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Abstract

Tom Johnson is an American musician and composer living in Paris who regu-
larly composes pieces based on combinatorial designs. He recently posed the following
question: is there a way to construct five Room squares of side seven such that each
of the thirty-five possible fill patterns is used exactly once? In this thesis we study
his question and several related questions concerning the possible fill patterns in sets
of Room squares of side 7 and 11.

The second problem addressed in this thesis is a conjecture by Marco Buratti,
a combinatorialist from the Universitia di Perusia, [taly. He conjectured that given p
a prime and a multiset S containing p — 1 non-zero elements from Z,, there exists a
Hamiltonian path in K, where the multiset of edge lengths is S. Part of the motivation
behind studying this particular problem is the possible application to constructing
cyclic combinatorial designs. In this thesis we completely solve the case where S
contains at most two distinct values.
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Part 1

Introduction

Tom Johnson is an American musician and composer living in Paris who reg-
ularly composes pieces based on combinatorial designs. Some of his works include
Kirkman’s Ladies[15], which is based on a solution to Kirkman’s 15 schoolgirls prob-
lem, Block Design for Piano [14], which is based on a 4-(12, 6, 10) design, and Septet
[16], which is based on a 2-(11,5,2) design. One of his recent ideas was to compose
a piece based on Room squares of side 7. In his curiosity, he posed the following
question: is there a way to construct five Room squares of side seven such that each
of the thirty-five possible row fill patterns is used exactly once? In this thesis we
study his question and several related questions concerning the possible fill patterns
in sets of Room squares of side 7 and 11.

The second problem addressed in this thesis is a conjecture by Marco Buratti,
a combinatorialist from the Universitia di Perusia, Italy. He conjectured that given p
a prime and a multiset S containing p — 1 non-zero elements from Z,, there exists a
Hamiltonian path in K, where the multiset of edge lengths is S. Part of the motivation
behind studying this particular problem is the possible application to constructing
cyclic combinatorial designs. In this thesis we completely solve the case where S

contains at most two distinct values.



Part 11

Tom Johnson’s Problem

The problem proposed by Tom Johnson is as follows: is it possible to construct
5 Room squares of side 7 such that each of the 35 rows has a different set of filled

cells.

1 Background

Tom Johnson originally stated this problem in terms of Room squares, so we
initially researched properties of Room squares. It was soon determined that the
pattern of filled cells in certain Room squares was equivalent to other combinatorial
designs and the original problem could be stated in terms of equivalent problems
with related designs. Therefore, this section will provide a basic understanding of the
different combinatorial design structures used in the solution of the initial problem.
The first two sections discuss the basics of Room squares and various constructions
of Room squares. One observation is that the fill pattern of many Room squares can
be described as a balanced incomplete block design. In particular, the fill pattern
of a Room square of side seven is equivalent to a Fano plane. In the general case,
the idea of Hadamard Designs was useful. Based on this, the next sections give
background on BIBDs, Fano planes, and Hadamard Designs. Lastly, we present a
solution to the original problem whenever a large set of the equivalent BIBD exists,

so this background section ends with a brief discussion of large sets of t-designs.



1.1 Room Squares

A Room square of side n is an n x n array filled with the symbols from the set
S =1,2,....,n,n+ 1 such that the following properties hold:

1.) Every cell in the array is either empty or contains an unordered pair of
symbols from S.

2.) Each column and each row contain each symbol from S exactly once.

3.) Each possible unordered pair appears exactly once in the array.

General background on Room squares can be found in [4], [7], and [17].

A pattern for an n x n Room square is the n x n matrix filled with zeros and
ones with the ones corresponding to the filled cells of the Room square and the zeros
corresponding to the empty cells. In some cases it is more convenient to refer to the
pattern of the empty cells of the Room square instead of the filled cells. For this
purpose, we define the zero-pattern of the Room square to be the incidence matrix
corresponding to the zeros in the Room square. A single row of this incidence matrix
is called a row pattern.

It is easy to see that in a given Room square of side n, the ordered pairs in each
row form a one-factor (or perfect matching) of K, 1. Since every ordered pair occurs
in exactly one row, the set of rows forms a one-factorization of K, ;. Likewise, the
set of columns of a given Room square must also form a one-factorization.

Two one-factorizations are said to be orthogonal one-factorizations if any pair
of one-factors contain at most one unordered pair of symbols in common. From these
observations we get that the existence of a Room square of side n is equivalent to the
existence of two orthogonal one-factorizations of K, ;; where one one-factorization
corresponds to the rows of the Room square and the other one-factorization corre-
sponds to the columns. The one-factors that have no unordered pair in common will

correspond to a row and column that intersect in an empty cell, while the one-factors



that have one unordered pair in common will correspond to a row and column that
intersect in a filled cell. If two factors had more than one unordered pair in common,
then the row and column corresponding to those factors would have to intersect in
more than one place since each unordered pair appears exactly once within the Room
square. This is a contradiction, so therefore for two one-factorizations to be the rows

and columns of a Room square they must be orthogonal.

1.2 Constructions of Room Squares

The most commonly used method for constructing Room squares is the starter-
adder method, also known as the method of orthogonal starters. In order to effectively
use this method, it is necessary to first understand what a starter is and what makes
two starters orthogonal. Information on starters can be found in [5].

Let G be an abelian group of odd order g with G written additively. A starter
is a set of unordered pairs S = {{s;,t;} : 1 < i < (g —1)/2} in G that satisfy the
following properties:

L) {s;:1<i<(¢9—1)/2}U{t;:1<i<(g9-—1)/2} = G\{0}

2) {(si— 1) 11 i < (g—1)/2} = G\{0}

In other words, each non-zero element of G appears in exactly one unordered
pair and each pair has a unique difference. If a starter S has the additional properties
that s; +t; = s;+t; implies « = j and s, +t; # 0 for any ¢, it is called a strong starter.

Starters exist in every abelian group G of odd order. For example, the set
defined by P = {{x,—x} : x € G} is always a starter. This special set is known as
the patterned starter. Note that P is not a strong starter since for every unordered
pair s; +t; = 0.

Given two starters S and T defined as follows:

S={{sit;}:1<i<(9-1)/2}
T ={{u,vi}:1<i<(9-1)/2}



We note that without loss of generality, it can be assumed that s; — t; = u; — v;
for all <. S and T are said to be orthogonal starters if u; — s; = u; — s; implies that
1 =j and u; # s; for all i.

An example of two orthogonal starters are S = {{2,3},{4,6},{1,5} and P =
{{3,4},{6,1},{5,2}}. Note that P is the patterned starter and S is a strong starter.

Given a starter S = {{s;,t;} : 1 <1i < (g —1)/2}, an adder for S is defined as
an ordered set Ag = {ay,as,...,aq-1)/2} where each of the elements a; are distinct
elements of G and the set T' = {{s; + a;, t; +a;} : 1 <1i < (g —1)/2} is also a starter
in the group G. It can be easily shown that the original starter, S, and the starter
created by the adder, T', are orthogonal. Similarly, given two orthogonal starters S
and T, the adder Ag (and similarly A7) can be found since the relationship a; = t; —s;
holds for all .

It can be shown that if there exists a strong starter S in an abelian group of
odd order, then S and —.S are orthogonal starters. Furthermore, both S and —5S are
orthogonal to P, the patterned starter. It follows that given a strong starter S in a
group G, a Room square exists.

A Room square can be created from two orthogonal starters using the following
construction method. Let S and T be the orthogonal starters in G as defined above
and let Ag be the associated adder. Let our empty n x n grid (which will be filled
to form a Room square) be called R and let the rows and columns of R be indexed
by the elements of G. Let R(x,y) denote the cell in R indexed by x and y. Place
the pair {x,00} in the cell R(x,x). Place the elements of S in the first row so that
{si,t;} appears in the cell R(0,—a;). The rest of the Room square can be filled in by
placing {s; + z,t; + «} in the cell R(z, —a; + x). Note that when G = Z,,, the Room
square is filled down the forward diagonals.

Below is an example of a Room square of side 7 constructed using the method



of orthogonal starters, along with the two starters from Z; used in the construction.
Note that the rows arise from translates of S and the columns come from translates

of P.

S = {{2’3}7 {476}7 {175}} P = {{374}7 {67 1}7 {5’2}}

ool 15 46 | 23
34 |ool 26 20
61 | 45 |o02 30
02 | 56 |003 41
52 13 1 60 |04
63 24| 01 |ood
04 35 | 12 |oob

1.3 Balanced Incomplete Block Designs

A design is a pair (X, A) where X is a set of points and A is a collection of
non-empty subsets of X called blocks. A special class of designs are called balanced
incomplete block designs, abbreviated BIBD. A BIBD is characterized by the param-
eters v, k, and A\, where v is the number of points, k is the number of points in each
block, and every distinct pair of points is contained in exactly A blocks. A good
general reference for results on BIBDs is [13] and [12]. There are also two other pa-
rameters associated with BIBDs, b and r where b is the total number of blocks in the
design and r is the number of blocks that a given point occurs in. The parameter
r is also known as the replication number. We denote a BIBD with a given set of
parameters as a (v, k, A)-BIBD. Since b and r can be calculated directly from v, k,
and J, it is not necessary to include them in the characterization. The formulas used

to find b and r are as follows:
Alv —1)
k—1

T =



or  Av?* —v)

TR Rk
From the above equations one can deduce that in any BIBD, bk = vr.

The incidence matriz for a given BIBD is a b x v matrix with the rows indexed by
the blocks of the design and the columns are indexed by the points. Each row is filled
with zeros and ones. In a given row, the ones are placed in the columns corresponding
to the points in that block. The zeros are placed in the remaining cells. The incidence
matrix of any BIBD has the following properties: every column contains exactly k
ones, every row contains exactly r ones, and two distinct rows of the matrix both
contain ones in exactly A columns. Another characteristic of incidence matrices is for
any incidence matrix A, AAT = \J, + (r — A\)1,, i.e. AAT is a v x v matrix with r
down the diagonal and X off the diagonal.

BIBDs with the additional property that b = v are termed symmetric designs.
Equivalently, we could say that a symmetric BIBD has the property & = r. It is fairly
easy to show that in a symmetric BIBD not only does every pair of points occur in A
blocks together, but every two blocks intersect in exactly A points. Another property
of symmetric designs that will be used in this paper is that the complement of a
symmetric BIBD is also a symmetric BIBD.

A special class of symmetric BIBDs are projective planes. A projective plane
of order n is an (n®> + n + 1,n + 1,1)-BIBD. Projective planes of order n exist for
every prime power n. In this paper, the only projective plane of consequence is the

(7,3,1)-BIBD, also known as the Fano plane.

1.4 Hadamard Matrices and Designs

A Hadamard matriz of order n is an n x n matrix H in which every entry is 41

such that HHT = nl,. Good references for information on Hadamard matrices are



[3] and [13]. Below is an example of a Hadamard matrix of order 4:

1 1 1 1
1 -1 1 -1
1 1 -1 -1
1 -1 -1 1

A Hadamard matrix is standardized if the first row and the first column are all
ones. Note that the above Hadamard matrix is standardized. It can be easily observed
that any Hadamard matrix can be standardized since the result of multiplying any
row or column of a Hadamard matrix by —1 is another Hadamard matrix.

Let r; denote a row of a Hadamard matrix. In the matrix HH7T, the entry (4, j)
corresponds to the inner product of rows r; and r;. By definition, the entries off of
the diagonal of HH" are all zero. It therefore follows that the inner product of any
two rows r; and r; where 7 # j must be zero.

It is easy to prove that if a Hadamard matrix of order n > 2 exists, then n = 0
(mod 4) (see [13]). A famous open conjecture of Jacques Hadamard’s is that there
exists a Hadamard matrix for every order n = 0 (mod 4).

There is also an equivalence between Hadamard matrices and certain symmetric
BIBDs. There exists a Hadamard matrix if and only if there exists a symmetric
(4m—1,2m—1, m—1)-BIBD. To demonstrate this, let H be a standardized Hadamard
matrix of order 4m. We form what is known as the core of a standardized Hadamard
matrix by deleting the first row and the first column of H. The core can further be
transformed into the incidence matrix M of a symmetric (4m — 1,2m — 1,m — 1)-
BIBD by replacing every entry of —1 with a 0. This type of BIBD is known as a
Hadamard design. For example, below is a Hadamard matrix of order 8, H, as well

as the incidence matrix, M, and the block representation, D, of the corresponding



(7,3,1)-BIBD.

11 1 1 1 1 1 1
1 1r 1 1 -1 -1 -1 -1
1 1 -1 -1 1 1 -1 -1
o 1 1-1 -1 -1 -1 1 1
1 -1 -1 1 -1 —1
1 -r 1 -1 -1 1 -1 1
1 -1 -1 1 1 -1 -1
1 -1 -1 1 -1 1 1 -1
1110000
1001100
1000011
M=]10101010
01 001O01
0011001
0010110

D = {{0,1,2},{0,3,4},{0,5,6},{1,3,5},{1,4,6},{2,3,6},{2,4,5}}

1.5 Large Sets of Designs

We begin with a generalization of a BIBD: a ¢-(v,k,\) design is a pair (X, B) where
X and B have the following properties:

1. X is a set of v elements, called points.

2. B is a collection of k-subsets of X, called blocks.

3. Every t-subset can be found in exactly A\ blocks.

A t-design is simple if it contains no repeated blocks. Previously we discussed
(v, k, A\)-BIBDs, which are also 2 — (v, k, \) designs. In particular, each pair of points
(which gives ¢ = 2) appears in exactly A blocks. We also note that given a t-(v,k,\)-

design, a t-(v,v-k,\' )-design can be created by taking the complement of each block.



In this new design, \" can be calculated using the following relationship:

)\/ — )\ (U;k)

(7)

A large set of t — (v, k, \) designs is a partition of all the (k) subsets of size k

chosen from v points into ¢ — (v, k, A)-designs. Notation for a large set of ¢t — (v, k, \)-
designs is LS ¢ — (v, k, A). As with individual ¢-designs, taking the complements of
the blocks in a large set of t — (v, k, \) designs will yield a large set of ¢t — (v, v — k, \')
designs. Since the large set is a partition of the possible blocks, it follows that each
of the designs in the large set must be a simple design and each block appears in only
one design. Therefore the number of total designs N in the large set must be the
number of possible blocks divided by the number of blocks per design. When N is

not known, it can be calculated using the following equation:

N= (kv—_t ;A)

See [9] for more information on large sets of t-designs.

2 Solution for Room Squares of Side 7

2.1 Possible Room Squares of Side 7

When presented with the problem of determining whether or not a set of five
Room squares of side 7 containing all distinct row patterns existed, we first looked at
characterizing all possible Room squares of side 7. Below is a list of the 6 different
one-factorizations of Kg. A proof that this is the complete set of one-factors of Ky
can be found in [17]. These factors were then used to create all possible Room squares

of side 7.

10



F F; 3
A =01 23 45 67 A =01 23 45 67 A =01 23 45 67
B =02 13 46 57 B =02 13 46 57 B =02 13 46 57
C =03 1247 56 C =03 1247 56 C =03 1247 56

D =04 1526 37
E =0514 27 36
F=061724 35
G =0716 2534

Fy
A =01234567
B =02 1346 57
C =031247 56
D =04 16 27 35
E=051726 34
F =06 12 35 47
G =07152436

D =04 1526 37
E =0514 27 36
F =06 1725 34
G =0716 24 35

Fs
A =0123 4567
B =02 1346 57
C =03 14 27 56
D =04 16 25 37
E =0517 26 34
F =06 12 35 47
G =07152436

D =04 16 25 37
E =051726 34
F =06 14 27 35
G =07152436

Fs
A =01 234567
B =02 14 36 57
C =03 16 25 47
D =04 17 26 35
E =0512 37 46
F=061527 34
G =07132456

Two room squares are said to be isomorphic if one can be changed into the
other through a series of row and column permutation. It was shown in [17] that
there are only 10 non-isomorphic Room squares of side 7. These were denoted as
Ri1,Ria, Ri5, Rig, Ra1, Raa, Rap, R51, Rs54, R where R;; is a square with Fj as
its row factorization and F} as its column factorization. Two Room squares are
equivalent if one Room square is isomorphic to a transpose of the other. So from the

above we see that there are a total of six non-equivalent Room squares of side seven.

We give these below.

Ry, Rig
01 45 | 67 23 01|67 45123
57102 13146 57102 |46 13
56 (0312 47 03 47112 |56
37 04126 15 15 04126137
3611427 05 36 27105 14
24 35117106 24 17135 06
16 34 125|107 34125(16 07

11



R1’4 R4,4

01 45| 67 23 01|67 23 45
57102 13 46 02|46 57113
56 | 03 47112 56 03 47112

37 042615 35|27(04 116
36| 14|27 05 17105(34 |26
24 17106 |35 37|14 25 06
16 (25|34 07 24 15136 07
Ry Ry
01 67 23|45 01|67 23145
57102 |46 13 02|57 13146
56 | 03 12 |47 56 03 47 12
37 04 1526 04|16 27|35
36|14 27105 34126 (17]05
24 17(35 06 37 14125 06
25|16 |34 07 24115 36 07

Studying the patterns in the above Room squares, it was noted that each pair
of rows had inner product of two. This led us to the following theorem, which char-

acterizes all Room squares of side 7.

