the Hamiltonian into a piece that is solvable plus

an additional term whose effects are hopefully small. In this work, the full time-

dependent Schrödinger equation is solved numerically for a system wave function of

a particular form. Thus, these results are non-perturbative.

Also in the 1930s, Dirac and Frenkel developed another method to approximately

solve the Schrödinger equation that has become known as the Dirac-Frenkel time-

dependent variational principle [6] [7]. This method can be used to justify the form of

the wave function considered here. Furthermore, future work could vary the temper-

ature, which would necessitate the use of the use of the Dirac-Frenkel time-dependent

variational principle.

This thesis involves the dynamics of ultra-cold atoms, of which there are experi-
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mental methods of verifying whether they behave in ways that match what we predict

through theoretical work. Experimental research in the dynamics of ultra-cold atoms

was revolutionized in the early 2000s when Bose-Einstein condensate was created in

the laboratory by E. Cornell and C. Wieman [8]. Bose-Einstein condensate enabled

experimental physicists to experimentally test quantum mechanical theory predictions

about the dynamics of ultra-cold atoms. Bose-Einstein condensate was theoretically

hypothesized years before it was experimentally created. When it finally was created,

using optical molasses and evaporative physics, its creators were awarded a Nobel

Prize [9]. Optical molasses involves slowing down atoms using lasers, while evapo-

rative physics involves removing some atoms that are moving fast and have higher

temperatures [10]. Using these methods, scientists cooled atoms to such a cold level

they created a new state of matter we call Bose-Einstein condensate which allows us

to test quantum mechanical theories.

1.2 Significance
There are essential experimental applications relevant to understanding the mechanics

of how cold atoms interact near surfaces. It can be useful for nano mechanical systems,

such as precision mass sensors, resonators, and switches [11] [12]. The model used

also has applications in quantum electrodynamics, where the description for vibrons

can describe photons.

This thesis is within the realm of the emerging field of quantum information theory,

which is a subfield of quantum mechanics that studies how quantum systems can be

used for information storage and processing. This thesis makes progress towards

answering some central questions behind quantum mechanics about how particles

interact. For recent context in physics, my thesis expands upon the research of my

thesis advisor, Dr. Dennis Clougherty, who derived the effective low energy model
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for the quantum sticking of atoms on membranes [13] [14].

This thesis continues to study the dynamics of quantum sticking of atoms on

membranes, but also expands the model by looking at the time dependence with the

entanglement entropy. Through this work, the time-dependent probability and the

behavior of the entanglement entropy for a system with a single vibrational mode

and the multimode case were obtained numerically. These results are presented and

interpreted in subsequent chapters.
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Chapter 2

The (N+1)-State Model

The Schrödinger equation is the foundation for quantum mechanics and is shown in

Eq. (2.1) in bra-ket notation. This equation describes the behavior over time of the

quantum state of the system and permits the prediction of the behavior of a quantum

system. The wave function is Ψ and the Hamiltonian Ĥ, which describes the energy

of the system, is an operator.

iℏ
∂

∂t
|Ψ⟩ = Ĥ |Ψ⟩ (2.1)

The Hamiltonian is the multimode Rabi model and is a simplified version of the

model studied by Clougherty [13].

Ĥ = Ecc
†c− Ebb

†b+
N∑

n=1
ℏωna

†
nan − g(c†b+ b†c)

∑
n

(an + a†
n) (2.2)

The system wave function can be assumed to be approximated by the time-

dependent ansatz given in Eq. (2.3)
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|Ψ(t)⟩ = C(t)(|c⟩ ⊗ |0⟩) +
N∑

n=1
Bn(t)(|b⟩ ⊗ |1n⟩) (2.3)

As indicated by |Ψ(t)⟩, while the solid is in the vibrational ground state, then the

state space consists only of the atom in the |c⟩-state. When the atom has a quantum

of vibration, it is said to have one vibron. The atom in the |b⟩-state with one vibron

is present in the nth mode.

The wave function, |Ψ(t)⟩, is the solution to the time-dependent Schrödinger equa-

tion and can be expressed as a linear combination of the two possible states for a

single vibrational mode. The coefficients of each wave function are promoted to time-

dependent functions. These coefficients correspond to probability amplitudes, which

informs the probability the atom is in a particular quantum state. The function C(t)

corresponds to the continuum state and the function B(t) corresponds to the bound

state. Further, the energy Ec corresponds to the atom energy when in the |c⟩-state

and the energy −EB is the energy in the bound state. And so, the ansatz for the

single mode case can be expressed in Eq. (2.4). States are products of the atom state

with the vibrational state.

|Ψ(t)⟩ = C(t)(|c⟩ ⊗ |0⟩) +B(t)(|b⟩ ⊗ |1⟩) (2.4)

Substitution of Eq. (2.4) into Eq. (2.1) yields a set of coupled, first-order ordinary

differential equations (ODEs) for the atom amplitudes.

The case of a single vibrational mode (N = 1) with angular frequency ω, is de-

scribed as follows:
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i
dC(t)
dt

= ΩCC(t) − αB(t) (2.5)

i
dB(t)
dt

= ΩBB(t) − αC(t) (2.6)

where ΩC = Ec

ℏ , ΩB = −Eb+ω
ℏ and α = g

ℏ .

I can solve Eqs. (2.5) and (2.6) analytically using methods of differential equations

and numerically using Mathematica. The numerical solutions can be plotted to see

the time dependence of the probability amplitudes C(t) and B(t). Subsequently, the

solutions to Eqs. (2.5) and (2.6) are used to calculate the entanglement entropy. This

same process can be applied to obtain solutions for the multimode case, when there

is more than one vibrational mode (N > 1).

Eqs. (2.5) and (2.6) can be rewritten with two parameters instead of three by

dividing both sides of each equation by ΩC . The parameter ΩC carries units of sec−1.

Thus, the parameters used throughout this research were rescaled by a factor of Ec/ℏ

The equations, rescaled to only have two parameters, that correspond to the single

mode case are given in Eqs. (2.7) and (2.8). The new parameters correspond to

dimensionless coupling (p) and a dimensionless frequency (w).

iĊ(t) = C(t) − pB(t) (2.7)

iḂ(t) = wB(t) − pC(t) (2.8)
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2.1 Multimode Rabi Model
The previous results can be generalized to the case of N > 1. The following ODEs

result:

iℏ
dC(t)
dt

= EcC(t) − g
N∑

n=1
Bn(t) (2.9)

iℏ
dBn(t)
dt

= (−Eb + ℏωn)Bn − gC(t) (2.10)

In Eqs. (2.9) and (2.10), Ec is the energy of the atom in the continuum, which

can also be referred to as the gas phase. The energy Eb is the energy of the adsorbed

atom to the solid. The model assumes that the vibrational frequencies are evenly

spread by ∆ω. Thus, ωn = ω0 + n∆ω, where n = 1, 2, 3 ...N. The parameter g is a

coupling constant that represents the interaction of the atom to the vibrations. To

have resonance with the bounds state, it must hold true that Ec+Eb

ℏ < ω0 + N∆ω ≡

ωmax.

The solution to these equations will be discussed in Chapter 3.

2.2 Analytical Solution to the Single

Mode Case
Eqs. (2.7) and (2.8), the system of coupled differential equations that describe the

single mode case, can be exactly solved using methods of ordinary differential equa-

tions. First, take the derivative of Eq. (2.7) to get C̈(t). The result is shown below

in Eq. (2.11).
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iC̈(t) = Ċ(t) − pḂ(t) (2.11)

Now I can substitute in for Ḃ(t) from Eq. (2.8) and simplify. This gives Eq.

(2.12).

iC̈(t) = Ċ(t) + iwpB(t) − ip2C(t) (2.12)

After making another substitution and simplifying, I have the equation below for

the second derivative of C(t).

iC̈(t) = (iw + i)Ċ(t) + (p2 − w)C(t) (2.13)

Eq. (2.13) is now uncoupled and in the form of a second order linear ordinary

differential equation and can be solved. Due to its form, the solution will look like:

C(t) = k1e
s1t + k2e

s2t (2.14)

where s1 and s2 are given below.

s1 = i(1 + w)
2 + 1

2
√

(i+ iw)2 − 4(w − p2) (2.15)
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s1 = i(1 + w)
2 − 1

2
√

(i+ iw)2 − 4(w − p2) (2.16)

The values k1 and k2 are constants that could be found using the initial conditions.

Also, now that we have C(t), we also would like to know B(t). However, the square

modulus of C(t) and B(t) are more important than the expression for C(t) itself since

they represent probabilities of the quantum states. It is known that |B(t)|2+|C(t)|2 =

1. And so, the simplest way to find |B(t)|2 is to set |B(t)|2 = 1 − |C(t)|2.

|B(t)|2 = 1 − |k1e
s1t + k2e

s2t|2 (2.17)

Using the initial conditions, I can solve for k1 and k2. They are presented below,

in terms of s1 and s2.

k1 = −i+ s2

s2 − s2
(2.18)

k2 = 1 − −i+ s2

s2 − s2
(2.19)

From the analytical solution, we conclude the resonance condition is satisfied when

w = 1. This is consistent with the definition of w and the condition Ec + Eb = ℏωn.
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Chapter 3

Numerical Solution

Using a system wave function ansatz, we obtained Eqs. (2.7) and (2.8) to describe the

possible outcomes of the collision. They can be solved to obtain solutions for Bn(t)

and for C(t), which reveal the probability amplitudes. |B(t)|2 versus time |C(t)|2

versus time are plotted to reveal the complex dynamics of the adsorption process.