Theorem 1 A 7x7 Room square exists with pattern P <= P 1is the incidence

matriz of a (7,4,2) design.

Proof: Assume that we have a 7x7 Room square with pattern P. In order to show
it is the incidence matrix of a (7,4, 2) design it is necessary to show that the pattern
has constant column sum of four, constant row sum of four, and the property that
the inner product of any two rows is two. By the definition of a Room square, each
row sum and each column sum of P must be four. As stated above, there are only six
non-equivalent Room squares of side seven. Each of these was manually checked that
each pair of rows indeed had inner product of two. Any Room square isomorphic to

one of the standard Room squares must be obtainable by some combination of row

12



permutations and column permutations on the standard square. Obviously, any set
of row permutations will preserve the property that the inner product between two
rows is two. Likewise, column permutations do not change the value of the inner
product between two rows. Therefore, every Room square of side seven must have
the property that its fill pattern has inner product of two since every Room square is
equivalent to one of the above six squares.

To prove the converse, assume that we have a fill pattern P that is a (7,4, 2)
design. The (7,4,2)-BIBD is the complement of the (7,3,1)-BIBD, also known as the
Fano plane. It is known that there is only one Fano plane, up to isomorphism. There-
fore, there is only one (7,4,2)-BIBD up to isomorphism as well. It follows that given
P, a (7,4,2)-BIBD, a permutation o can be found that takes it to the (7,4,2)-BIBD
that corresponds to the fill pattern of R; ;. The inverse permutation can then take the

filled Room square back to the Room square with a fill pattern corresponding to P. =

Theorem 2 FEvery pattern P with the above properties can have siz non-equivalent

Room squares of side seven placed on it.

Proof:

By the observations in the above proof, a fill pattern P with the above prop-
erties is equivalent to the complement of the Fano plane and, up to isomorphism,
there is only one (7,4,2)-BIBD. Let Dy, Dy, -+, Dg be the (7,4,2)-BIBDs correspond-
ing to the fill patterns for the six standard non-equivalent Room squares and let D
be the (7,4,2)-BIBD corresponding to the fill pattern P. Since all (7,4,2)-BIBDs are
isomorphic, there exists a permutation that takes D to D; for any ¢. Therefore, the
inverse permutation can take the standard Room square back to the square with the

original fill pattern. Each of the six standard squares can be placed into the square

13



with pattern P, giving six non-isomorphic Room squares with that fill pattern. m

Given the above theorems, it is now clear that Tom Johnson’s original question
about fill patterns in Room squares of side 7 is really just a question about the struc-
ture of sets of (7,4,2)-BIBDs, (or equivalently, (7,3,1)-BIBDs). In the remainder of
this chapter we concern ourselves with this question. Specifically, we will be inter-
ested in the number of different blocks that can occur in sets of ¢ distinct Fano planes

for i = 2,3,4,5, and 6.

2.2 Classes of Fano Planes

It follows from Theorem 1 that every zero-pattern of a Room square of side
seven is the incidence matrix of a (7,3, 1)-BIBD (also denoted a 2 — (7,3, 1)-design).
It follows that a solution to Tom Johnson’s initial problem would be equivalent to
the existence of a large set of (7,3,1)-BIBDs. It was proved in 1850 by Cayley that
such a set does not exist [1]. Furthermore, it is easy to show that the largest set of
Fano planes that contain all distinct blocks is 2. Since the non-existence of a large
set of Fano planes solves the initial problem, the next questions to be asked are how
many distinct blocks can be contained in a set of Fano planes and how many Fano
planes are required to achieve all of the distinct blocks. To answer these questions,
I started investigating properties of the Fano plane. Many of my searches involving

the computer software package Mathematica.
Lemma 3 There are thirty different Fano planes.

Proof: This observation was first made using an exhaustive computer search. I first
determined how many ways we could choose the four rows of a Room square that had

the first column filled and still preserve the property of every two rows having inner

14



product of two. I then determined how many ways the three rows of the Room square
that contained an empty cell in the first column could be chosen. Lastly, I took every
combination of the four rows and three rows and determined which combinations
yielded a Room square. There were exactly thirty such combinations, giving thirty
possible Room squares of side 7. This is equivalent to thirty different Fano planes by
Theorem 1.

This observation can also be proved using a much shorter and more elegant
combinatorial approach. Assume the symbols {a,b,c,d, e, f, g} are the points in the
Fano plane. The points a and b must appear in a block together, and there are 5 ways
to choose the last point in that block. Choose one of the points not yet in a block
with a. These two points must be a block together, and there are 3 ways to choose
the last element of that block. The third block containing a is now also uniquely
determined. At this point every block with the point a is determined. The point b is
already in one block, so choose one of the elements, x, that it is not yet in a block
with 0. There are three points left that b has not been in a block with, but one of
these has already appeared in a block with z, leaving only two choices to finish this
particular block. At this point there is only one way to fill in the remaining blocks,
so the plane is uniquely determined. Therefore, there are 5% 3% 2 = 30 different ways

of constructing the Fano plane. m

Lemma 4 [f Fy, Fs, and F3 are three Fano planes with |F1NFy| =1 and |F1NF;| =1,
then |Fo N F3| = 1.

Proof: There are two cases to check. The first is when F) N Fy, = F} N F3 and the
second is when Fy N Fy # Fy N F3.
First we examine case 1. Without loss of generality we can define I} as below

and assume that F, and Fj intersect Fj in block {a, b, c}.
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Fy={{a,b,c},{a,d, e}, {a, f, 9}, {b,d, [},{b, e, 9}, {c;e, [}, {c.d, g}}

There are only two ways to complete a Fano plane containing the block {a, b, c}

that only intersects F} in that block. We label these F; and Fj.

Fy={{a,b,c}.{a,d,e} {a, f,g},{b.d, f}.{b,e, g}, {c.e, f},{c.d.g}}
Fy = {{CL, b, 0}7 {aa d, f}v {&7 €, g}a {b> d, g}» {ba ¢, f}v {67 d, 6}’ {Ca I/ g}}
F3 = {{a7 b> C}v {CL, da 9}7 {CL, €, f}7 {b7 d7 6}7 {bv fa 9}7 {Cv da f}7 {C7 €, g}}

It is easy to check that the only block that F» and F3 have in common is {a, b, c}.
It follows that given any two planes Fy and F3, if F1 N Fy, = a and F} N F3 = a where
a denotes a block, then F5, N F3 = a, i.e. any planes that intersect with F) in exactly
one block and intersect with each other in the same block in which they intersect F}
intersect only in that block.

Now, given two planes that intersect with F} in different blocks, it is necessary
to prove that their intersection is also of size one. We can assume without loss
of generality the two blocks are {a,b,c} and {a,d, e} since any two blocks of the
Fano plane intersect in a unique point. The two other planes that contain {a,b, c}
and intersect once with F} from above are Fy and F5. The two planes that contain

{a,d, e} and intersect F} in exactly one block are Fj and Fj as below.

Fy={{a,b,f},{a,c.9},{a,d, e}, {b,c, e}, {b,d, g}, {c,d, [}, {e, [, g}}
Fs = {{a,b,g}.{a, ¢, [}, {a, d, e}, {b,c,d}, {be, [}, {c,e, 9}, {d, [, 9}}

Checking the four possible combinations we see that F, and F} intersect only
in {b,d, g}, F» and F5 intersect only in {b, e, f}, 5 and Fj intersect only in {c,d, f},
and F3 and Fj intersect only in {c,e,g}. Since we started with arbitrary blocks, it
follows that any two planes that intersect with F} in exactly one block intersect with

each other in exactly one block. =
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From Lemma 4 we now can define two planes to be in the same class if they share
exactly one block together. With this definition, we will show that the Fano planes
can be divided into two distinct classes which each class having certain properties.
These properties include: each class is well-defined, each class contains 15 of the 30
total planes; two planes in different classes are either disjoint or intersect in exactly
three blocks; each plane is disjoint from exactly eight planes in the other class and
has intersection of 3 with seven planes in the other class; and these seven planes can
be identified with the points in a Fano plane in a natural way. We will refer to the
two classes of Fano planes Class A and Class B.

The classes were characterized and these properties first observed by utilizing
computer search methods and the software program Mathematica (see Appendix A
for code). The (;) total blocks were numbered from one to thirty-five, and each Fano
plane was written as the set of seven numbers that corresponded to the blocks in that
particular plane. I then created a graph where the points were the Fano planes, and
edges were drawn between planes that had intersection of exactly one block. The
program that searches for the maximum clique returned a clique of size fifteen. It
was then checked that the remaining fifteen planes also formed a clique in this graph.
Lastly, the degree of each vertex was found to be fourteen, which shows that if we
take each set of fifteen to be our classes, there are no edges between classes. Thus
we have that there are two sets of fifteen planes where within each set each pair of
planes intersects in exactly one block, giving us well-defined classes.

Four blocks uniquely determine a Fano plane, so any two planes that intersect
in four or more blocks must in fact be the same plane. Any two planes that inter-
sect in exactly one plane are defined to be in the same class, leaving two planes in
separate classes to intersect in zero, two, or three blocks. Using the seven number

representations of the Fano planes, a graph was defined with the points as the planes
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and edges being drawn between two planes that were disjoint from each other. The
degree of each vertex was eight, therefore each plane is disjoint from exactly eight
planes in the other class. A second graph was defined, where this time edges were
drawn between planes that had exactly three blocks in their intersection. This graph
was found to be regular of degree seven, thus showing that each plane had intersection
of three blocks with exactly seven planes in the other class. Since there are thirty
total planes, and each plane is disjoint from eight planes, has intersection of one with
fourteen planes, and has intersection of size three with seven planes, it follows that
no two planes can have intersection of size two. To double check this, a graph was
defined with edges corresponding to planes that have intersection of exactly two. As
expected, this graph contained no edges.

In order to prove the properties of planes in a combinatorial fashion, the follow-

ing lemma is needed:

Lemma 5 There are exactly three planes in Class A and three planes in Class B that

contain a given block {a,b, c},

Proof: Let A; be a Fano plane given by:

Ay = {{a,b,¢}, {a,d, e}, {a, f, 9}, {b.d, [},{b, e, 9}, {c.e, [}, {c.d, g}

In any plane containing the block {a, b, c}, the points a and d must appear in
a block together. That block can be completed in three ways, with either the point
e, f, or g. That choice uniquely determines the other block containing a. There
also must be a block with b and d, which can be completed in two ways once the
blocks containing a are determined. Once this block is set, the remainder of the

plane is determined uniquely, giving a total of six different planes that contain the
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block {a,b,c}. The other five planes containing {a, b, c} are as follows:

Ay = {{CL, b, C}’ {a> d, f}v {aa €, 9}7 {ba d, g}a {b> €, f}a {Cv d, 6}7 {Ca /s g}}
As ={{a,b,c} . {a,d g} {ae, f},{b,d, e} {b, f, 9} {c. d, [} {c. e, g}}
Ay ={{a,b,c},{a,d, e}, {a, f,g},{b,d, g}, {b,e, f},{c,e, g}, {c,d, f}}
As = {{a,b,c} . {a,d, [}, {a,e,9},{b,d, e}, {b, f, 9}, {c,d, g}, {c,e, f}}
A ={{a,b,c} . {a,d g} {a,e, f},{b,d, [} .{b,e, g}, {c.d e}, {c, [, g}}

It is easy to check that |[A;NAs| =1, |A1NAs| =1, |[A1NAy =3, |[A1NA;5| = 3,
and |A; N Ag| = 3. Therefore, A;, As, and Aj are in one class and Ay, As, and Ag

are in the other. =

Remember that the two classes were defined by two planes are in the same class
if they share exactly one block together. We now present a theorem concerning the

structure of the two classes of Fano planes.

Theorem 6 The following are properties of the two classes of Fano planes:

1.) Each class contains 15 of the 30 total planes.

2.) Given two planes in different classes, they are either disjoint or their inter-
section contains three blocks.

3.) Each plane is disjoint from 8 planes in the other class and has intersection

of 3 with 7 planes in the other class.

Proof:

1.) By Lemma 5, we have that there are exactly three planes in class A and
three planes in class B that contain a given block {a, b, c}. Therefore, given a plane
Aj, there are fourteen planes that have intersection of exactly one with A; (two planes
for every block in A;.) This gives a total of fifteen planes in the class containing A;.

2.) Assume that we have two planes that intersect in more than one block, i.e.
there are at least two blocks that the planes have in common. By definition every

two blocks in a Fano plane intersect in exactly one point, therefore the two blocks
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that the planes intersect in must have a point in common. The third block containing
that point is uniquely determined since it must appear in a block with the other two
points not yet used. Since four blocks uniquely determine a plane, the two planes
either intersect in three or are identical. This shows that if two planes intersect in
more than one block, they either intersect in three blocks or are identical planes.

3.) Once again using Lemma 5, given a block in the plane A;, there are exactly
three planes in class B that contain that particular block. There are seven blocks in
plane A;, giving twenty-one occurrences of blocks of A; appearing in class B. Any
plane in class B that has non-empty intersection with A; must intersect in exactly
three blocks. Therefore, there must be seven planes in class B that intersect with
Aj to account for the twenty-one block occurrences. Since there are fifteen planes in
class B and every plane B; either has intersection of three or is disjoint from a given

A;, it follows that each A; is disjoint from exactly eight planes. =

One further property of these classes of Fano planes is considered in Section 2.4.

2.3 Sets of Fano Planes with Maximum Distinct Blocks

Since we determined that it is not possible to get five Room squares of side
seven containing all thirty-five different row patterns, the next question we asked was
given five Room squares of side seven, what is the mazimum number x of distinct row
patterns that can occur. Clearly, x < 34. The cases of two, three, four, and six Room
squares were also examined. Since having a Room square of side seven is equivalent
to having a Fano plane, the below results are discussed in terms of Fano planes with
each distinct block corresponding to a distinct zero-row pattern in the corresponding
Room square.

Results were first computed using the Mathematica software package, see Ap-
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pendix B for code. It was determined that a set of two Fano planes can contain at
most fourteen distinct blocks, a set of three can contain twenty distinct blocks, a set
of four can contain twenty-six distinct blocks, a set of five can contain thirty-one dis-
tinct blocks, and all thirty-five possible blocks can be placed in six Fano planes. We
then used the properties of the two isomorphism classes of Fano planes to determine
that for each of the aforementioned sets of planes, there is only one possible structure.

The following two lemmas will be used extensively in the proofs which follow.

Lemma 7 If three planes from one class all intersect in the same block, there does

not exist a plane from the other class that is disjoint from all three.

Proof: Let A;, Ay, and Az be three planes from class A, with {a,b,c} be the
block they share in common. We can say without loss of generality that A; contains
{a,d,e} and {a, f, g}, As contains {a,d, f} and {a,e,g}, and A3 contains {a,d, g}
and {a,e, f} because the point a must occur with every other point exactly once in
a Fano plane and any other arrangement would either cause one of Ay, As, or Az to
not be a Fano plane or would cause two of the planes to intersect in more than one
block (which would contradict them coming from the same class).

For a plane B; to be disjoint from Ay, Ay, and A3, it must contain either {a, b, d}
or {a,c,d} since a and d must appear in a block together and the third element in
the block cannot be e, f, or g since those blocks occur in one of the A;. Likewise, By
must contain either {a,b,e} or {a,c,e} and either {a,b,g} or {a,c,g}. There is no
way to satisfy all three of those requirements without either having a and b or a and ¢
in two separate blocks, which contradicts the structure of the Fano plane. Therefore,
there cannot be a plane from class B that is disjoint from A;, Ay, and As.

By the symmetry of the classes, the proof is the same if A;, Ay, and A3 are all

in Class B. =
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Lemma 8 Given any pair of planes, A1 and As from one class there are at least four

planes from the other class that are disjoint from both Ay and As.

Proof: Without loss of generality, let A; and Ay be a pair of planes from class A.
Let a be the block that A; and A, have in common. There are three planes in class
B that contain a by Lemma 5. These three planes cannot be disjoint from A; or A,.
This leaves twelve planes that could be disjoint from one or both of A; and A,. Each
A; is disjoint from eight B; by Theorem 6. Placing two sets of eight onto a set of
twelve guarantees an overlap of at least four by the pigeonhole principle. Therefore,

Ay and Ay must have at least four planes disjoint from both of them. m

The next question addressed is how many distinct sets of two, three, four, five
and six Fano planes with the maximum number of distinct blocks there were and
within those groups, how many isomorphism classes were present. The total number
of distinct sets of Fano planes with the maximum number of different blocks was
determined using Mathematica. Using the computer software, each possible set of
the given number of planes was checked to see if it contained the desired number of
distinct blocks. The sets that had the maximum number of distinct blocks were then
appended to a list that contained all of the sets with that property. The next step
was to check for the number of isomorphism classes.