Within the description of the collision of the atom with a surface, I explored

both the single-mode case and the multimode case. Mathematically, each new mode

introduces another equation, Bn(t) and the different modes have different frequencies,

so the vibrational spectrum has N frequencies, between ω0 and ωmax.

3.1 Parameters of Model
The energy of the incident atom is represented as EC , which is representative of the

atom in the continuum or the gas phase. When the atom collides with the surface, it

transfers energy that goes to the vibrations of the surface. If the atom sticks, then it

is trapped in a bound state. The bound state has a negative energy, Eb. The binding

energy Eb is approximately 40 meV for atomic hydrogen on suspended graphene [15].

The equations are written using parameters p and w, where p = g
Ec

and w =
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−Eb+ℏω
Ec

, so w is dependent on the frequency. For simplicity, p was kept at a constant

0.01 throughout the plots, which is small to be comparable to experimental conditions.

3.2 Single-mode Case
Mathematica numerically solved Eqs. (2.7) and (2.8), subject to initial conditions

B(0) = 0 and C(0) = 1. The result is a function, thus its solution can be represented

graphically. |B(t)|2 and |C(t)|2 represent the probability amplitudes of the quantum

states of the atom. For instance, when |B(t)|2 is significantly greater than |C(t)|2,

then it is likely the atom is in the bound state, since B(t) corresponds to the bound

state and C(t) corresponds to the continuum. As such, the initial conditions inform

that the atom begins in the continuum state and has not yet collided with the surface,

at time = 0.

First, I solved the equation of motion using real numbers for p and w. The plot

of |C(t)|2 versus time is shown in Fig. (3.1).

Figure 3.1: |C(t)|2 versus time for single vibrational mode on-resonance using parameters
p = 0.01, w = 1

In Fig. (3.1), with real parameters for p and w, there is no damping. The w = 1

parameter was used to satisfy the resonance condition and p2 << 1 was used to make
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contact with experimental conditions. The oscillations return to 1 at each maximum

and 0 at each minimum. This behavior is referred to as Rabi flopping, which is when

the atom oscillates between the |c⟩-state and the |b⟩-state [16]. At each maximum,

the atom is in the continuum and at each minimum, the atom is in the bound state.

The time, plotted on the x-axis, is not strictly in seconds since it has been multiplied

by a scale factor to reduce the number of parameters. The vertical axis corresponds

to the probability and it oscillates between 1 and 0. As the Rabi flopping pattern

behavior continues forever, then the atom would not adsorb onto the membrane for

the situation graphed in 3.1.

The period in Fig. (3.1) is given by T = 100π. This is recovered from the input

parameter, p = 0.01. The frequency 2p, which is known from the frequency expression

that is found from the analytical solution to the equations of motion,
√

(w − 1)2 + 4p2.

Since w = 1 was used, then the frequency simplifies to 2p, and so when p = 0.01,

then the frequency is 0.02. From the relationship T = 2π
ω

, T = 314, which is exactly

what is seen on Fig. (3.1).

Fig. (3.2) plots |C(t)|2 versus time for an off-resonance case.

Figure 3.2: Plot of |C(t)|2 versus time for p = 0.01 and w = 0.97.

When the parameters p and w are real, the plots for |C(t)|2 versus time and

|C(t)|2 versus time oscillate without any damping. The atom oscillates between the
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continuum and approximately 0.7 probability of being in the continuum, as is seen

from the vertical axis minimum value. However, these non-damped oscillations do

not correspond to a physical system.

In a real physical system of an incident Hydrogen atom colliding with graphene,

it would be difficult to see the oscillatory behavior exhibited in Fig. (3.1). To see

undamped oscillations, it would require a solid of small size so that only a few vibra-

tional modes would exist. Vibrational energy loss would also need to be sufficiently

low. For a real world situation, the oscillations would damp throughout time. When

the atom collides with the surface, the energy is transferred into vibrations of the sur-

face. One cause of vibrational energy loss is that it would not be possible to ideally

clamp the edges of the surface. The vibrations would also damp because the modes

are not purely harmonic and because of imperfections in the graphene. Graphene is

a two-dimensional layer of carbon, which has different isotopes. The disorder in the

distribution of carbon isotopes, along with vacancies in the graphene, contribute to

damping. These defects are summarized in the imaginary part of the input parameter.

Since a system with damping would be more true to the real world, the vibrational

frequencies are given a small imaginary part, which leads to damping.

Figure 3.3: |C(t)|2 versus time for single mode with parameters p = 0.1 and w = −0.03i +
0.05

As expected, the plot in Fig. (3.3) shows oscillations that damp with time. The
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plot is for the off-resonance case.