Before determining the number of isomorphism classes for each group, we gen-
erated and stored a list of all the permutations on seven elements. The permutations
were numbered in lexicographic order from 1 through 7!. For a given plane A;, we
let each permutation k act on A;. The lists o;; kept track of the permutations k
that mapped plane A; to plane A;. Given two different sets of Fano planes with the
maximum number of distinct blocks, we determined the ways to map one set to the

other that preserved the necessary structure. For example, given two sets of three
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Fano planes containing 20 blocks, the structure dictates that each set contains two
planes from one class and one plane from the other. Let the planes in the first set
be denoted A;, Ay, and B; where A; and A, are in the same class and B is in the
other. Likewise, let the planes in the second set be denoted C, Cs, and D; with C4
and Cs being the planes from the same class. There are two ways to map set 1 to set
2 and retain the structure. In both cases B; must be mapped to D;. Then A; can be
mapped to either C; or Cy with As being mapped to the other. For a given mapping,
if the intersection of the lists 0; ; that corresponded to the individual plane mappings
is non-empty, then there was at least one permutation that mapped the first set to
the second set. The existence of such a permutation implies that the two sets were
isomorphic to each other. The Mathematica code that computed the isomorphism
classes can be found in Appendix C. The results are summarized in the following

sections.

2.3.1 Two Planes

Theorem 9 A set of two Fano planes contains at most fourteen distinct blocks. Fur-
thermore, the largest number of Fano planes in which all the blocks are distinct is

two.

Proof: Choose a plane from Class A and denote it A;. By Theorem 6, there are
eight planes in Class B that are disjoint from A;. Therefore, A; and any one of these
eight planes from Class B will contain fourteen distinct blocks.

Furthermore, given any set of three planes, at least two must be from the same
class by the pigeonhole principle. The two planes from the same class have non-empty
intersection. Therefore any set of three cannot contain 21 distinct blocks. m

There are 15 % 8 = 120 different pairs of Fano planes that contain fourteen

different blocks. There is only one isomorphism class for these pairs, meaning that
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any pair can be transformed into any other pair with one permutation. The smallest
lexicographic set of two disjoint planes are below. Note, that in this pair and in each
of the subsequent sets, the planes labeled A; are from one class and the planes labeled

B; are from the other class.

Ay ={{1,2,3},{1,4,5},{1,6,7},{2,4,6},{2,5,7},{3,4,7},{3,5,6}}
By ={{1,2,4},{1,3,6},{1,5,7},{2,3,7},{2,5,6},{3,4,5},{4,6,7}}

2.3.2 Three Planes

Theorem 10 A set of three Fano planes contains at most twenty distinct blocks, and
any set of three Fano planes with twenty distinct blocks must contain two planes from

one class and one from the other.

Proof: Observe that any set of three planes must contain two planes from the same
class by the pigeonhole principle. Therefore, there cannot be a set of three planes
that contains 21 distinct blocks.

Choose two planes from Class A, call them A; and A,. By definition, these
planes intersect in exactly one block. Therefore, they contain thirteen distinct blocks.
By Lemma 8 there exists a plane in class B which is disjoint from both A; and A,,
call it By. Adding B; to the set with A; and A, adds seven distinct new blocks, for
a total of twenty distinct blocks.

One question that arises is whether or not the plane By has to be disjoint from
both A; and A,. Assume that B; is not disjoint from A;. Then B; intersects with
Ay in exactly three blocks. Therefore, adding B; to the set A; and A, adds at most
four new blocks (less if By also has non-empty intersection with Ay). This gives at
most seventeen distinct blocks.

We know that it is possible to achieve twenty distinct blocks with two planes

from class A and one from class B, but is it possible to achieve the same thing with
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a different structure? The only other way to choose three planes is to have all three
come from the same class. Any pair of planes from the same class intersect in exactly
one block, giving thirteen distinct blocks for any pair. Let A; and As be the first two
planes in our set and let a be the block in which they intersect. If Az contains block
a, then it adds six new blocks for a total of nineteen. If Az does not contain block a
then it must intersect A; and A, in separate blocks, causing it to add five new blocks

to the set for a total of eighteen. m

There are 840 different sets of three of Fano planes that contain twenty distinct
blocks. As with the pairs, it was checked on the computer that there is only one

isomorphism class of these triples, with the smallest lexicographic set as follows:

Ay ={{1,2,3},{1,4,5},{1,6,7},{2,4,6},{2,5,7},{3,4,7},{3,5,6}}
Ay ={{1,2,3},{1,4,6},{1,5,7},{2,4,7},{2,5,6},{3,4,5},{3,6,7}}
By ={{1,2,4},{1,3,7},{1,5,6},{2,3,5},{2,6,7},{3,4,6},{4,5,7}}

2.3.3 Four Planes

Theorem 11 A set of four Fano planes containing the maximum number of distinct
blocks contains twenty-sixz distinct blocks and must contain two planes from Class A

and two planes from Class B.

Proof: Choose two planes from Class A and call them A; and A;. By Lemma 8
there are at least four B; that are disjoint from both A; and As. Choose By and Bs
from the set of B; that are disjoint from both A; and As. The pair A; and A, and
the pair By and By each contain thirteen distinct blocks, giving twenty-six distinct
blocks in the set Ay, Ay, B and Bs.

Obviously, if one of the B; was not disjoint from one of the A;, a total of twenty-

six distinct blocks would not be attainable. But, is it possible to attain twenty-six
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with a different structure? The only other possible ways to choose four planes is to
have three from Class A and one from Class B or to have all four come from the same
class. Assume we have at least three blocks from Class A. If Ay, Ay, and A3z have
unique pairwise intersections, then |A; U Ay U A3| = 7+ 6+ 5 = 18. Adding one more
plane, whether it be from Class A or Class B can add at most seven new blocks for
a total of twenty-five. So, assume that A;, Ay, and As intersect in the same block,
then |A; U Ay U A3| = 19. In order to attain twenty-six distinct blocks, the plane we
add must add seven new blocks. Therefore, the new plane cannot come from Class
A. However, Lemma 7 states that there is no plane from Class B that is disjoint from
Ay, As, and Ajz. Therefore, we cannot have three planes in the same class and still
obtain twenty-six distinct blocks. This eliminates all possible structures except for

two planes from Class A and two planes from Class B. =

There are 630 different sets of four Fano planes that contain twenty-six distinct
blocks. Again, there is only one isomorphism class within these sets, and the smallest

lexicographic set is as follows:

Ay ={{1,2,3},{1,4,5},{1,6,7},{2,4,6},{2,5,7},{3,4,7},{3,5,6}}
Ay ={{1,2,3},{1,4,6},{1,5,7},{2,4,7},{2,5,6},{3,4,5},{3,6,7}}
By ={{1,2,4},{1,3,7},{1,5,6},{2,3,5},{2,6,7},{3,4,6},{4,5,7}}
By ={{1,2,5},{1,3,6},{1,4,7},{2,3,4},{2,6,7},{3,5,7},{4,5,6}}

2.3.4 Five Planes

Theorem 12 A set of five Fano planes containing the maximum number of distinct
blocks contains thirty-one distinct blocks and must contain three planes from one class

and two planes from the other class.

Proof: We can assume without loss of generality that in our set of five planes, there

are three planes from class A. Assume that A;, A, and Aj intersect in the same
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block, yielding nineteen distinct blocks among the three of them. By Lemma 7 there
does not exist any B; that is disjoint from all three A;. Therefore, adding two planes
By and B, add at most four new blocks each, for a total of only twenty-seven blocks.
Therefore, A, Ay, and As must have unique pairwise intersections. Choose B; and
By such that each one is disjoint from all three A;, (such a pair exists by Lemma
8). This gives eighteen distinct blocks in the A; and thirteen in the B;, for a total of
thirty-one distinct blocks.

The other possible structures are four planes from one class and one from the
other class or all five planes from the same class. Assume we have four planes from
Class A. There are two possible cases. Case one consists of all of the intersections
being distinct, while case two contains a set of three that intersect in the same block.

Looking at case one, A; and A, contain thirteen blocks, adding As adds five
new blocks and adding A, adds four new blocks. This gives a total of twenty-two
distinct blocks. Adding a fifth plane, whether it be in Class A or Class B can add at
most seven new blocks, which gives a total of twenty-nine. Therefore, there cannot
be four planes in the same class with all of the pairwise intersections being distinct
in a set containing the maximum number of blocks.

Case two starts with A;, A, and A3 having the same block in common, for a
total of nineteen distinct blocks. Lemma 5 guarantees that A, cannot have the same
block in common. Therefore, adding A4 to the set adds four new blocks (since it
has to have non-empty intersection with each of the other A;). This gives a total of
twenty-three distinct blocks. Adding a fifth plane can add at most seven new blocks,
giving a total of thirty blocks, which is less than the goal of thirty-one distinct blocks.

Therefore, it is not possible to obtain thirty-one distinct blocks in a set of five
planes if four of them are from the same class. It follows that it is also not possible

when all five planes are from the same class. m
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There are 840 different sets of five Fano planes that contain thirty-one distinct
blocks. Using the computer, it was verified that there is only one isomorphism class

within these sets, and the smallest lexicographic set is as follows:

Ay ={{1,2,3},{1,4,5},{1,6,7},{2,4,6},{2,5,7},{3,4,7},{3,5,6}}
Ay ={{1,2,3},{1,4,6},{1,5,7},{2,4,7},{2,5,6},{3,4,5},{3,6,7}}
Az ={{1,2,4},{1,3,5},{1,6,7},{2,3,7},{2,5,6},{3,4,6},{4,6,7}}
By ={{1,2,5},{1,3,6},{1,4,7},{2,3,4},{2,6,7},{3,5,7},{4,5,6}}
By ={{1,2,7},{1,3,4},{1,5,6},{2,3,6},{2,4,5},{3,5,7},{4,6,7}}

2.3.5 Six Planes

The following theorem characterizes the structure of a set of six planes contain-
ing all thirty-five possible blocks. Because of the symmetry of the classes and the
symmetry present in the sets of two and four planes with the maximum number of
distinct blocks, we suspected that the structure of this set of six planes would also
be symmetric and contain three planes from Class A and three planes from Class
B. Surprisingly, it ended up that this is not the case. Instead, any set of six planes
containing all thirty-five blocks must contain four planes from one class and two from

the other.

Theorem 13 A set of siz Fano planes containing all thirty-five possible blocks con-

tains four planes from one class and two planes from the other class.

Proof: Start with a set of five planes that have thirty-one distinct blocks which,
without loss of generality, contains three planes from class A and two planes from
class B. Say this set is Ay, Ay, A3, B1, and By. By Lemma 8, we know that there are
at least four A; that are disjoint from both B; and Bs;. We also know that these A;

must have different pairwise intersections by Lemma 7. Therefore, adding A, adds
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exactly four new blocks, for the total of thirty-five distinct blocks, the maximum
possible. So the structure with four A; with different pairwise intersections and two
B; yields the desired number of blocks.

Assume that three of the A; had the same block in common. This would give
nineteen unique blocks among A;, Ay, and As. Adding A, adds four new blocks for a
total of twenty-three blocks. By Lemma 7, we know that |A; N Bg| = 3 for some i and
k. So adding B; and B, to the set adds at most eleven new blocks (seven from one
and four from the other). This is still short of the goal of thirty-five unique blocks.
Therefore, the A; must have different pairwise intersection.

Assume that we have three planes from each class and both |A; U Ay U A3| = 18
and |B; U By U B;| = 18. This gives a total of thirty-six blocks if all were unique, but
we know we only have thirty-five possible blocks. Therefore one of the A; must have
non-empty intersection with one of the B;. We also know that if |4; N B;| # 0 then
|A; N B;| = 3. Therefore, adding the B; to the A; only adds fifteen new blocks, for a
total of thirty-three distinct blocks.

Assume that we have three planes from each class and either |A; UA;U A3| = 19
or |BiUByUBs| = 19. Assume without loss of generality that |A; UAy;UAs| = 19. By
Lemma 7, we cannot find any B; that is disjoint from all of the A;. So each B; adds
at most four new blocks to the set, giving thirty-one total distinct blocks. Therefore,
there are not six planes containing all thirty-five blocks that contains three planes
from class A and three planes from class B.

Assume that we have five planes from class A and one plane from class B. If all
of the pairwise intersections between the A; are distinct, we get 7+6+5+4+3 = 25
distinct blocks. Adding B; adds at most seven new blocks, for a total of thirty-two.
If we have |A; U Ay U A3| = 19 and every other pairwise intersection is distinct we

get 7+ 6+ 6 + 4 4+ 3 = 26 distinct blocks. Adding seven from a new plane still does
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not give the desired thirty-five blocks. The last possibility is that |A; U Ao U Az| = 19
and |A, U A5 U A;] =19 for i = 1,2, or 3. In this case we get twenty-seven distinct
blocks, to which adding seven from a new plane gives thirty-four. Therefore, it is not
possible to have five of our six planes from the same class and obtain all thirty-five
different blocks. Similarly, if we cannot have five from the same class, then we also
cannot have six from the same class. So, the only possible structure for six planes
containing all thirty-five distinct blocks is to have four from one class and two from

the other. m

There are only 210 different sets of six Fano planes that contain all thirty-five
different blocks. Once again, there is only one isomorphism class of these sets. The

smallest lexicographic one is below:

Ay ={{1,2,3},{1,4,5},{1,6,7},{2,4,6},{2,5,7},{3,4,7},{3,5,6}}
Ay ={{1,2,3},{1,4,6},{1,5,7},{2,4,7},{2,5,6},{3,4,5},{3,6,7}}
As ={{1,2,4},{1,3,5},{1,6,7},{2,3,7},{2,5,6},{3,4,6},{4,6,7}}
Ay ={{1,2,6},{1,3,7},{1,4,5},{2,3,5},{2,4,7},{3,4,6},{5,6,7}}
By ={{1,2,5},{1,3,6},{1,4,7},{2,3,4},{2,6,7},{3,5,7},{4,5,6}}
By = {{1,2,7},{1,3,4},{1,5,6},{2,3,6},{2,4,5},{3,5,7},{4,6,7}}

2.4 Creating A Fano Plane from 7 Fano Planes

As noted above, given a plane A;, there are exactly seven B; that have inter-
section of three with A;. Label these seven planes B; — B;. Define a (7,3,1)-BIBD
as follows: Let X be the set of points with X = {By, Bs, B3, By, Bs, Bg, B;}. For
notational purposes, we will let a; denote the original blocks of A; and b; denote
the original blocks occurring in B;. Define D; = {B,|a; € B;} to be the new blocks

containing B; as points.
Theorem 14 Given any Fano plane A with blocks {a1, /dots,az}, the seven planes
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{By, ..., B} intersecting A is precisely three blocks form a Fano plane (X,.A) where
X ={By,...,B;} and A={D.,...,D} where D; = {Bjl|a; € B;}.

Proof: To prove any combinatorial structure is a (7,3,1)-BIBD it is necessary to
prove the following things:

1.) There are seven points.

2.) Each block contains three points.

3.) Given any pair of points, they occur in exactly one block together.

Condition 1 is proved trivially since we defined the design to have seven points.
Condition 2 is also trivial since each block of A; appears in three B; by Lemma
5. Lastly, by the way we defined the structure of the classes A and B, any two B;
intersect in exactly one b;. Let B; and By, be elements of X. If the block they intersect
in is a@;, a block from A, then B; and Bj, occur in block D; together.

The only other scenario we have to worry about is if two B; intersect in a
block b; that is not one the blocks a;. Let By and Bs be elements of X. We can
assume without loss of generality that {a;,as,as} are the blocks of A; in B; and let
{a4, as,as} be blocks in By. Therefore, By and By intersect in a block not contained
in A;. Lemma 5 states that a1, a2, and a3 must all occur in two more B;. However,
they cannot occur in the same B; since they already occur together in B; and that
would give an intersection of greater than one between By and this B;. But, we have
six blocks a; to place and only five B; with non-empty intersection with A; left. By
the pigeonhole principle, one of these must contain two of these blocks, which is a
contradiction. Therefore, each B; in the set X must intersect in a block a;. It follows

that each pair of B; must occur in a block D; together. m

An example of a Fano plane created from Fano planes in this manner follows.

In this example, D; is defined to be the block in which all of the B; in this block
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contain block a;, where a; is the " lexicographic block of A;.

Ay = {{a,b,¢} {a,d, e}, {a, f, 9}, {b.d, [}, {b,e, 9}, {¢.d, g}, {c. e, f}}

By ={{a,b,c},{a,d e}, {a, f, g}, {b.d, g}, {b,e, [}, {c,e, g} {c.d, [}}
By ={{a,b,c} . {a,d, [} {a e, 9},{b,d,e} . {b, f, 9}, {c, d, g}, {c, e, f}}
By = {{a7 b, 6}7 {a> d, g}a {aa €, f}a {ba d, f}a {ba €, g}: {Ca d, 6}7 {C: e g}}
By ={{a,;b,d} {a,c.e}.{a, f, g}, {b.c, [}, {b,e, g}, {c.d, g}, {d,e, f}}
Bs = {{a’ b, 6}7 {a7 ¢ d}v {&7 e 9}, {b> 079}7 {bv d, f}a {Cv ¢, f}7 {d> 679}}
Bs = {{a,b, f},{a,c, g}, {a,d, e}, {b,c,d},{b,e, g}, {c,e, f},{d, f, g}}
Br = {{a,b,9},{a,c, f} . {a,d,e},{b,c, e}, {b.d, f},{c.d, g}, {e, f.9}}

Dy = {By, By, B3}
D, = {By, Bs, B7}
D3 = {Bi, By, B5}
D, = {Bs, Bs, Bt}
D5 = {Bs, By, Bs}
D¢ = {Bs, By, Br}
D; = {By, Bs, Bs}

3 Solution for Room Squares of Side 11

3.1 Hadamard Room Squares of Side 11

We define a Hadamard Room Square to be a Room Square whose pattern or
zero-pattern is the incidence matrix of a Hadamard design. Previously it was shown
that the zero-pattern for every Room square of size 7 is equivalent to a (7,3, 1)-BIBD.
Therefore, every Room square of side seven is a Hadamard Room square. 11 is a much
bigger case, and unlike the Room squares of side 7, there is no list of all possible non-
equivalent Room squares of side 11. It is surely not the case that all Room squares
of side 11 are Hadamard Room squares, but we show below that a Hadamard Room
square of side 11 exists.