Below is a plot of |C(t)|2 versus time for when there is resonance and damping.

Figure 3.4: |C(t)|2 versus time for single mode using parameters p = 0.01 and w = 1−0.03i

In Fig. (3.4), the probability amplitude of the atom in the continuum decreases.

The values of |B(t)|2 and |C(t)|2 represent probabilities and sum to zero for the

idealized situation when there is no vibrational damping. However, as the vibrational

frequencies are complex, they do not always sum to 1.

3.3 Multimode Case
For each mode added, the system gains an equation, Bn(t). The coupled equations

that describe the motion of the atom colliding with the membrane for the two mode

case are written in Eqs. (3.1), (3.2), and (3.3). They are subject to the similar initial

conditions as one mode, where B1(0) = 0, B2(0) = 0, and C(0) = 1. The addition of

the mode also adds a term to Eq. (3.1).

i ˙C(t) = C(t) − p(B1(t) +B2(t)) (3.1)
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iḂ1(t) = w1B1(t) − pC(t) (3.2)

iḂ2(t) = w2B2(t) − pC(t) (3.3)

The same pattern follows for more modes, where an equation is added for each mode.

The initial conditions of Bn(0) = 0 and C(0) = 1 are always satisfied. To go from

the one mode case to the two mode case, I change the real part of w. As outlined in

the parameters of the model, wn = −Eb+ℏω
Ec

. As such, the dimensionless parameter,

wn is dependent on the vibrational frequency, ωn. Eqs. (3.2) and (3.3) each carry

a different value for the frequency. There is some initial frequency, ω1 and some

maximum frequency ωN . The corresponding parameters wn are the coefficients of

Bn. The spacing between each frequency, ∆ω must be equal. Thus, it follows that

for each mode added, the frequency spacing decreases.

Below, in Fig. (3.5), I plotted both |B1(t)|2 versus time and |B2(t)|2 versus time.

Figure 3.5: B1(t) versus time (blue) using p = 0.1, w1 = 0.05 - 0.03i and B2(t) versus
time (Orange Dashed) using p = 0.1, w2 = 0.1 - 0.03i, N = 2

The plot in Fig. (3.5) shows the plot of |B1(t)|2 versus time in the solid blue curve

and the plot of |B2(t)|2 versus time in the dashed orange curve. Since each begins

with the same initial conditions, the plots begin together, but diverge. The orange

dashed curve, |B2(t)|2 has resonance with |C(t)|2 and has a small imaginary part to
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model the finite lifetime of the vibron. The blue curve, |B1(t)|2 is off-resonance with

|C(t)|2 and so it oscillates.

Figure 3.6: |C(t)|2 versus Time for 2 Mode p = 0.01, w1 = 0.5 − 0.03i, and w2 = 1 − 0.03i

Fig. (3.6) plots |C(t)|2 versus time for the same conditions as in Fig. (3.5). During

this time period, the probability the particle is in the continuum state decreases.

After the two mode case, other multimode cases follow similarly. For each in-

creasing mode, I generate a graph by adding an equation Bk(t). For each mode, the

frequency has the same minimum at some ω1 and has the same maximum at some ωN .

The change in frequency, ∆ω, must be constant for all frequencies within a certain

mode, N. Thus, for each mode added, ∆ω will decrease. To demonstrate, I will plot

all |Bk(t)|2 for the 3 mode case in Fig. (3.7).
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Figure 3.7: |B(t)|2 versus time for 3 modes using parameters p = 0.01 and w1 = 0.5−0.03i,
w2 = 0.75 − 0.03i, and w3 = 1 − 0.03i

In Fig. (3.7), the frequencies are w1 = 0.05, w2 = 0.075, and w3 = 0.1. So,

the frequencies obey equal spacing and the frequency spacings are smaller than the

frequency spacings in the N = 2 case. In Fig. (3.7), the green curve represents

|B3(t)|2, the blue curve is |B2(t)|2, and the purple curve is |B1(t)|2. The green curve,

|B3(t)|2 is on-resonance.

3.4 Laplace Transform Method for the

Multimode Solution
The generalized multimode equations of motion for the atom amplitudes, C(t) and

Bn(t) can be reviewed below in Eqs. (3.4) and (3.5), as they were derived in section

2.1.