A Hadamard Room square of side 11 can be constructed by using the fill pattern
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created by filling the quadratic non-residue positions in GF(11) of the first row.
The cells can then be filled using the starter-adder method. Below is a Hadamard
Room square created using the starters S = {{1,2},{7,9},{3,6}, {4,8},{5,10}} and
P ={{5,6},{10,1},{4,7},{9,2},{3,8}} and adder A ={4,3,1,5,9}.

0oo 5 10 48112|79 36
47 1oc0 60 5923810
5 8 |200 71 610/]34|90
101 69 |300 82 70145
26|02 710|400 93 81
92/67|13 80 | 500 10 4
103] 78124 91 |600 05
04(89]35 10 2| 7oo 16
15(910/46 03 |80 27
38 26|100(57 141|900
49 37/01]68 2 5 1000

The fill pattern for this square is the incidence matrix of an (11,6, 3)-BIBD.
Likewise, we note that the zero-pattern for this square is the incidence matrix of an
(11, 5,2)-BIBD. There is only one (11,5,2) design up to isomorphism, so the above
room square can be changed by row and column permutations so that the zero-pattern
is the incidence matrix of any (11, 5,2) design. Hence, if we can find a large set of 42
(11, 5,2) BIBDs, we can present 42 RS(11) whose 42 x 11 = 462 row patterns are all

(121) possible fill patterns. We do this in the next section.

3.2 Large Set of (11,5,2)-BIBDs

A large set will contain 42 designs. This number can be determined by the fact
that there are (151) possible blocks and each design contains 11 blocks since (11,5, 2)-

BIBDs are symmetric. In [10], a large set was obtained by first creating six starter
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designs obtained by six permutations acting on a single base design. The permutation
o= (1)(2)(3)(4)(5 6 78 9 10 11) was then used to obtain seven different (11,5, 2)-
BIBDs from each of the six starter designs.

Given a permutation 7 and a large set B, let the image of 7 acting on B be
denoted by B*. A large set B of t-designs is said to be G-invariant if any permutation
m € G, the resulting image B* is the same as B. When creating the large set, o was
chosen as the permutation to use for all the systems because if we let G =< o >,
then the search for a large set was narrowed by noting that the construction above
will result in a G-invariant large set when G =< o >.

The result in [10] which we will use is the following theorem: Given o= (1)(2)(3)(4)(5
6789 10 11) and G =< ¢ >, there are five non-isomorphic G-invariant LS2 —
(11,5,2). This result was obtained using computer search techniques.

The theorem gives the existence of large sets of (11,5, 2)-BIBDs, which in turn
gives the existence of a set of 42 Room squares of side 11 in which every row pattern
is used exactly once. The following large set of (11,5,2)-BIBDs was created using
Mathematica (see Appendix D for code) and the results of [10].

Note that there is only one non-isomorphic (11, 5,2)-BIBD. The following base

design was used for all calculations:

D = {{1,2,3,7,10},{1,2,6,9,11},{1,3,4,5,9},{1,4,6,7,8},{1,5,8,10, 11}, {2,3,4, 8,11},
{2,4,5,6,10},{2,5,7,8,9},{3,5,6,7,11},{3,6,8,9,10}, {4, 7,9, 10, 11}}

The six starter designs were obtained by having the following six permutations
act on the base design D:

A (125461083 7911)

B.(148111057)(26) (39)

C. (1) (2) 3) (4) (5) (6 11710 8) (9)

D.(132846)(57) (9) (10) (11)

E. (1) (2) (3) (4) (5) (689 7 10) (11)
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F.(1311)(295710) (4) (638)

The remaining designs were obtained by having each permutation in G act
on each of the starter designs. The following 42 designs were the result of these
calculations. Note that Ay is the starter design obtained from permutation A acting
on the base design and for 0 < ¢ < 6 each A; is the design obtained from the
permutation ¢! acting on Ay. Likewise, the designs labelled B;, C;, D;, E; and F; were
labelled in the same fashion as the A;. The code used to generate this large set is

included in the appendix.

Ay= {{2,5,7,8,9},{1,2,5,10,11},{2,4,6,7,11},{2,3,6,9, 10},
{1,2,3,4,8},{1,3,5,6,7},{4,5,6,8,10}, {3,4,5,9, 11},
{1,4,7,9,10},{3,7,8,10,11},{1,6,8,9,11}}

A = {{2,6,8,9,10},{1,2,5,6,11},{2,4,5,7,8},{2,3,7,10, 11},
{1,2,3,4,9},{1,3,6,7,8},{4,6,7,9,11},{3,4,5,6, 10},
{1,4,8,10,11},{3,5,8,9, 11}, {1,5,7,9,10}}

Ay = {{2,7,9,10,11},{1,2,5,6,7},{2,4,6,8,9},{2,3,5,8, 11},
{1,2,3,4,10},{1,3,7,8,9},{4,5,7,8,10}, {3,4,6,7, 11},
{1,4,5,9,11},{3,5,6,9,10},{1,6,8,10,11}}

As = {{2,5,8,10,11},{1,2,6,7,8},{2,4,7,9,10},{2,3,5,6,9},
{1,2,3,4,11},{1,3,8,9,10},{4,6,8,9,11},{3,4,5,7, 8},
{1,4,5,6,10},{3,6,7,10,11},{1,5,7,9,11}}

A= {{2,5,6,9,11},{1,2,7,8,9},{2,4,8,9,10},{2,3,6,7, 10},
{1,2,3,4,5},{1,3,9,10,11},{4,5,7,9,10}, {3,4,6,8,9},
{1,4,6,7,11},{3,5,7,8,11},{1,5,6,8,10}}

As= {{2,5,6,7,10},{1,2,8,9,10},{2,4,5,9,11},{2,3,7,8, 11},
{1,2,3,4,6},{1,3,5,10, 11}, {4,6,8,10,11},{3,4,7,9, 10},
{1,4,5,7,8},{3,5,6,8,9},{1,6,7,9,11}}

As= {{2,6,7,8,11},{1,2,9,10,11},{2,4,5,6,10},{2,3,5,8,9},
{1,2,3,4,7},{1,3,5,6,11},{4,5,7,9,11}, {3,4,8, 10, 11},
{1,4,6,8,9},{3,6,7,9,10},{1,5,7,8,10}}
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BO = {{]-7 47 57 67 9}7 {27 37 47 67 ]-0}7 {37 47 77 87 9}7 {17 27 47 87 11}7
(4,5,7,10,11}, {6,8,9,10,11}, {2,5,6,7,8}, {1,3,6,7,11},
{1,2,7,9,10}, {2,3,5,9, 11}, {1,3,5,8, 10} }

Br = {{1,4,6,7,10},{2,3,4,7,11},{3,4,8,9,10},{1,2,4,5,9},
{4,5,6,8,11},{5,7,9,10,11},{2,6,7,8,9},{1,3,5, 7,8},
{1,2,8,10,11},{2,3,5,6,10},{1,3,6,9,11}}

By = {{1,4,7,8,11},{2,3,4,5,8},{3,4,9,10, 11}, {1,2,4,6, 10},
{4,5,6,7,9},{5,6,8,10,11},{2,7,8,9,10}, {1, 3,6, 8,9},
{1,2,5,9,11},{2,3,6,7,11},{1,3,5,7,10}}

By = {{1,4,5,8,9},{2,3,4,6,9},{3,4,5,10,11},{1,2,4, 7,11},
{4,6,7,8,10}, {5,6,7,9,11},{2,8,9,10,11},{1,3,7,9, 10},
{1,2,5,6,10},{2,4,5,7,8},{1,3,6,8,11}}

By= {{1,4,6,9,10},{2,3,4,7,10},{3,4,5,6,11},{1,2,4,5,8},
{4,7,8,9,11}, {5,6,7,8,10},{2,5,9,10,11}, {1, 3,8, 10, 11},
{1,2,6,7,11},{2,3,6,8,9},{1,3,5,7,9}}

Bs= {{1,4,7,10,11},{2,3,4,8,11},{3,4,5,6,7},{1,2,4,6,9},
{4,5,8,9,10},{6,7,8,9,11},{2,5,6,10,11}, {1,3,5,9, 11},
{1,2,5,7,.8},{2,3,7,9,10},{1,3,6,8,10}}

Be= {{1,4,5,8,11},{2,3,4,5,9},{3,4,6,7,8},{1,2,4,7, 10},
{4,6,9,10,11}, {5,7,8,9,10},{2,5,6,7,11},{1,3, 5,6, 10},
{1,2,6,8,9},{2,3,8,10,11},{1,3,7,9,11}}

Co= {{1,2,3,8,10},{1,2,7,9,11},{1,3,4,5,9},{1,4,6, 10, 11},
{1,5,6,7,8},{2,3,4,6,7},{2,4,5,8,11},{2,5,6,9, 10},
{3,5,7,10,11}, {3,6,8,9,11},{4,7,8,9,10}}

Cy = {{1,2,3,9,11},{1,2,5,8,10},{1,3,4,6,10}, {1,4,5,7, 11},
{1,6,7,8,9},{2,3,4,7,8},{2,4,5,6,9},{2,6,7,10, 11},
{3,5,6,8,11},{3,5,7,9,10},{4,8,9,10,11}}

Co = {{1,2,3,5,10},{1,2,6,9,11},{1,3,4,7,11},{1,4,5,6,8},
{1,7,8,9,10}, {2,3,4,8,9},{2,4,6,7,10}, {2,5,7,8, 11},
{3,5,6,7,9},{3,6,8,10,11},{4,5,9,10,11}}

Cs= {{1,2,3,6,11},{1,2,5,7,10},{1,3,4,5,8}, {1,4,6,7,9},
{1,8,9,10,11},{2,3,4,9,10},{2,4,7,8,11},{2,5,6,8, 9},
{3,6,7,8,10},{3,5,7,9,11},{4,5,6,10,11}}
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Ci= {{1,2,3,5,7},{1,2,6,8,11},{1,3,4,6,9},{1,4,7,8,10},
{1,5,9,10,11},{2,3,4,10,11},{2,4,5,8,9},{2,6,7,9, 10},
{3,7,8,9,11},{3,5,6,8,10}, {4,5,6,7,11}}

C'5 = {{1a 27 37 67 8}7 {1a 27 57 77 9}7 {1a 37 47 77 10}7 {]'7 47 87 9’ 11}7
{1,5,6,10,11},{2,3,4,5,11},{2,4,6,9,10}, {2,7,8,10, 11},
{3,5,8,9,10},{3,6,7,9,11},{4,5,6,7,8}}

Co= {{1,2,3,7,9},{1,2,6,8,10},{1,3,4,8,11},{1,4,5,9, 10},
{1,5,6,7,11},{2,3,4,5,6},{2,4,7,10,11},{2,5,8,9,11},
{3,6,9,10,11},{3,5,7,8,10}, {4,6,7,8,9}}

Do = {{2,3,5,8,10},{1,3,8,9,11},{2,3,6,7,9},{1,3,4, 5,6},
{3,4,7,10,11}, {2,4,6,8,11},{1,6,7,8,10},{4,5,7,8,9},
{1,2,5,7,11},{1,2,4,9,10},{5,6,9,10,11}}

Dy = {{2,3,6,9,11},{1,3,5,9,10},{2,3,7,8,10},{1,3,4,6,7},
{3,4,5,8,11},{2,4,5,7,9},{1,7,8,9,11},{4,6,8,9,10},
{1,2,5,6,8},{1,2,4,10,11}, {5,6,7,10,11}}

D, = {{2,3,5,7,10},{1,3,6,10,11},{2,3,8,9,11},{1,3,4, 7,8},
{3,4,5,6,9},{2,4,6,8,10},{1,5,8,9, 10}, {4,7,9, 10,11},
{1,2,6,7,9},{1,2,4,5,11},{5,6,7,8,11}}

Ds= {{2,3,6,8,11},{1,3,5,7,11},{2,3,5,9,10}, {1, 3,4, 8,9},
{3,4,6,7,10},{2,4,7,9,11},{1,6,9,10,11}, {4,5,8, 10, 11},
{1,2,7,8,10},{1,2,4,5,6},{5,6,7,8,9}}

Dy= {{2,3,5,7,9},{1,3,5,6,8},{2,3,6,10,11},{1,3,4,9, 10},
{3,4,7,8,11},{2,4,5,8,10},{1,5,7,10,11}, {4,5,6,9, 11},
{17 27 87 97 11}7 {17 27 4’ 67 7}7 {67 77 8’ 97 10}}

Ds = {{2,3,6,8,10},{1,3,6,7,9},{2,3,5,7,11},{1,3,4,10, 11},
{3,4,5,8,9},{2,4,6,9,11},{1,5,6,8,11}, {4,5,6,7, 10},
{1,2,5,9,10}, {1,2,4,7,8},{7,8,9,10,11}}

Ds = {{2,3,7,9,11},{1,3,7,8,10},{2,3,5,6,8},{1,3,4,5,11},
{3,4,6,9,10},{2,4,5,7,10},{1,5,6,7,9},{4,6,7,8,11},
{1,2,6,10,11},{1,2,4,8,9},{5,8,9,10,11}}

Ey= {{1,2,3,6,10},{1,2,7,8,11},{1,3,4,5,7},{1,4,8,9, 10},
{1,5,6,9,11},{2,3,4,9,11},{2,4,5,6,8},{2,5,7,9, 10},
{3,5,8,10,11}, {3,6,7,8,9},{4,6,7,10,11}}
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Ey= {{1,2,3,7,11},{1,2,5,8,9},{1,3,4,6,8},{1,4,9,10, 11},
{1,5,6,7,10},{2,3,4,5,10},{2,4,6,7,9},{2,6,8, 10, 11},
{3,5,6,9,11},{3,7,8,9,10},{4,5,7,8,11}}

By= {{1,2,3,5,8},{1,2,6,9,10},{1,3,4,7,9},{1,4,5,10, 11},
{1,6,7,8,11},{2,3,4,6,11},{2,4,7,8,10},{2,5,7,9,11},
{3,5,6,7,10}, {3,8,9,10,11}, {4,5,6,8,9}}

Ey= {{1,2,3,6,9},{1,2,7,10,11},{1,3,4,8,10},{1,4,5,6, 11},
{1,5,7,8,9},{2,3,4,5,7},{2,4,8,9, 11}, {2,5,6,8, 10},
{3,6,7,8,11},{3,5,9,10,11},{4,6,7,9,10}}

E,= {{1,2,3,7,10},{1,2,5,8,11},{1,3,4,9,11},{1,4,5,6, 7},
{1,6,8,9,10},{2,3,4,6,8},{2,4,5,9,10},{2,6,7,9, 11},
{3,5,7,8,9},{3,5,6,10,11},{4,7,8,10,11}}

Es= {{1,2,3,8,11},{1,2,5,6,9},{1,3,4,5,10},{1,4,6,7, 8},
{1,7,9,10,11},{2,3,4,7,9},{2,4,6,10,11}, {2,5,7,8, 10},
{3,6,8,9,10},{3,5,6,7,11},{4,5,8,9,11}}

Ee= {{1,2,3,5,9},{1,2,6,7,10},{1,3,4,6,11},{1,4,7,8,9},
{1,5,8,10,11},{2,3,4,8,10},{2,4,5,7,11},{2,6,8,9, 11},
{3,7,9,10,11},{3,5,6,7,8},{4,5,6,9,10}}

Fo= {{2,3,9,10,11},{1,3,5,8,9},{3,4,5,7,11}, {3,4,6,8, 10},
{1,2,3,6,7},{1,4,6,9,11},{2,4,7,8,9},{5,6,7,9, 10},
{1,7,8,10,11},{2,5,6,8,11},{1,2,4,5,10}}

F = {{2,3,5,10,11},{1,3,6,9,10},{3,4,5,6,8},{3,4,7,9, 11},
{1,2,3,7,8},{1,4,5,7,10},{2,4,8,9,10}, {6, 7,8, 10, 11},
{1,5,8,9,11},{2,5,6,7,9},{1,2,4,6,11}}

F= {{2,3,5,6,11},{1,3,7,10,11},{3,4,6,7,9},{3,4,5,8, 10},
{1,2,3,8,9},{1,4,6,8,11},{2,4,9,10,11},{5,7,8,9, 11},
{1,5,6,9,10},{2,6,7,8,10},{1,2,4,5,7}}

Fy= {{2,3,5,6,7},{1,3,5,8,11},{3,4,7,8,10}, {3,4,6,9, 11},
{1,2,3,9,10}, {1,4,5,7,9},{2,4,5,10,11}, {5,6,8,9, 10},
{1,6,7,10,11},{2,7,8,9,11},{1,2,4,6,8}}

F= {{2,3,6,7,8},{1,3,5,6,9},{3,4,8,9,11},{3,4,5,7, 10},
{1,2,3,10,11},{1,4,6,8,10},{2,4,5,6,11}, {6, 7,9, 10, 11},
{1,5,7,8,11},{2,5,8,9,10}, {1,2,4,7,9}}
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Fs= {{2,3,7,8,9},{1,3,6,7,10},{3,4,5,9,10}, {3,4,6,8, 11},
{1,2,3,5,11},{1,4,7,9,11},{2,4,5,6,7},{5,7,8,10, 11},
{1,5,6,8,9},{2,6,9,10,11},{1,2,4,8,10}}

Fs= {{2,3,8,9,10},{1,3,7,8,11},{3,4,6,10, 11}, {3,4,5,7,9},
{1,2,3,5,6},{1,4,5,8,10},{2,4,6,7,8}, {5,6,8,9, 11},
{1,6,7,9,10},{2,5,7,10, 11}, {1,2,4,9,11}}

3.3 42 Room Squares of Side 11 with Distinct Row Patterns

Recall the Hadamard Room square of side 11 constructed using the orthogonal
starters. A simple permutation of the rows results in a Room square in which the

pattern of empty cells of row d; matches the block i of the starter design D.