EcC(t) − g
∑

n

Bn(t) = i
dC(t)
dt

(3.4)

(−Eb + ωn)Bn(t) − gC(t) = i
dBn(t)
dt

(3.5)
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The Laplace transform method is a method to solve differential equations that

uses an integral with respect to time to transform a time-dependent equation to the

complex s-plane. The Laplace transform is defined for C(t) below:

C̄(s) ≡
∫ ∞

0
e−stC(t) dt (3.6)

The same relation follows for Bn(t). Applying initial conditions C(0) = 1 and Bn(0) =

0 and taking the Laplace transforms of Eqs. (3.4) and (3.5) yields the equations below.

i(sC̄(s) − 1) = −g
∑

n

B̄n(s) + EcC̄(s) (3.7)

isB̄n(s) = −(Eb − ωn)B̄n(s) − gC̄(s) (3.8)

Then, by isolating for B̄n(s) in Eq. (3.8) and then substituting into Eq. (3.7), the

equation below is obtained.

C̄(s) = i

is− g2 ∑N
n=1

1
is+Eb+Ec−ω0−(n−1)∆ω

(3.9)

Subsequently, the inverse Laplace transform returns C̄(s) to C(t). The integral

that defines the inverse Laplace transform is shown in Eq. (3.10).

C(t) = 1
2πi

∫ i∞+ϵ

−i∞+ϵ
estC̄(s) ds (3.10)
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The integrand has poles when the denominator of C̄(s) vanishes. The complex vari-

able z can be defined as z = is. So, setting the denominator of C̄(s) → 0 can be

written as z − F (z) = 0, where the function F (z) ≡ g2 ∑N
n=1

1
z+(Eb−ω0+∆ω)−n∆ω

.

By the fundamental theorem of algebra, there will be N+1 poles. The pole loca-

tions can be estimated graphically by plotting F(z) and finding where it intersects the

line with slope 1. The poles will be spaced approximately as ∆ω, with a minimum

pole at −z0 + ∆ω and a maximum pole at −z0 +N∆ω. Then, using the approximate

location, the poles can be plotted on the complex s-plane and the inverse Laplace

transform can be calculated using the Residue Theorem, analytically.

Estimating the integral yields an approximate expression for C(t).

|C(t)|2 ≈
[sin(N−1

2 ∆ωt)]2

[sin(∆ωt
2 )]2

e−γt (3.11)

The result suggests that the true |C(t)|2 is periodic and has peaks of high proba-

bility of the particle being in the continuum at 2π
∆ω
n, which means the particle exhibits

quantum revival. In what follows, we choose units where ∆ω = 1. Then the period

is approximately 2π. The damping factor, e−αt causes the maxima to decrease over

time due to damping and will shift the poles to the left or right of the imaginary axis.

This result is shown below, after being numerically evaluated using Mathematica.

Fig. (3.8) shows the plot from a numerical calculation of Eq. (3.10) when there

is no damping. It models the probability amplitude of the continuum for when g =

0.5, b = 5, and there are 10 modes.
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Figure 3.8: C(t) versus time for 10 vibrational modes

As is consistent with the mathematical approximation for |C(t)|2, the numerical

plot is quasi-periodic at approximately 2π. The peaks decrease because the frequency

spacing is not quite regular. When the vibrational frequencies become complex, then

the probability amplitude shows more significantly damped oscillations.

Figure 3.9: C(t) versus time for 10 vibrational modes

Figure 3.9 plots the probability amplitude of the continuum state for when b =

5− iπ
6 . As time passes, the probability of the atom being in the continuum decreases,

with maxima at approximately tn = 2πn.
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3.5 Fermi’s Golden Rule
Fermi’s Golden Rule governs energy state transitions [3]. When a particle transitions

from a discrete energy, Ei to Ef , it satisfies the resonance condition: Ef = Ei + ℏωR.

In this context, Ei is the initial state, Ef is the final state, and ωR is the resonant

frequency. Fermi’s Golden Rule is useful because it provides an equation to describe

the transition rate with which the atom changes energy states [17]. Within my work,

there is an atom that begins in the continuum and then moves towards a surface,

due to van der Waals attraction, and if it sticks, then it transitions to a bound state.

Whence, Fermi’s Golden Rule can describe the transition probability per unit time

that the atom drops energy states from the continuum to the bound state.

Mathematically, Fermi’s Golden Rule can be expressed in Eq. (3.12) where it

computes the adsorption rate, ΓGR [17]. In the notation, |i⟩ is when the atom is in

the continuum and there are no vibrons. Meanwhile, |f⟩ is when the atom is in the

bound state and there is one phonon in the mth mode.

ΓGR = 2π
ℏ

| ⟨f |H1 |i⟩ |2δ(Ef − Ei) (3.12)

The matrix element | ⟨f |H1 |i⟩ |2 is equivalent to g2, where g is the coupling

strength, as first mentioned in section 3.2. The coupling strength is a measure of

the strength of coupling of the system. It measures the efficiency with how the atom

interacts with vibrational modes. The greater the coupling strength, the greater pos-

sibility the particle will give up energy to vibrational modes. It has dimensionality

of energy. In most instances, the coupling strength would change with the mode.