0b [5a 481279 |36 159a46] 038b (27
471bf |60 592 3|8 a 048935 [a27bl |16
282bf |71 6 a3 4/9 0 49 370168 |25ab
al 693bl |82 70|45 582bf |71 6 a3 4/9 0
5 6|0 2 Tadbl 193 81 ad|7824 916bf |05
926713 [805b |a4 38 262057 149b
adl7824 (916b |05 0b [5a 481279 |36
048935 |a2(7h |16 al 693b 82 7045
159a46] [038b (27 471b 60 5912388 a
38 26/a 07 149b 5 6|0 2 Tafdbl |93 81
49 370168 [25ab 926713 [805b |a4

The large set of 42 Room squares can be created through column permutations
of the Room square D, and can be found below. The squares are labeled according to
the design from the large set in the previous section that corresponds to the locations
of the empty cells. Also note that the zero-pattern in row 7 of each of the squares is

the it" block of the corresponding design.
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The above 42 Room squares of side 11 provide proof of our main theorem in

this section.

Theorem 15 There exists a set of 42 Room squares in which each of the (161) possible

row patterns appears exactly once.
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Part 111

Marco Buratti’s Conjecture

4 Background

In 2007, Marco Buratti, a professor at the Universitia di Perusia in Italy, pro-
posed the following conjecture: given p a prime and a multiset S containing p — 1
non-zero elements from Z,, there exists a Hamiltonian path in K, where the multiset
of edge lengths is S. To understand this problem, a little background is necessary.

A Hamiltonian Path is a path that visits every vertex exactly once. In a given
graph, a Hamiltonian path may or may not exist. However, in this problem all
paths are placed within K, the complete graph on p vertices. In complete graphs,
Hamiltonian paths always exist. When the vertices of K, are labeled with the elements
of the cyclic group Z, one can define the difference between two vertices x and y to be

xr —y or y — x, whichever is less that ’%1. In general, looking for a Hamiltonian path
on p vertices that has edge lengths equal to the multiset S is equivalent to finding
an ordering of the elements of Z, such that the set of differences between consecutive
elements is the set S.

One thing to note is that when taking the difference between two consecutive
elements in this ordering of Z,, there is a choice between using x; — ;1 in the multiset

and using x;11; — x;. Therefore, we can limit the possible values of elements of S to

values between 1 and p%l.
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5 Basic Cases

5.1 All Edges of Same Length

Let k denote the length of all of the edges in the Hamiltonian path. Since p
is a prime and & < p, k must be relatively prime to p. Therefore, in the group Z,,
the cyclic subgroup generated by k contains every element. Therefore, there exists
a Hamiltonian path that hits every vertex. This path can be described as follows:
{0, k, 2k, 3k, ...... (p — 1)k} where all elements are reduced modulo p. Clearly, every
edge has length k.

5.2 Each Possible Length Occurring Twice

Let S ={1,1,2,2,..., p%l, ’%1} In this case, each possible edge length between
1 and ’%1 occurs exactly twice. The following sequence creates a Hamiltonian path
with the prescribed lengths: (0,1,—1,2,—2,3,-3,..., p%l, —’%1). It is easy to check
that the sequence of differences starts with 1 and increases by 1 for each path added,
giving a sequence of all non-zero elements of Z,. However, it was stated earlier that
for elements x larger than ’%1, the element p — = can be added instead. Therefore,
having a sequence of all the elements of Z, is equivalent to having the list S =
{1,1,2,2,..., p%l, ’%1} Note that if lengths larger than ’%1 are used, then the edges

in this Hamiltonian have lengths {1,2,...,p}.

6 Paths with Edge Lengths a and b

The first non-trivial case we examined was that of paths where the edge lengths
were from a set of exactly two values. The problem was first simplified using two

basic reductions. We then found constructions that solved the reduced problem.
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These reductions and constructions are discussed in the following sections.

6.1 General Reductions

Lemma 16 Let p be a prime. The existence of a Hamiltonian path in K, where all
edges have length a or b is equivalent to the existence of a Hamiltonian path where all

lengths are 1 and a='b.

Proof: Since Z, is a field, multiplicative inverses exist for all elements of Z,. List
the vertices of the Hamiltonian path with lengths @ and b in the order in which
they were visited, {zo,z1,...,2,-1}. Since it is a Hamiltonian path, every ver-

1

tex appears exactly once. Multiply each vertex by a~". The resulting sequence is

{a " xo,a tay,...,a 2w, 1}, Since a™?

is relatively prime to p, each element of Z,
appears once in the new sequence, so it is still a Hamiltonian path. Furthermore, the

lengths of each path are now either axa ' =1and a ! xb. m

Observe that it does not matter which length was chosen to be labeled a and
which was chosen to be labeled b. Based on this, one can always label the length that
occurs more often as a and the length that occurs less often as b. (Note, if a and b
occur equally often, either can be chosen as a.) This reduced the problem down to

the following form:

Lemma 17 If a Hamiltonian path containing edges of length 1 and k where the num-
ber of edges of length 1 is greater than the number of edges of length k can be con-
structed for all k such that 1 < k < p%l, then there exists a Hamiltonian path with
edges of length a and b for any number of edges of length a and length b (where of

course the number of edges of length a plus the number of edges of length b is p — 1).
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6.2 Constructions

Let n denote the number of edges of length k£ that we wish to place in the
Hamiltonian path. Note that 1 < n < p%l since the second reduction implied that
we only need to consider the cases in which the number of edges of length £ is less
than the number of edges of length 1. Using the division algorithm, we have that

n = qk +r where 0 <r < k.

6.2.1 Case 1: k is even

Lemma 18 If n = gk + r with k even, then there is a Hamiltonian path in K, with

n edges of length k and (p — 1) — n edges of length 1.

Proof: First consider the case where n = gk + r with k even, r even. Construct a
path in the following manner:

Start at 0 and go upwards in increments of k until the vertex (¢+ 1)k is reached.
This picks up all of the vertices congruent to 0 modulo k between 0 and (¢ + 1)k.
Add one to get to (¢ + 1)k + 1, then travel backwards in increments of k. This picks
up all of the vertices congruent to 1 modulo k. At 1, add one to get to the vertex
2 and then travel to the vertices congruent to 2 modulo k£ by way of paths of length
k. Continue in this pattern until you have reached the vertex » — 1. At this point,
add 1 to get to the vertex r and travel upwards in increments of k. Instead of going
to (¢ + 1)k + r, end at gk + r. Add 1 and travel downwards to r + 1. Pick up the
remaining congruence classes in this manner. Since k is even, the last congruence
class will be obtained by traveling downward and ending at k — 1. This part of the

Hamiltonian path containing the edges of length k is summarized in the list below:
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0,k,2k,....(q+ 1)k,
(q+Dk+1,gk+1,...,1,
2k+2,2k+2,....(¢+ Dk +2,
(q+ 1)k +3,qk+3,...,3,

r—2k+(r—2),....(¢g+Dk+ (r—2),
(q+Dk+(r—1),qk+ (r—1),...,r =1,
rk+r2k+r... qgk+r,
gk+r+1,....,r+1,

r+2,...,qk+ (r+2),

gk+(k—=1),....k—1

One thing to note is that if » = 0, it is necessary to start at the row beginning
with r and not the row listed above as beginning with 0.

It is necessary to check that this path exhibits certain properties. First, every
vertex between 0 and (¢ + 1)k + (r — 1) has been visited. Furthermore, the degree of
every vertex in that range is 2 with the exceptions of 0 and k£ — 1. Second, the path
contains exactly n edges of length k. This can be seen since the first r congruence
classes have ¢+ 1 edges of length k& going forward and the last k —r congruence classes
contain exactly ¢ edges going forward. This gives a total of r(q¢+ 1) + (k — r)qg =
gk +r = n edges of length k. Lastly, the vertex 0 has an open end, so the additional
edges of length 1 can be added by subtracting 1 until we reach (¢ + 1)k + 7.

In the case where k is even and r is odd, the same construction above can be
used with one slight modification. Let » = s + 1 and use s in the construction. The
path contains gk +1r —1 edges of length k and ends at k—1. Add the edge (k—1,—1).
This time the open vertex is at —1, so the extra edges of length 1 will be added by
subtraction starting at —1. This path contains exactly gk + r edges of length k.

The next thing that it is necessary to show is that this construction works for

all p. In the case of r even, the largest vertex visited is (¢+1)k+r—1. In the case of r
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being odd, one more vertex was used, so if the vertices are relabeled so the open end is
at 0, the largest vertex visited is (¢+ 1)k +r. If it is the case that (¢+1)k+r < p—1,
then the construction will fit into K. Recall that by Lemma 17, n = gk + 1 < ’%1
and k < 1. It follows that, (¢ + Dk +7 = (¢h+7) +k < B2+ 21 = p— 1.

Therefore, this construction works for all p.

Figures 1 and 2 show an example of the construction when k is even. Figure 1
shows a path where £ is even and r is even. In this example, 10 edges of length 4
are placed in Z,3. In this case, n = ¢k +r = 2 x4 + 2. Figure 2 shows how the case
where k is even and r is even can be extended to r being odd by adding the edge

(k — 1,—1). For this case we demonstrate 11 edges of length 4 in Zs;.

Figure 1: A Hamiltonian path with p =23, n =10, k =4
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Figure 2: A Hamiltonian path with p =23, n =11, k=4

6.2.2 Case 2: k is odd

It is necessary to break this case into three parts. Lemma 19 covers the case
when k is odd and r is even. Lemmas 20 and 21 cover the case when k is odd and r is
odd where Lemma 20 provides a construction for when ¢ > 2 and Lemma 21 provides

a construction for when ¢ = 1.

Lemma 19 If n = gk + r with k odd and r even, then there is a Hamiltonian path

in K, with n edges of length k and (p — 1) —n edges of length 1.

Proof: In the case of k£ odd and r even, we use the same pattern that was used in
the k even case with even remainder. One thing to note is that instead of ending the
path at the vertex k£ — 1, the path ends at gk + r — 1. This change is noted in the

summary of the pattern below.
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0,k,2k,....(q+ 1)k,
(q+Dk+1,gk+1,...,1,
2k+2,2k+2,....(¢+ Dk +2,
(q+ 1)k +3,qk+3,...,3,

r—2k+(r—2),....(¢g+Dk+ (r—2),
(q+Dk+(r—1),qk+ (r—1),...,r =1,
rk+r2k+r... qgk+r,
gk+r+1,....,r+1,

r+2,...,qk+ (r+2),

k—1,...,qgk+ (k—1)

Once again, this pattern visits the first (¢ + 1)k + (r — 1) vertices and contains
exactly gk + r edges of length £ since the first r congruence classes have g + 1 edges
of length k going forward and the last k — r congruence classes contain exactly ¢
edges going forward. The remaining edges of length 1 will be added by subtracting 1
starting at the open end, i.e. at the vertex 0.

Finally, it is necessary to check that this construction will fit into K,. Once
again, the highest vertex visited is (¢41)k+r—1. The conditions that n = gk+r < ’%1
and k < 21 still hold by Lemma 17. It follows that (g+1)k+r—1 = (gk+7r)+k—1 <
p%l + p%l — 1 = p — 2. Therefore, this construction works for all p.

Figure 3 shows the construction in Lemma 19 for p =29, k =5, and n = 12 =

2%54 2.

Lemma 20 If n = gk 4+ r with k odd, v odd and q > 2, then a Hamiltonian path in

K, with n edges of length k and (p — 1) — n edges of length 1 exists.
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Figure 3: A Hamiltonian path with p =29, n =12, k=5

Proof:

Similar to what was done with the case where k is even, the construction for k
odd and r even can be extended to k£ odd and r odd by adding one edge. As before,
we do the construction for k£ odd and r even using s = r — 1 as the remainder. The
path ends at the vertex gk + k — 1. Add in the edge (¢k + k — 1,qk + 2k — 1). The
vertices between (¢+ 1)k +r —1 and (¢+2)k — 1 can be reached by paths of length 1
by starting at the open end of the path at ¢k + 2k — 1 and subtracting 1. The vertices
between gk + 2k — 1 and 0 can be reached by paths of length 1 where 0 is the starting
point and 1 is subtracted.

In this case, it is necessary to show that ¢k + 2k — 1 < p — 1. By Lemma 17,
gk+r < p%l. Since gk < gk +r, it follows that gk < p%l. It was assumed that ¢ > 2.
Therefore, 2k < gk. This gives the following relation, gk + 2k — 1 < gk + gk — 1 <

7%1 + pT_l — 1 < p—1, which proves that this construction works for all p.
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Figure 4 shows the construction from Lemma 20 for p = 29, n = 13, and k = 5.
Note that the constructed path is the same as in Figure 3 with the addition of the
edge (14,19) and the subtraction of the edge (19,20).

Figure 4: A Hamiltonian path with p =29, n =13, k=5

Our final lemma concerns the case when ¢ = 1.

Lemma 21 Ifn = gk + r with k odd, v odd and q = 1, then a Hamiltonian path in

K, with n edges of length k and (p — 1) — n edges of length 1 ezists.

Proof: In the case where ¢ = 1, the construction in Lemma 20 will not work because
in the instances when k is close to ’%1, we have 2k is greater than ’%1. Consider the
following construction: Start at 0 and go forward k. Instead of going forward 1 (as

in the previous constructions), subtract 1 to get to the vertex k — 1. At this point
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go forward k to the vertex 2k — 1. Add in two edges of length 1 by going forwards
to 2k and 2k + 1. From here, the pattern is similar to previous constructions. Travel
backwards and pick up the class of numbers congruent to 1 modulo k. Add 1 and
travel forwards by lengths of k&, which adds the vertices congruent to 2 modulo k to
the path. Continue in this pattern until the vertex r is reached by traveling backwards
from 2k + r. This gives 2k + r as the largest vertex visited thus far. At this point
use the following pattern: add 1, add k, add 1, subtract k. This continues until the
vertex k — 2 is reached by traveling backwards from 2k — 2. This path is summarized

in the following list:

0,k
k—1,2k—1,
2k,

% +1,k+1,1,
2.k + 2,2k + 2,

r—1Lk+r—12k+r—1,
2k +r, k+r,r,
r+1L,k+r+1,
kE+r+2r+2

r—3,k+(r—3)k+(r—2),r—2

This path indeed contains the correct number of edges of length k since every
vertex between 0 and k41 has an edge of length k traveling forward with the exception
of vertex k. Also, it is easy to see that there are no isolated vertices between 0 and
k + r. Lastly, the end at 0 is open, which enables us to pick up the vertices between
2k + r and 0 with edges of length 1.

The last thing to check is that the construction fits in K,. By Lemma 17,
k+r< ;%1 and also it was assumed that k < p%l. Therefore, 2k +r =k + k+r <

p%l + p%l = p — 1, which gives that this construction works for all p. m
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Figure 5 shows the construction from Lemma 21 for p = 23, k = 7, and n =

10=1%x7+3.

15

Figure 5: A Hamiltonian path with p =23, n =10, k=7

Theorem 22 Given p a prime, k < p%l, and n < 7%1, a Hamiltonian path in K,

containing n edges of length k and (p — 1) — n edges of length 1 can be constructed.

Proof: This theorem follows directly from Lemmas 18, 19, 20, and 21. =

The following Corollary is our main result.