However, in the context of my work, the coupling strength is taken to be independent

of the mode because graphene is two-dimensional [13]. Fermi’s Golden Rule applies
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only to the early time behavior of the decay [18].

A common application of Fermi’s Golden Rule is used in the context of a particle

initially being in a bound state, then getting bumped up an energy level and ending

up in a final energy continuum [3]. The energy transition of starting in a bound state

and moving into a continuum would require some additional energy. For the context

of this work, an atom begins in the continuum and then ends in a bound state, if it

is adsorbed.

Eq. (3.12) is the application to the single-mode case. To apply Fermi’s Golden

Rule to the multimode case and obtain the adsorption rate, we would sum over the

modes. In the equation below, Eb is the energy of the bound state and is defined such

that Eb > 0.

ΓGR =
∑
N

2π
ℏ
g2δ(ℏωN − Ec − Eb) (3.13)

Eq. (3.13) can be simplified further by making the continuum approximation.

ΓGR ≈
∫ ωN

ω0
D(ω) dω2π

ℏ
g2δ(ωℏ − Ec − EB) (3.14)

Then, integrate over the frequencies from the initial frequency, ω0 until a final fre-

quency, ωN , to obtain an equation for the adsorption rate. Invoke the scaling property

of the delta function, which determines that δ(ωℏ−Ec −EB) = 1
ℏδ(ω− Ec+EB

ℏ ). And

so, the equation below is the multimode adsorption rate.

ΓGR = 2π
ℏ2 g

2D(Ec + EB

ℏ
) (3.15)
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The transition rate can be simplified using the assumptions ℏ = 1 and the density of

states is 1 because there is one vibron per frequency spacing.

The derivative of |C(t)|2 is the transition rate, Γ. Fig (3.1) can be used to find

the transition rate. In Fig. (3.1), g2 = 0.5 was used, which means that numerically,

from the approximation given in Eq. (3.15), the transition rate is ΓGR = 2πg2 = 1.57.

To find the transition rate from the numerical solution, a section of the plot early

on in time when |C(t)|2 is approximately linear is extracted. Take the derivative of

this section by extracting data points, finding a curve fit, and taking the derivative

of the curve fit. The resultant derivative is roughly constant, so the average will be

the transition rate, Γ. The plot showing |C(t)|2 versus time is plotted in Fig. (3.10)

Figure 3.10: |C(t)|2 for N = 10

Take the derivative of the function found to describe the probability amplitude,

as shown in Fig. (3.10). The plot of the derivative yields a nearly constant value

of approximately -1.6, which is recognized as π/2 and is the result calculated from

Fermi’s Golden Rule. The plot of d
dt

|C(t)|2 versus time is shown below.
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Figure 3.11: | d
dt |C(t)|2 versus time reveals the transition rate

Fig. (3.11) recovers the transition rate, Γ, and is consistent with ΓGR from Fermi’s

Golden Rule. Note the transition rate recovered numerically is negative, which means

the atom is leaving the |c⟩-state and entering the |b⟩-state.
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Chapter 4

Density Matrix for the (N+1)-State

Model

The density matrix is a mathematical representation of probabilities of quantum

states. The density matrix contains sufficient information about the state of a particle

that it could be used to represent the state of a particle instead of the wave function.

It can be calculated for pure states using Eq. (4.1) [3].

ρ̂ = |Ψ⟩ ⟨Ψ| (4.1)

The density matrix for pure states obeys certain properties, given in Eqs. (4.2),

(4.3), (4.4), and (4.5). It is idempotent, hermitian and its trace is 1.

ρ2 = ρ (4.2)

ρ† = ρ (4.3)
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Tr(ρ) =
∑

i

ρii = 1 (4.4)

⟨|A |⟩ = Tr(ρA) (4.5)

When the system is in mixed states, the probability of each state is weighted. The

system is said to be in mixed states for two types of situations. The first is due to

ignorance about the system. For example, when an electron emerges from a particle

accelerator, it could have spin up, spin down, or a linear combination of both spin

up and spin down. This lack of knowledge about the state of the electron is not due

to any scientific principle; there is merely ignorance about the state of the electron.

In this case, the state of the particle would be described by the probability of each

possible state |Ψk⟩. These probabilities can be presented using the density matrix, as

written in Eq. (4.6).

ρ̂ =
∑

k

pk |Ψ⟩ ⟨Ψ| (4.6)

Aside from ignorance, the density matrix for mixed states is useful to describe

a subsystem. This arises when there is a system of entangled particles, wherein

we cannot know the state of an individual particle in the system. This is separate

from the mixed state instance of ignorance: it is not possible to know the subsystem

precisely since it does not occupy a pure state [3].