Corollary 23 Let p be a prime. Then for any 0 < n < p—1 there exists a Hamilto-
nian path in K, containing n edges of length a and (p — 1) — n edges of length b for

any 1 <a,b<p-—1.
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Proof: By Theorem 22, there exists a Hamiltonian path in K, containing n edges
of length k£ and (p — 1) — n edges of length 1. The existence of this path paired with

Lemma 17 give the existence of the desired path. =

We extend the result slightly in the case where the number of vertices is not a

prime.

Corollary 24 Giwen s € N and n < %, a Hamiltonian path in K, containing n

edges of length k and (s — 1) — n edges of length 1 can be constructed.

Proof: Examining the proofs of Lemmas 18, 19, 20, and 21, it can be observed that
the condition of s being a prime was not used. Therefore, the constructions work for

any s € N. m

Corollary 25 Given s € N and 0 < n < s—1, a Hamiltonian path in Ky containing
n edges of length a and (s —1) —n edges of length b can be constructed for any values

of a and b such that GCD(s,a) =1 and GCD(s,b) = 1.

Proof: By Corollary 24, there exists a Hamiltonian path in K, containing n edges
of length k and (s — 1) — n edges of length 1. The key ingredient used in the proof of
Lemma 17 was the fact that Z, is a field when p is a prime, which gives the existence
of inverses. Since a and b are relatively prime to s, a~! and b~! exist in Z,. Therefore,
proving that the existence of a path consisting of edges of lengths a and b when a
and b are relatively prime to s is equivalent to the existence of a path consisting of

edges of lengths k and 1 is the same as the proof of Lemma 17. =
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7 Further Research

While the statement of Buratti’s problem makes it seem relatively simple, it
turns out that it is actually a very difficult problem. With the constructions presented
in this paper, only a small number of the possible sets S have been shown to have
realizable paths. A basic computer search conducted using Mathematica has shown
that this conjecture is true for p = 7. A list of one possible path for each set S can
be found in Appendix E along with the code used to verify that a path for each set
S does exist.

The problem becomes very large quickly which makes computer searches for
larger values of p much more difficult. The natural place to continue research into
this problem is to address the case where the edges are all of three lengths.

Another area to extend research into this problem is to address cases in K, where
s is not a prime. Appendices F and G contain the code that gives all sets S that have
realizable Hamiltonian paths for s = 8 and s = 9 and the list of these sets S. Obvi-
ously, since neither 8 nor 9 is prime, not every multi-set .S results in a realizable Hamil-
tonian path. In the case of s = 8, there are 120 possible multi-sets .S and 105 of them
are realizable as Hamiltonian paths. In the case of s = 9, there are 165 multi-sets S
with 161 of these having realizable Hamiltonian paths. The four sets that do not have
realizable paths are {1, 3,3, 3, 3,3,3,3},{2,3,3,3,3,3,3,3},{3,3,3,3,3,3,3,3},{3,3,3,3, 3, 3,3,
It is easily observed that one path has all the edges of length 3 and each of these other
paths have 7 edges of length 3 and one edge that is another length. These paths are
not realizable because it is not possible to attain elements of more than 2 of the
congruence classes modulo 3. One area of further research is to characterize which
paths in Z,, are realizable as Hamiltonian paths when n is not a prime. We end with

the following conjecture.

Conjecture 26 Given p* where p is a prime and a multiset S containing p*> —1 non-
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zero elements from Z,2, there exists a Hamiltonian path in K,» where the multiset of

edge lengths is S if S contains at least p — 1 elements that are relatively prime to p.
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A  Mathematica Code: Characteristics of the Classes

of Planes

The following initializes the combinatorica package.
In[31] := << Combinatorica‘

We then list all 30 planes as a set of seven blocks. Each of the numbers one through 35

refers to a specific block.

In[32]:= squares = {{1, 8, 15, 19, 26, 28, 31},
{1, 8, 16, 18, 25, 29, 31},
{1, 9, 14, 19, 26, 27, 32},
{1, 9, 16, 17, 24, 29, 32},
{1, 10, 14, 18, 25, 27, 33},
{1, 10, 15, 17, 24, 28, 33},
{2, 6, 13, 20, 26, 28, 31},
{2, 6, 16, 18, 23, 30, 31},
{2, 7, 12, 20, 26, 27, 32},
{2, 7, 16, 17, 22, 30, 32},
{2, 10, 12, 18, 23, 27, 34},

{2, 10, 13, 17, 22, 28, 34},

{3, 5, 13, 20, 25, 29, 31},
{3, 5, 15, 19, 23, 30, 31},
{3, 7, 11, 20, 25, 27, 33},
{3, 7, 15, 17, 21, 30, 33},
{3, 9, 11, 19, 23, 27, 34},
{3, 9, 13, 17, 21, 29, 34},
{4, 5, 12, 20, 24, 29, 32},
{4, 5, 14, 19, 22, 30, 32},

5
{4, 6, 11, 20, 24, 28, 33},
{4, 6, 14, 18, 21, 30, 33},
{4, 8
{4, 8

{5, 10, 12, 15, 23, 24, 35},

, 11, 19, 22, 28, 34},
, 12, 18, 21, 29, 34},

{5, 10, 13, 14, 22, 25, 35},
{6, 9, 11, 16, 23, 24, 35},
{6, 9, 13, 14, 21, 26, 35},

{7, 8, 11, 16, 22, 25, 35},
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{7, 8, 12, 15, 21, 26, 35}};

Each of the planes above is given a number from 1-30. Below we define a simple For loop

that checks each pair of planes above. The lists "disjoint", "singles", and "triples"

keep track of which pairs of planes are disjoint, have intersection of 1, and have

intersection of 3 respectively. Each pair is stored as an unordered pair

appropriate list.

In[33]:= disjoint = {};
singles = {};
{};

For[i = 1, i <= Length[squares], i++,

triples

For[j = i + 1, j <= Length[squares], j++,
{

If [Length[Intersection[Part[squares, i], Part[squares, jl1]] == 0,

AppendTo[disjoint, {i, j}11,

If [Length[Intersection[Part[squares, i], Part[squares, jl]] == 1,

AppendTo[singles, {i, j}11,

If [Length[Intersection[Part[squares, i], Part([squares, jl]] ==

AppendTo [triples, {i, j}1]
}

]
Length[disjoint]
disjoint
Length[singles]
singles
Length[triples]

triples

Out [37]= 120

Out[38]= {{1, 10}, {1, 11}, {1, 15}, {1, 18}, {1, 19}, {1, 22},

9}, {2, 12}, {2, 16}, {2, 17}, {2, 20}, {2, 21}, {2, 25},
8y, {3, 12}, {3, 13}, {3, 16}, {3, 21}, {3, 24}, {3, 25},
7y, {4, 11}, {4, 14}, {4, 15}, {4, 22}, {4, 23}, {4, 26},
7}, {5, 10}, {5, 14}, {5, 18}, {5, 19}, {5, 23}, {5, 27},

{2,
{3,
{4,
{5,

3

{1, 261,

28},
29},
30},

30},

{3,
{4,
{5,
{6,

8}, 16, 9}, {6, 13}, {6, 17}, {6, 20}, {6, 24}, {6, 28}, {6, 29}, {7,

16}, {7, 17}, {7, 20}, {7, 24}, {7, 25}, {7, 29}, {8, 15}, {8, 18}, {8,
19}, {8, 23}, {8, 26}, {8, 30}, {9, 14}, {9, 18}, {9, 22}, {9, 23}, {9,
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26}, {9, 27}, {10, 13}, {10, 17}, {10, 21}, {10, 24}, {10, 25}, {10,
28}, {11, 13}, {11, 1e}, {11, 203}, {11, 21}, {11, 28}, {11, 29}, {12,
14}, {12, 15}, {12, 19}, {12, 22}, {12, 27}, {12, 30}, {13, 22}, {13,
23}, {13, 27}, {13, 30}, {14, 21}, {14, 24}, {14, 28}, {14, 29}, {15,
20}, {15, 24}, {15, 25}, {15, 28}, {16, 19}, {16, 23}, {16, 26}, {16,
27}, {17, 19}, {17, 22}, {17, 26}, {17, 30}, {18, 20}, {18, 21}, {18,
25}, {18, 29}, {19, 28}, {19, 29}, {20, 27}, {20, 30}, {21, 26}, {21,
30}, {22, 25}, {22, 29}, {23, 25}, {23, 28}, {24, 26}, {24, 27}}

Out [39]= 210

Out[40]= {{1, 4}, {1, 5}, {1, 8}, {1, 9}, {1, 12}, {1, 13}, {1, 16}, {1, 17}, {1,
20}, {1, 21}, {1, 24}, {1, 25}, {1, 28}, {1, 29}, {2, 3}, {2, 6}, {2,
7}, {2, 10}, {2, 11}, {2, 14}, {2, 15}, {2, 18}, {2, 19}, {2, 22}, {2,
23}, {2, 26}, {2, 27}, {2, 30}, {3, 6}, {3, 7}, {3, 10}, {3, 11}, {3,
14}, {3, 15}, {3, 18}, {3, 19}, {3, 22}, {3, 23}, {3, 26}, {3, 27}, {3,
30}, {4, 5}, {4, 8}, {4, 9}, {4, 12}, {4, 13}, {4, 16}, {4, 17}, {4,
20}, {4, 21}, {4, 24}, {4, 25}, {4, 28}, {4, 29}, {5, 8}, {5, 9}, {5,
12}, {5, 13}, {5, 16}, {5, 17}, {5, 20}, {5, 21}, {5, 24}, {5, 25}, {5,
28}, {5, 29}, {6, 7}, {6, 10}, {6, 11}, {6, 14}, {6, 15}, {6, 18}, {6,
19}, {6, 22}, {6, 23}, {6, 26}, {6, 27}, {6, 30}, {7, 10}, {7, 11}, {7,
14}, {7, 18}, {7, 18}, {7, 19}, {7, 22}, {7, 23}, {7, 26}, {7, 27}, {7,
30}, {8, 9}, {8, 12}, {8, 13}, {8, 16}, {8, 17}, {8, 20}, {8, 21}, {8,
24}, {8, 25}, {8, 28}, {8, 29}, {9, 12}, {9, 13}, {9, 16}, {9, 17}, {9,
20}, {9, 21}, {9, 24}, {9, 25}, {9, 28}, {9, 29}, {10, 11}, {10, 14}, {10,
15}, {10, 18}, {10, 19}, {10, 22}, {10, 23}, {10, 26}, {10, 27}, {10,
30}, {11, 14}, {11, 15}, {11, 18}, {11, 19}, {11, 22}, {11, 23}, {11,
26}, {11, 27}, {11, 30}, {12, 13}, {12, 16}, {12, 17}, {12, 20}, {12,
21}, {12, 24}, {12, 25}, {12, 28}, {12, 29}, {13, 16}, {13, 17}, {13,
20}, {13, 213}, {13, 24}, {13, 25}, {13, 28}, {13, 29}, {14, 15}, {14,
18}, {14, 19}, {14, 22}, {14, 23}, {14, 26}, {14, 27}, {14, 30}, {15,
18}, {15, 19}, {15, 22}, {15, 23}, {15, 26}, {15, 27}, {15, 30}, {16,
17}, {16, 20}, {16, 21}, {16, 24}, {16, 25}, {16, 28}, {16, 29}, {17,
20}, {17, 21}, {17, 24}, {17, 25}, {17, 28}, {17, 29}, {18, 19}, {18,
22}, {18, 23}, {18, 26}, {18, 27}, {18, 30}, {19, 22}, {19, 23}, {19,
26}, {19, 27}, {19, 30}, {20, 21}, {20, 24}, {20, 25}, {20, 28}, {20,
29}, {21, 24}, {21, 25}, {21, 28}, {21, 29}, {22, 23}, {22, 26}, {22,
27}, {22, 30}, {23, 26}, {23, 27}, {23, 30}, {24, 25}, {24, 28}, {24,
29}, {25, 28}, {25, 29}, {26, 27}, {26, 30}, {27, 30}, {28, 29}}

67



Out [41]= 105

Out[42]= {{1, 2}, {1, 3}, {1, 6}, {1, 7}, {1, 14}, {1, 23}, {1, 30}, {2, 4}, {2,
5}, {2, 8}, {2, 13}, {2, 24}, {2, 29}, {3, 4}, {3, 5}, {3, 9}, {38, 17}, {3,
20}, {3, 28}, {4, 6}, {4, 10}, {4, 18}, {4, 19}, {4, 27}, {5, 6}, {5,

11}, {5, 15}, {5, 22}, {5, 26}, {6, 12}, {6, 16}, {6, 21}, {6, 25}, {7,
8}, {7, 9}, {7, 12}, {7, 13}, {7, 21}, {7, 28}, {8, 10}, {8, 11}, {8,
14}, {8, 22}, {8, 27}, {9, 10}, {9, 11}, {9, 15}, {9, 19}, {9, 30}, {10,
12}, {10, 16}, {10, 203}, {10, 29}, {11, 12}, {11, 17}, {11, 24}, {11,
25}, {12, 18}, {12, 23}, {12, 26}, {13, 14}, {13, 15}, {13, 18}, {13,
19}, {13, 26}, {14, 16}, {14, 17}, {14, 20}, {14, 25}, {15, 16}, {15,
17}, {15, 21}, {15, 29}, {16, 18}, {16, 22}, {16, 30}, {17, 18}, {17,
23}, {17, 27}, {18, 24}, {18, 28}, {19, 20}, {19, 21}, {19, 24}, {19,
25}, {20, 22}, {20, 23}, {20, 26}, {21, 22}, {21, 23}, {21, 27}, {22,
24}, {22, 28}, {23, 24}, {23, 29}, {24, 30}, {25, 26}, {25, 27}, {25,
30}, {26, 28}, {26, 29}, {27, 28}, {27, 29}, {28, 30}, {29, 30}}

The vertices of the graph below correspond to the 30 different planes. An edge is drawn
between any pair that has intersection of exactly 1. The command "MaximumClique" found
that the largest clique in the graph has fifteen vertices and returned one such clique.
The command "CliqueQ" then verified that the fifteen planes not in the first clique
returned also formed a clique. Lastly, the degree sequence shows that each vertex has

degreee 14, which proves that there are no edges between the cliques.
In[44]:= g = FromUnorderedPairs[singles];

ShowGraph [g]

MaximumClique [g]

CliqueQlg, {2, 3, 6, 7, 10, 11, 14, 15, 18, 19, 22, 23, 26, 27, 30}]
Degrees [g]

Out [45]= {1, 4, 5, 8, 9, 12, 13, 16, 17, 20, 21, 24, 25, 28, 29}

Out [46]= True

Out [47]1= {14, 14, 14, 14, 14, 14, 14, 14, 14, 14, 14, 14, 14, 14, 14, 14, 14, 14, 14, \

14, 14, 14, 14, 14, 14, 14, 14, 14, 14, 14}

The following code defines a graph with the vertices corresponding to the 30 planes and
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edges being drawn between two vertices if the corresponding planes are disjoint from
each other. The maximum clique in this graph is of size 2 and each vertex has degree
8. This proves that the largest set of planes with all distinct blocks is 2 and given

any plane there are exactly 8 planes from which it is disjoint.

In[48]:= edges = disjoint;

h = FromUnorderedPairs[edges];
ShowGraph [h]

MaximumClique [h]

Degrees [h]

Out[50]= {1, 10%}

Out[51]= {8, 8, 8, 8, 8, 8, 8, 8, 8, 8, 8,8,8,8,8,8,8,8,8,8,8,8,38,38,38,\

8, 8, 8, 8, 8}

This last graph is defined with the vertices being the 30 planes and the edges connecting
two planes who have intersection of exactly 3. Every vertex having degree 7 proves that

given any plane, it has intersection of 3 with exactly 7 planes.