In the context of my work, the density matrix of the particle can be calculated

using Eq. (4.1) because the temperature is 0K and does not vary. In the future,

when more research is done to study the dynamics of cold-atom sticking for varying

temperatures, then the particle will occupy a mixed state and use Eq. (4.6). To

describe my setup of the atom colliding with a membrane, I calculated the density

matrix, as shown below.
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ρ̂ =

| C(t) |2 0

0 | B(t) |2

 (4.7)

Next, I can calculate the reduced density equation. This is given below.

ρ̂ = |C|2 |c⟩ ⟨c| +
∑

k

|Bk|2 |b⟩ ⟨b| (4.8)

The density matrix is useful for expressing the energy states of the particle. How-

ever, the main utility of the density matrix is to calculate the entanglement entropy.

First, it is important to note the density matrix is diagonal, which provides mathe-

matical convenience when calculating the entanglement entropy. The calculation for

the entanglement entropy involves the log (base 2) of the density matrix. The log of

a matrix is most simple to perform on a diagonal matrix, as the result is the natural

log of each nonzero element. I will show the entanglement entropy calculation in the

subsequent section.
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Chapter 5

Entanglement Entropy

Entanglement entropy (von Neumann entropy) is a quantitative way to describe the

quantum entanglement within a system. In quantum mechanics, particles are said

to be entangled when one particle affects characteristics of the other particle. It has

applications in studying black holes that are interesting to cosmologists. I used the

von Neumann definition of entanglement entropy, which is given in Eq. (5.1).

S(t) = −Tr(ρ̂Alnρ̂A) (5.1)

Entropy is an essential measurement in thermodynamics. Entropy measures un-

certainty in the state of a physical system [19]. Boltzmann and Gibbs entropies are

two methods of calculating classical entropy. Entropy has useful applications to both

classical physics and in the quantum regime.

A quantum mechanical system with density matrices ρ̂ makes it is useful to discuss

the von Neumann entropy, which is an equation applicable to the quantum regime.

Von Neumann entropy is given in Eq. (5.1). This definition of entropy has some

similarities with Shannon entropy, a measure of entropy used in classical information
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theory. Shannon entropy measures uncertainty associated with a classical probabil-

ity distribution. Shannon entropy and von Neumann entropy agree under certain

instances; if the states |ψj⟩ are orthogonal, they agree. Otherwise, the von Neumann

entropy is smaller than Shannon entropy [20].

The equation for von Neumann entropy can be rewritten such that λx are eigen-

values of the density matrix, ρ. In this instance, the Shannon entropy would be the

case where limx→0 x log x = 0.

S(ρ̂) = −
∑

x

λxLog2λx (5.2)

The von Neumann entropy is used here to measure the quantum entanglement of

the incident atom and the vibrations of a two-dimensional surface.

The result of the calculation is a time-dependent function S(t) that can be plotted

for each mode. As is evident from Eq. (5.1), the time-dependent entropy description

is not a matrix, since it involves taking the negative trace of a matrix. The simplified

result of the entanglement entropy is shown in Eq. (5.3).

S(t) = −|C(t)|2Log2 | C(t) |2 −(
∑

k

|Bk|2)Log2(
∑

k

|Bk|2) (5.3)

Note the time in Eq. (5.3), is a rescaled time. It is time multiplied by a parameter,

ΩC which carries with it units of energy divided by ℏ.

As the entanglement entropy is a time dependent function, it will be effective to

analyze the results on a plot versus time for both the single mode case and the multi-

mode case. The entropy over long time periods is useful to determine the behavior of

the particle. The outcome of the entropy is indicative of whether the particle stuck

32



to the surface. Eq. (5.4) shows the limit of S(t) as time approaches infinity, where

the lowercase s is the probability of sticking.

lim
t→∞

S(t) → (1 − s)Log2(1 − s) − sLog2s (5.4)

5.1 Single-Mode Case
First, the entanglement entropy can be numerically calculated for the idealized case

when there is no damping. Using the same conditions as that of Fig. (3.1), the von

Neumann entropy, S(t) is plotted versus time below, in Fig. (5.1).

Figure 5.1: Entanglement Entropy for a single-mode with parameters p = 0.01 and w = 1

The entropy can similarly be shown for the off-resonance case below.
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Figure 5.2: Entanglement Entropy for a single-mode with parameters p = 0.01 and w = 0.97

In Fig. (5.2), the plot is shown for parameters close to resonance. The same

parameters were used in Fig. (3.2) as for Fig. (5.2).

Fig. (5.1) plots the entanglement entropy versus time for the single-mode case. If

S = 0, the atom is either in the |c⟩-state or in the |b⟩-state with 1 vibron present. To

determine the state of the atom, the entropy plot must be analyzed in conjunction

with the plot of |C(t)|2 as lim t → ∞. If the atom is determined to be in the |c⟩-

state, then the width of the curve corresponds to the adsorption time, which can be

calculated by finding the time it takes for entanglement entropy to return to a value

sufficiently close to the initial von Neumann entropy.

To graph the entanglement entropy versus time in a manner that makes contact

with experimental conditions, I input an imaginary part to the w parameter in the

multimode case as follows. Having an imaginary part in one of the parameters is

a better approximation of a situation that is feasible in the real world because the

vibrations of the surface will damp.
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5.2 Multimode Case
For 2 and 3 modes, the von Neumann entropy is graphed in Figs. (5.3) and (5.4)

to model the von Neumann entropy versus time. For each different mode, there is a

different frequency. For each mode that is added, the frequency spacing decreases.

The graphs in Fig. (5.3) and 5.4 are graphed over the same timescale.

Figure 5.3: Entropy for 2 modes with parameters p = 0.01, w1 = 0.5− i0.03, w2 = 1− i0.03
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Figure 5.4: Entropy for 3 modes using parameters p = 0.01 and w1 = 0.5 − i0.03, w2 =
0.75 − i0.03, and w3 = 1 − i0.03

Figs. (5.3) and (5.4) exhibit roughly a constant entropy rate.

Using the Laplace transform method and obtaining a numerical solution for |C(t)|2,

I can use the von Neumann equation for entropy to numerically calculate the entan-

glement entropy for N = 10. This plot is given in Fig. (5.5).
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Figure 5.5: Entanglement Entropy for the N=10 Case with g0 = .5; b = 5

The entanglement entropy plot over a relatively short timescale in the 10 mode

case begins at an initial state S(0) = 0. In the model, since b is a real number with

no imaginary part, there is no damping. Then, the entropy oscillates, with quantum

revivals roughly occurring at each interval of 2π.

The same Laplace transform method can be applied to entropy when there is

damping by using b = 5 − iπ
6 . Using this model to then find the entanglement

entropy produces Fig. (5.6).
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Figure 5.6: Entanglement Entropy for the N=10 case with g0 = .5; b = 5 − iπ
6

The entanglement when there is damping shows the atom transition to the bound

state. As all other graphs of entropy, it begins at S(0) = 0. Then, an unstable

entangled state is formed and decays into the bound state with a small number of

vibrons that is close to 0. At intervals of 2π, there are quantum revivals as the atom

return to the gas phase. The relative maxima of entropy damp over time.

Fig. (5.7) plots both N = 10 mode with damping and without damping, for

comparison.
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Figure 5.7: Entanglement Entropy for the N = 10 case with g0 = .5; b = 5 − iπ
6 in green

and with g0 = .5; b = 5 in blue
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Chapter 6

Conclusions and Future Work

This thesis describes the quantum sticking and entanglement entropy of a cold atom

on a surface. A time-dependent ansatz for the system wave function derived coupled

ODEs to describe the potential outcomes of the system, which were presented in Eqs.

(2.7) and (2.8). Analytically solving these equations using methods of ODES revealed

an analytical solution for the single-mode case to describe C(t), which was given in

Eq. (2.14).

In a physical system, the vibrons have a finite lifetime. This scenario was modeled

by adding a small imaginary component to the frequency. Plotting numerical solutions

with an imaginary part showed the oscillations of the transition probability damp over

time.

From numerical solutions to C(t) and Bn(t), the entanglement entropy was de-

termined. The time-dependent entanglement entropy (von Neumann entropy), S(t).

was plotted versus time for the single-mode case and for the multi-mode case. The

entropy begins at zero, grows to a local maximum, and then returns to zero. Later

throughout time, there is a “quantum revival” where the entanglement entropy grows

to a local maximum and subsequently collapses to zero.

The investigation of the entanglement entropy and quantum sticking of a cold
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atom remains with some further questions that could be a future line of inquiry. This

thesis only covered the condition for where the temperature is 0K. To create a more

complete study of quantum sticking and entanglement entropy, the case of non-zero

temperature should be studied. We would like to see how temperature would affect

the adsorption and entanglement entropy. The temperature would have to stay cold

and close to absolute zero to remain a low-energy interaction. It would be useful to

investigate the range of 0-20K.

Varying the temperature would necessitate different methods. The density matrix

invokes the pure state formula when the temperature is 0K. When the temperature

is nonzero, the density matrix would require the mixed state formula to calculate.

Further, the time-dependent ansatz would need to be modified to include thermal

effects. This could be done by using the time-dependent variational method of Dirac

and Frenkel [6] [7].
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Appendix: Mathematica Code

Figure 6.1: Mathematica code to numerically solve for C(t) and B(t), then find density
matrix, ρ and the entanglement entropy, S1(t).
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