In[52] := edges = triples;

k = FromUnorderedPairs[edges];
ShowGraph [k]

MaximumClique [k]

Degrees [k]

Out [654]= {1, 2}

Out([s5]= {7, 7, 7, 7, 7,7, 7,7, 7,7, 7,7,7,7,7,7,7,7,7,7,7,7,7,7,7,\

7,7, 7,7, 7}
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B Mathematica Code: Sets of 2,3,4,5, and 6 Planes

with the Maximum Number of Distinct Blocks

We first initialize the Combinatorica package and define the 30 Fano planes as sets of 7 blocks.
<< Combinatorica‘

squares = {{1, 8, 15, 19, 26, 28, 31},
{1, 8, 16, 18, 25, 29, 31},
{1, 9, 14, 19, 26, 27, 32},
{1, 9, 16, 17, 24, 29, 32},
{1, 10, 14, 18, 25, 27, 33},
{1, 10, 15, 17, 24, 28, 33},
{2, 6, 13, 20, 26, 28, 31},
{2, 6, 16, 18, 23, 30, 31},
{2, 7, 12, 20, 26, 27, 32},
{2, 7, 16, 17, 22, 30, 32},
{2, 10, 12, 18, 23, 27, 34},

{2, 10, 13, 17, 22, 28, 34},

{3, 5, 13, 20, 25, 29, 31},
{3, 5, 15, 19, 23, 30, 31},
{3, 7, 11, 20, 25, 27, 33},
{3, 7, 15, 17, 21, 30, 33},
{3, 9, 11, 19, 23, 27, 34},
{3, 9, 13, 17, 21, 29, 34},

{4, 5, 12, 20, 24, 29, 32},
{4, 5, 14, 19, 22, 30, 32},
{4, 6, 11, 20, 24, 28, 33},
{4, 6, 14, 18, 21, 30, 33},
{4, 8, 11, 19, 22, 28, 34},
{4, 8, 12, 18, 21, 29, 34},
{5, 10, 12, 15, 23, 24, 35},
{5, 10, 13, 14, 22, 25, 35},
{6, 9, 11, 16, 23, 24, 35},

{6, 9, 13, 14, 21, 26, 35},
{7, 8, 11, 16, 22, 25, 35},
{7, 8, 12, 15, 21, 26, 35}};
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{{1, 8, 15, 19, 26, 28, 31}, {1, 8, 16, 18, 25, 29, 31}, {1, 9, 14, 19, 26,
27, 32}, {1, 9, 16, 17, 24, 29, 32}, {1, 10, 14, 18, 25, 27, 33}, {1, 10,
15, 17, 24, 28, 33}, {2, 6, 13, 20, 26, 28, 31}, {2, 6, 16, 18, 23, 30,

31}, {2, 7, 12, 20, 26, 27, 32}, {2, 7, 16, 17, 22, 30, 32}, {2, 10, 12, 18,
23, 27, 34}, {2, 10, 13, 17, 22, 28, 34}, {3, 5, 13, 20, 25, 29, 31}, {3,
5, 15, 19, 23, 30, 31}, {3, 7, 11, 20, 25, 27, 33}, {3, 7, 15, 17, 21, 30,
33}, {3, 9, 11, 19, 23, 27, 34}, {3, 9, 13, 17, 21, 29, 34}, {4, 5, 12, 20,
24, 29, 32}, {4, 5, 14, 19, 22, 30, 32}, {4, 6, 11, 20, 24, 28, 33}, {4, 6,
14, 18, 21, 30, 33}, {4, 8, 11, 19, 22, 28, 34}, {4, 8, 12, 18, 21, 29,

34}, {5, 10, 12, 15, 23, 24, 35}, {5, 10, 13, 14, 22, 25, 35}, {6, 9, 11,
16, 23, 24, 35}, {6, 9, 13, 14, 21, 26, 35}, {7, 8, 11, 16, 22, 25, 35}, {7,

8, 12, 15, 21, 26, 35}}

Each subset of 3 planes from the list above was checked for how many distinct blocks it
contained. If it contained the maximum number of 20, the set was appended to a list.
The length of the list was then calculated. It was then verified that there did not
exist a set that contained more than 20 blocks. This process was repeated for subsets

of size 4, 5, and 6.

k3sets = Subsets[squares, {3}];

lengths = {};

large = {};

For[i = 1, i <= Length[k3sets], i++,

{threes = Part[k3sets, i],
union = Union[Part[threes, 1], Part[threes, 2], Part[threes, 3]],
If [Length[union] == 20, AppendTo[lengths, i]]}

]

For[i = 1, i <= Length[k3sets], i++,

{threes = Part[k3sets, i],
union = Union[Part[threes, 1], Part[threes, 2], Part[threes, 3]],
If [Length[union] > 20, AppendTo[large, ill}

]

Length[lengths]

Length[large]

840
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kdsets = Subsets[squares, {4}];
{};

parts
large = {};
For[i = 1, i <= Lengthl[k4sets], i++,
{fours = Part[k4sets, il,
union = Union[Part[fours, 1], Part[fours, 2], Part[fours, 3],
Part[fours, 4]], If[Length[union] == 26, AppendTol[parts, i]]}
]
For[i = 1, i <= Lengthlkédsets], i++,
{fours = Part[ké4sets, il,
union = Union[Part([fours, 1], Part([fours, 2], Part[fours, 3],

Part [fours, 4]], If[Length[union] > 26, AppendTo[large, ill}

]

Length[parts]

Length[large]

kb5sets = Subsets[squares, {5}];
pieces = {};

large = {};

For[i = 1, i <= Length[kbsets], i++,
{fives = Part[kbsets, il,
union = Union[Part[fives, 1], Part([fives, 2], Part([fives, 3],
Part[fives, 4], Part[fives, 5]],
If [Length[union] == 31, AppendTol[pieces, il]}
]
For[i = 1, i <= Length[kbsets], i++,
{fives = Part[kbsets, il,
union = Union[Part([fives, 1], Part([fives, 2], Part[fives, 3],
Part[fives, 4], Part[fives, 5]],
If [Length[union] > 31, AppendTo[large, i]1}
]
Length[pieces]

Length[large]
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840

k6sets = Subsets[squares, {6}];
pieces6 = {};

large = {};

For[i = 1, i <= Length[k6sets], i++,

{sixes = Part[k6sets, i],

union = Union[Part[sixes, 1], Part[sixes, 2], Part[sixes, 3],

Part([sixes, 4], Part[sixes, 5], Part[sixes, 6]],
If [Length[union] == 35, AppendTo[pieces6, i]]}
]

Length[pieces6]

210
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C Mathematica Code: Isomorphism Classes of sets
of 2,3,4,5, and 6 Planes with the Maximum Num-

ber of Distinct Blocks

Initialize the Combinatorica package and define the 30 Fano planes. The planes are

divided into the two classes.

In[227] := << Combinatorica‘

In[228]:= B1 = {{1, 2, 7}, {1, 3, 6}, {1, 4, 5}, {2, 3, 5}, {2, 4, 6}, {3, 4, 7}, {5, 6,
7}};

B2 = {{1, 2, 6}, {1, 3, 5}, {1, 4, 7}, {2, 3, 7}, {2, 4, 5}, {3, 4, 6}, {5, 6,
7}};

B3 = {{1, 2, 5}, {1, 3, 7}, {1, 4, 6}, {2, 3, 6}, {2, 4, 7}, {3, 4, 5}, {5, 6,
7}};

B4 = {{1, 2, 7}, {1, 3, 4}, {1, 5, 6}, {2, 3, 6}, {2, 4, 5}, {3, 5, 7}, {4, 6,
7}};

B5 = {{1, 2, 6}, {1, 3, 7}, {1, 4, 5}, {2, 3, 4}, {2, 5, 7}, {3, 5, 6}, {4, 6,
7}};

B6 = {{1, 2, 4}, {1, 3, 6}, {1, 5, 7}, {2, 3, 7}, {2, 5, 6}, {3, 4, 5}, {4, 6,
7}};

B7 = {{1, 2, 7}, {1, 3, 5}, {1, 4, 6}, {2, 3, 4}, {2, 5, 6}, {3, 6, 7}, {4, 5,
7}};

B8 = {{1, 2, 5}, {1, 3, 4}, {1, 6, 7}, {2, 3, 7}, {2, 4, 6}, {3, 5, 6}, {4, 5,
7}};

B9 = {{1, 2, 4}, {1, 3, 7}, {1, 5, 6}, {2, 3, 5}, {2, 6, 7}, {3, 4, 6}, {4, 5,
7}};

B10 = {{1, 2, 6}, {1, 3, 4}, {1, 5, 7}, {2, 3, 5}, {2, 4, 7}, {3, 6, 7}, {4,
5, 6}};

B11 = {{1, 2, 5}, {1, 3, 6}, {1, 4, 7}, {2, 3, 4}, {2, 6, 7}, {3, 5, 7}, {4,
5, 6}};

B12 = {{1, 2, 4}, {1, 3, 5}, {1, 6, 7}, {2, 3, 6}, {2, 5, 7}, {3, 4, 7}, {4,
5, 6}};

B13 = {{1, 2, 3}, {1, 4, 7}, {1, 5, 6}, {2, 4, 6}, {2, 5, 7}, {8, 4, 5}, {3,
6, 7}};

B14 = {{1, 2, 3}, {1, 4, 5}, {1, 6, 7}, {2, 4, 7}, {2, 5, 6}, {3, 4, 6}, {3,
5, 7}};

B15 = {{1, 2, 3}, {1, 4, 6}, {1, 5, 7}, {2, 4, 5}, {2, 6, 7}, {3, 4, 7}, {3,
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5, 61};
B = {B1, B2, B3, B4, B5, B6, B7, B8, B9, B10, B11, Bi2, B13, B14, Bi5};

Inf244]:= A1 = {{1, 2, 73}, {1, 3, &}, {1, 4, 6}, {2, 3, 6}, {2, 4, 5}, {3, 4, 7}, {5, 6,

7}};
A2 = {{1, 2, 6}, {1, 3, 7}, {1, 4, 5}, {2, 38, 5}, {2, 4, 7}, {3, 4, 6}, {5, 6,
7}};
A3 = {{1, 2, 5}, {1, 3, 6}, {1, 4, 7}, {2, 3, 7}, {2, 4, 6}, {3, 4, 5}, {5, 6,
7}};
A4 = {{1, 2, 7}, {1, 3, 6}, {1, 4, 5}, {2, 3, 4}, {2, 5, 6}, {3, 5, 7}, {4, 6,
7}};
A5 = {{1, 2, 6}, {1, 3, 4}, {1, 5, 7}, {2, 3, 7}, {2, 4, 5}, {3, 5, 6}, {4, 6,
7}};
A6 = {{1, 2, 4}, {1, 3, 7}, {1, 5, 6}, {2, 3, 6}, {2, 5, 7}, {3, 4, 5}, {4, 6,
7}};
A7 = {{1, 2, 7}, {1, 3, 4}, {1, 5, 6}, {2, 3, 5}, {2, 4, 6}, {3, 6, 7}, {4, 5,
7}};
A8 = {{1, 2, 5}, {1, 3, 7}, {1, 4, 6}, {2, 3, 4}, {2, 6, 7}, {3, 5, 6}, {4, 5,
7}};
A9 = {{1, 2, 4}, {1, 3, 5}, {1, 6, 7}, {2, 3, 7}, {2, 5, 6}, {3, 4, 6}, {4, 5,
7}};
A10 = {{1, 2, 6}, {1, 3, 5}, {1, 4, 7}, {2, 3, 4}, {2, 5, 7}, {3, 6, 7}, {4,
5, 6}};
A11 = {{1, 2, 5}, {1, 3, 4}, {1, 6, 7}, {2, 3, 6}, {2, 4, 7}, {3, 5, 7}, {4,
5, 6}};
A2 = {{1, 2, 4}, {1, 3, 6}, {1, 5, 7}, {2, 3, 5}, {2, 6, 7}, {3, 4, 7}, {4,
5, 6}};
A13 = {{1, 2, 3}, {1, 4, 6}, {1, 5, 7}, {2, 4, 7}, {2, 5, 6}, {3, 4, 5}, {3,
6, 7}};
A14 = {{1, 2, 3}, {1, 4, 7}, {1, 5, 6}, {2, 4, 5}, {2, 6, 7}, {3, 4, 6}, {3,
5, 7}};
A15 = {{1, 2, 3}, {1, 4, 5}, {1, 6, 7}, {2, 4, 6}, {2, 5, 7}, {3, 4, 7}, {3,
5, 6}};

A = {A1, A2, A3, A4, A5, A6, A7, A8, A9, A10, A11, A12, A13, Al4, A15};
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A1l possible blocks are created below and then numbered. The planes are redefined in

terms of seven numbers, each referring to a block, instead of a list of blocks.

In[260] := points = {1, 2, 3, 4, 5, 6, 7};
blocks = Subsets[points, {3}]

Length[blocks]

out[261]= {{1, 2, 3}, {1, 2, 4}, {1, 2, 5}, {1, 2, 6}, {1, 2, 7}, {1, 3, 4}, {41, 3,
5}, {1, 3, 6}, {1, 38, 7}, {1, 4, 5}, {1, 4, 6}, {1, 4, 7}, {1, 5, 6}, {1, 5,
7}, {1, 6, 7}, {2, 3, 4}, {2, 3, 5}, {2, 3, 6}, {2, 3, 7}, {2, 4, 5}, {2,
4, 6}, {2, 4, 7}, {2, 5, 6}, {2, 5, 7}, {2, 6, 7}, {38, 4, 5}, {3, 4, 6}, {3,
4, 7+, {3, 5, 6}, {3, 5, 7}, {3, 6, 7}, {4, 5, 6}, {4, 5, 7}, {4, 6,
7}, {56, 6, T}}

Out[262]= 35

In[263]:= For[i = 1, i <= Length[blocks],

i++, {part = Part[blocks, i], A = A /. part -> i, B =B /. part -> i}]
A;

B;

Planes = Union[A, B]

Length[Planes]

Out[266]= {{1, 10, 15, 21, 24, 28, 29}, {1, 10, 15, 22, 23, 27, 30}, {1, 11, 14, 20, 25,

28, 29}, {1, 11, 14, 22, 23, 26, 31}, {1, 12, 13, 20, 25, 27, 30}, {1, 12,
13, 21, 24, 26, 31}, {2, 7, 15, 18, 24, 28, 32}, {2, 7, 15, 19, 23, 27,

33}, {2, 8, 14, 17, 25, 28, 32}, {2, 8, 14, 19, 23, 26, 34}, {2, 9, 13, 17,
25, 27, 33}, {2, 9, 13, 18, 24, 26, 34}, {3, 6, 15, 18, 22, 30, 32}, {3, 6,
15, 19, 21, 29, 33}, {3, 8, 12, 16, 25, 30, 32}, {3, 8, 12, 19, 21, 26,

35}, {3, 9, 11, 16, 25, 29, 33}, {3, 9, 11, 18, 22, 26, 35}, {4, 6, 14, 17,
22, 31, 32}, {4, 6, 14, 19, 20, 29, 34}, {4, 7, 12, 16, 24, 31, 32}, {4, 7,
12, 19, 20, 27, 35}, {4, 9, 10, 16, 24, 29, 34}, {4, 9, 10, 17, 22, 27,

35}, {5, 6, 13, 17, 21, 31, 33}, {5, 6, 13, 18, 20, 30, 34}, {5, 7, 11, 16,
23, 31, 33}, {5, 7, 11, 18, 20, 28, 35}, {5, 8, 10, 16, 23, 30, 34}, {5, 8,

10, 17, 21, 28, 35}}

Out [267]= 30

All permutations on 7 elements are listed and given a number. They are then converted to

the form we need to use them later.
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In[268] := allpermutations = Permutations[{1, 2, 3, 4, 5, 6, 7}, {7}]
allperms = {};
For[i = 1, i <= Length[allpermutations], i++,
{permutation = Part[allpermutations, i],
perm = {},
For[j = 1, j <= Length[blocks], j++,

{new =

H

Part[blocks, jl /. {1 -> Part[permutation, 1], 2 -> Part[permutation, 2],

3 -> Part[permutation, 3], 4 -> Part[permutation, 4],
5 -> Part[permutation, 5], 6 -> Part[permutation, 6],
7 -> Part[permutation, 71},
For[k = 1, k <= 35, k++,
If [Sort[new] == Part[blocks, k], AppendTol[perm, j -> k]]1]
¥
1,
AppendTo[allperms, perm]
}
]

We let each of the permutations above act on plane i. Each of the lists "permsi" for

1<= i <= 30 keeps track of where each permutation takes the plane i.

In[271]:= perms1 = {{}, {}, {}, {3}, {3, {3, {3, {3, {3, {3, {3, {3,
T e
For[i = 1, i <= Length[allperms], i++,
{perm = Part[allperms, il,
plane = Part[Planes, 1],
new = plane /. perm,
For[j = 1, j <= 30, j++,
If [Sort[new] == Part[Planes, j], AppendTo[Part[permsi, j], il
]
]
}
]

In[273]:= perms2 = {{}, {}, {3, {3, {}, {3, {3, {3, {3, {3, {3, {3,
4, O, O, 8, 43, 4, 4, 3, O, 3, 3, 43, X
For[i = 1, i <= Length[allperms], i++,

{perm = Part[allperms, i],

7

4, 43, 4, 4, 3,0\

O, O, O, 43, 3,0\



plane = Part[Planes, 2],
new = plane /. perm,
For[j = 1, j <= 30, j++,
If [Sort[new] == Part[Planes, jl, AppendTo[Part[perms2, jl, il
1
]
}
]

In[278]:= perms3 = {{}, {}, {}, {3}, {3, 3, {3, {3, 43, 3, 43, 3, 43, 3, 43, 43, 3,0\
4, 4, O, 8, 3, 43, 3, 4, 8, 83, 3, 3, 3
For[i = 1, i <= Length[allperms], i++,
{perm = Part[allperms, i],
plane = Part([Planes, 3],
new = plane /. perm,
For[j = 1, j <= 30, j++,
If [Sort[new] == Part[Planes, j], AppendTo[Part[perms3, jl, il
]
]
}
]

In[277]:= perms4 = {{}, {}, {}, {3}, {3, 3, {3, 3, 43, 3, O3, 43, 43, 43, 43, 3, 3,0\
4, O, O, 8, 3, 43, 3, ) 4, 3, 3, {3, 3
For[i = 1, i <= Length[allperms], i++,
{perm = Part[allperms, il,
plane = Part[Planes, 4],
new = plane /. perm,
For[j = 1, j <= 30, j++,
If [Sort[new] == Part[Planes, j], AppendTo[Part[perms4, j], il
]
]
}
]

In[279]:= perms5 = {{}, {}, {3, {3, {}, {3, {3, {3, 3, &3, {3, 3, 3, 43, 3, 3, {3, \
4, O, O, 4, 43, 4, 4, 4, 4, 3, 43, 43, O
For[i = 1, i <= Length[allperms], i++,

{perm = Part[allperms, i],
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plane = Part[Planes, 5],

new = plane /. perm,

For[j = 1, j <= 30, j++,
If [Sort[new] == Part[Planes, jl, AppendTo[Part[perms5, jl, il
1
]

}

]

In[281]:= perms6 = {{}, {}, {}, {3, {3, 3, {3, {3, 3, 3, 3, 3, 43, 3, 43, 43, 3,0\
4, 4, O, 8, 3, 4, 4, 4, 8, 83, 43, 43, 0
For[i = 1, i <= Length[allperms], i++,
{perm = Part[allperms, i],
plane = Part[Planes, 6],
new = plane /. perm,
For[j = 1, j <= 30, j++,
If [Sort[new] == Part[Planes, j], AppendTo[Part[perms6, jl, il
]
]
}
]

In[283]:= perms7 = {{}, {}, {}, {3}, {3, {3, {3, 3, 43, 3, O3, 3, 43, 43, 43, 3, 3,0\
L N
For[i = 1, i <= Length[allperms], i++,
{perm = Part[allperms, il,
plane = Part[Planes, 7],
new = plane /. perm,
For[j = 1, j <= 30, j++,
If [Sort[new] == Part[Planes, j], AppendTo[Part[perms7, jl, il
]
]
}
]

In[285]:= perms8 = {{}, {}, {}, {3}, {3, {3, &, {3, 3, 3, 3, 43, 3, 43, 43, 3, 3,0\
R e T s R e

For[i = 1, i <= Length[allperms], i++,

{perm = Part([allperms, il,

plane = Part[Planes, 8],
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new = plane /. perm,
For[j = 1, j <= 30, j++,
If [Sort[new] == Part[Planes, jl, AppendTo[Part[perms8, jl, il
]
]
}
]

In[287]:= perms9 = {{}, {}, {}, {3, {3, 3, {3, {3, 43, 3, 3, 3, 43, 3, 43, 3, 3.\
4, O, O, 8, 43, 4, 4, 4, 8, 83, 43, 43, 0
For[i = 1, i <= Length[allperms], i++,
{perm = Part[allperms, i],
plane = Part[Planes, 9],
new = plane /. perm,
For[j = 1, j <= 30, j++,
If [Sort[new] == Part[Planes, j], AppendTo[Part[perms9, jl, il
]
]
}
]

In[289]:= permsi0 = {{}, {}, {}, {3, 3, {3, {3, 3, 3, 3, 3, 43, 3, 3, 3, 3,0\
4, 4, O, 8, 43, 43, 4, 4, 8, 3, 3, 43, 3, O
For[i = 1, i <= Length[allperms], i++,
{perm = Part[allperms, il,
plane = Part[Planes, 10],
new = plane /. perm,
For[j = 1, j <= 30, j++,
If [Sort[new] == Part[Planes, j], AppendTo[Part[perms10, jl, il
]
]
}
]

In[291]:= permsil = {{}, {}, {}, {3, {3, {3, {3, 3, 3, 3, 43, 43, 3, 43, 3, 3,0\
4, O, O, 8, 43, 43, 3, O, 8, 3 3, 3, 3, O
For[i = 1, i <= Length[allperms], i++,
{perm = Part[allperms, il,
plane = Part[Planes, 11],

new = plane /. perm,
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For[j = 1, j <= 30, j++,

If [Sort[new] == Part[Planes, j], AppendTo[Part[permsil, jl, il
]

]
}
]

In[293]:= permsi2 = {{}, {}, {}, {3, {3, {3, {3, 3, 3, 3, 3, 43, 3, 43, 3, 3,0\
4, O, O, 8, 43, 4, 4, O, 8, 3, 43, 43, 3, O
For[i = 1, i <= Length[allperms], i++,
{perm = Part[allperms, i],
plane = Part[Planes, 12],
new = plane /. perm,
For[j = 1, j <= 30, j++,
If [Sort[new] == Part[Planes, jl, AppendTo[Part[permsi2, jl, il
]
]
}
]

In[295]:= perms13 = {{}, {}, {}, {3, 3, {3, {3, 43, 3, 3, 3, 43, 3, 43, 43, 3.\
4, O, O, 8, 43, 4, 4, 3, 8, 83 3, 43, 3, O3
For[i = 1, i <= Length[allperms], i++,
{perm = Part[allperms, i],
plane = Part[Planes, 13],
new = plane /. perm,
For[j = 1, j <= 30, j++,
If [Sort[new] == Part[Planes, j], AppendTo[Part[permsi3, jl, il
]
]
}
]

In[297]:= permsi4 = {{}, {}, {}, {3, 3, {3, {3, 3, 3, 3, 43, 3, 3, 43, 3, 3,0\
4, O, O, 8, 3, 43, 3 O, 3, 3 3, 3, ) O
For[i = 1, i <= Length[allperms], i++,
{perm = Part[allperms, i],
plane = Part[Planes, 14],
new = plane /. perm,

For[j = 1, j <= 30, j++,
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If [Sort[new] == Part[Planes, j], AppendTo[Part[permsi4, j], il
]

]
}
]

In[299]:= permsi5 = {{}, {}, {}, {3, {3, {3, {3, {3, 3, O3, 3, 43, 3, 3, 3, 3,0\
4, O, O, 8, 43, 4, 4, O, 8, 3, 43, 43, 3, O3
For[i = 1, i <= Length[allperms], i++,
{perm = Part[allperms, i],
plane = Part[Planes, 15],
new = plane /. perm,
For[j = 1, j <= 30, j++,
If [Sort[new] == Part[Planes, j], AppendTo[Part[permsi5, jl, il
]
]
}
]

In[301]:= permsi6 = {{}, {}, {}, {3, {3, {3, {3, 43, 3, 3, 3, 43, 3, 43, 3, 3,0\
4, O, O, 8, 43, 4, 4, 4, 8, 3, 43, 3, 3, O
For[i = 1, i <= Length[allperms], i++,
{perm = Part[allperms, i],
plane = Part[Planes, 16],
new = plane /. perm,
For[j = 1, j <= 30, j++,
If [Sort[new] == Part[Planes, jl, AppendTo[Part[permsi6, jl, il
]
]
}
]

In[303]:= perms17 = {{}, {}, {}, {3, 3, {3, {3, 3, 3, 3, 3, 3, 3, 3, 3, 3,0\
4, 4, O, 8, 43, 43, 3, B, 8, 3 3, 3, 3 O
For[i = 1, i <= Length[allperms], i++,
{perm = Part[allperms, il,
plane = Part[Planes, 17],
new = plane /. perm,
For[j = 1, j <= 30, j++,

If [Sort[new] == Part[Planes, j], AppendTo[Part[perms17, j], il
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In[305]:= permsi8 = {{}, {}, {}, {3, {3, {3, {3, {3, 3, 3, 43, 3, 43, 43, 3, 30\
4, O, O, 8, 43, 4, 4, 3, 8, 3, 3, 43, 3, 0%
For[i = 1, i <= Length[allperms], i++,
{perm = Part[allperms, il,
plane = Part[Planes, 18],
new = plane /. perm,
For[j = 1, j <= 30, j++,
If [Sort[new] == Part[Planes, j], AppendTo[Part[permsi8, jl, il
]
]
}
]

In[307]:= perms19 = {{}, {}, {}, {3, 3, {3, {3, {3, 3, 3, 3, 3, 3, 43, 3, 3,0\
4, O, O, 8, 43, 4, 4, 3, 8, 3, 43, 43, 43, O
For[i = 1, i <= Length[allperms], i++,
{perm = Part[allperms, i],
plane = Part[Planes, 191,
new = plane /. perm,
For[j = 1, j <= 30, j++,
If [Sort[new] == Part[Planes, j], AppendTo[Part[permsi19, jl, il
]
]
}
]

In[309]:= perms20 = {{}, {}, {}, {3, {3, {3, {3, {3, 3, 3, 3, 3, 3, 3, 3, 3.\
4, 4, O, 8, 43, 4, 4, 3, 8, 3 3, 43, 3, O
For[i = 1, i <= Length[allperms], i++,
{perm = Part[allperms, il,
plane = Part[Planes, 20],
new = plane /. perm,
For[j = 1, j <= 30, j++,
If [Sort[new] == Part[Planes, j], AppendTo[Part[perms20, jl, il
]
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In[311]:= perms21 = {{}, {}, {}, {3, {3, {3, {3, {3, 3, 3, 3, 3, 3, 43, 3, 3,0\
L T
For[i = 1, i <= Length[allperms], i++,
{perm = Part[allperms, i],
plane = Part[Planes, 21],
new = plane /. perm,
For[j = 1, j <= 30, j++,
If [Sort[new] == Part[Planes, j], AppendTo[Part[perms21, jl, il
]
]
}
]

In[313]:= perms22 = {{}, {}, {}, {3, {3, {3, {3, {3, 3, 3, 3, 43, 3, 43, 3, 3,0\
4, O, O, 8, 43, 4, 4, O, 8, 3, 43, 43, 3, O
For[i = 1, i <= Length[allperms], i++,
{perm = Part[allperms, i],
plane = Part[Planes, 22],
new = plane /. perm,
For[j = 1, j <= 30, j++,
If [Sort[new] == Part[Planes, jl, AppendTo[Part[perms22, jl, il
]
]
}
]

In[315]:= perms23 = {{}, {}, {}, {3, {3, {3, {3, 3, 3, 3, 3, 43, 3, 43, 3, 3.\
4, O, O, 8, 3, 4, 4, 3, 8, 83 43, 43, 3, O3
For[i = 1, i <= Length[allperms], i++,
{perm = Part[allperms, i],
plane = Part[Planes, 23],
new = plane /. perm,
For[j = 1, j <= 30, j++,
If [Sort[new] == Part[Planes, j], AppendTo[Part[perms23, j], il
]
]
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In[317]:= perms24 = {{}, {}, {}, {3, {3, {3, {3, {3, 3, 3, 3, 3, 3, 43, 3, 3,0\
T o e e A
For[i = 1, i <= Length[allperms], i++,
{perm = Part[allperms, il,
plane = Part[Planes, 24],
new = plane /. perm,
For[j = 1, j <= 30, j++,
If [Sort[new] == Part[Planes, j], AppendTo[Part[perms24, jl, il
]
]
}
]

In[319]:= perms25 = {{}, {}, {}, {}, {3, {3, {3, {3, 3, 3, 3, 43, 3, 3, 3, 3,0\
4, O, O, 8, 43, 4, 4, O, 8, 3, 43, 3, 3, 0%
For[i = 1, i <= Length[allperms], i++,
{perm = Part[allperms, i],
plane = Part[Planes, 25],
new = plane /. perm,
For[j = 1, j <= 30, j++,
If [Sort[new] == Part[Planes, j], AppendTo[Part[perms25, jl, il
]
]
}
]

In[321]:= perms26 = {{}, {}, {}, {3, 3, {3, {3, 3, 3, 3, 3, 43, 3, 43, 3, 3,0\
4, O, O, 8, 43, 4, 4, 3, 8, 3, 3, 43, 3, O3
For[i = 1, i <= Length[allperms], i++,
{perm = Part[allperms, i],
plane = Part[Planes, 261,
new = plane /. perm,
For[j = 1, j <= 30, j++,
If [Sort[new] == Part[Planes, jl, AppendTo[Part[perms26, jl, il
]
]
}
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In[323]:= perms27 = {{}, {}, {}, {3, 3, {3, {3, {3, 3, 3, 3, 3, 3, 43, 3, 3,0\
4, O, O, 8, 43, 43, 3, O, 3, 3 3, 3, 3, O
For[i = 1, i <= Length[allperms], i++,
{perm = Part[allperms, i],
plane = Part[Planes, 27],
new = plane /. perm,
For[j = 1, j <= 30, j++,
If [Sort[new] == Part[Planes, jl, AppendTo[Part[perms27, jl, il
]
]
}
]

In[325]:= perms28 = {{}, {}, {}, {3, {3, {3, {3, {3, {3, 3, 3, 3, 3, 43, 3, 3,0\
4, O, O, 8, 43, 4, 4, 3, 8, 3, 3, 43, 3, 0%
For[i = 1, i <= Length[allperms], i++,
{perm = Part[allperms, il,
plane = Part[Planes, 28],
new = plane /. perm,
For[j = 1, j <= 30, j++,
If [Sort[new] == Part[Planes, j], AppendTo[Part[perms28, jl, il
]
]
}
]

In[327]:= perms29 = {{}, {}, {}, {3, 3, {3, {3, 43, 3, 3, 3, 43, 3, 43, 3, 3,0\
4, O, O, 8, 43, 4, 4, 4, 8, 3, 43, 43, 43, O
For[i = 1, i <= Length[allperms], i++,
{perm = Part[allperms, i],
plane = Part[Planes, 29],
new = plane /. perm,
For[j = 1, j <= 30, j++,
If [Sort[new] == Part[Planes, j], AppendTo[Part[perms29, jl, il
]
]
}
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In[329]:= perms30 = {{}, {}, {}, {3, 3, {3, {3, {3, 3, 3, 3, 3, 3, 43, 3, 3,0\
4, O, O, 8, 43, 43, 3, 3, 8, 3, 3, 3, 3, O
For[i = 1, i <= Length[allperms], i++,
{perm = Part[allperms, il,
plane = Part[Planes, 30],
new = plane /. perm,
For[j = 1, j <= 30, j++,
If [Sort[new] == Part[Planes, jl, AppendTo[Part[perms30, jl, il
]

The list "perms" keeps track of what the image of each permutation on each plane is.

Part [Part[perms,i,],j] gives the permutations that take plane i to plane j.

In[331]:= perms = {permsl, perms2, perms3, perms4, perms5, perms6, perms7, perms8,
perms9, permslO, permsll, permsl2, perms13, permsi4, permslb5, permsi6,
permsl7, perms18, perms19, perms20, perms21, perms22, perms23, perms24,
perms25, perms26, perms27, perms28, perms29, perms30};

Length[perms]

Length[Part [perms, 11]

Length[Part [Part [perms, 1], 11]

Out [332]= 30

Out [333]= 30

Out [334]= 168

A list of all pairs of disjoint planes is below. We designate the pair {1,10} as our
"starter pair." We then show that there is some permutation that takes every pair {a,b}
to {1,10}. This process is repeated for sets of 3, 4, 5 and 6 planes with the maximum

number of distinct blocks.

In[335]:= disjointplanes = {};

For[i = 1, i <= 30, i++,
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For[j = i + 1, j <= 30, j++,

If [Length[Union[Part[Planes, i], Part[Planes, jl1]1] == 14,

AppendTo[disjointplanes, {i, j}]

]
]
]
disjointplanes

Length[disjointplanes]

Out[337]= {{1, 10}, {1, 11}, {1, 15}, {1, 18}, {1, 19}, {1, 22}, {1, 26}, {1, 27}, {2,

9}, {2, 12}, {2, 16}, {2,
8}, {3, 12}, {3, 13}, {3,
7}, {4, 11}, {4, 14}, {4,
7}, {5, 10}, {5, 14}, {5,

173,
16},
15},
18},

{2,
{3,
{4,

201,
21},

22},

{2, 21}, {2, 25}, {2, 28}, {3,

{3, 24}, {3, 25}, {3, 29}, {4,
{4, 23}, {4, 26}, {4, 30}, {5,

{5, 19}, {5, 23}, {5, 27}, {5, 301}, {6,

8}, {6, 9}, {6, 13}, {6, 17}, {6, 20}, {6, 24}, {6, 28}, {6, 29}, {7,
16}, {7, 17}, {7, 20}, {7, 24}, {7, 25}, {7, 29}, {8, 15}, {8, 18}, {8,

19}, {8, 23}, {8, 26}, {8, 30}, {9, 14}, {9, 18}, {9, 22}, {9, 23}, {9,

26}, {9, 27}, {10, 13}, {10, 17}, {10, 21}, {10, 24}, {10, 25}, {10,

28}, {11, 13}, {11, 16}, {11, 20},

14}, {12, 153}, {12,
23}, {13, 27}, {13,
20}, {15, 24}, {15,
27}, {17, 19}, {17,
25}, {18, 29}, {19,
30}, {22, 25}, {22,

Out [338]= 120

In[339]:= startpair =

isomorphic = {};

noniso = {};

19},
30},
25},
22},
28},
29},

{12,
{14,
{15,
{17,
{19,
{23,

{1, 103};

22},
21},
28},
26},
29},
25},

{11,
{12,
{14,
{16,
{17,
{20,
{23,

21},
27},
24},
19},
30},
27},
28},

For[i = 1, i <= Length[disjointplanes], i++,

{pair = Part[disjointplanes, i],

If [Length[

{11,
{12,
{14,
{186,
{18,
{20,
{24,

28}, {11, 293}, {12,
30}, {13, 22}, {13,
28}, {14, 29}, {15,
23}, {16, 26}, {16,
20}, {18, 21}, {18,
303}, {21, 26}, {21,

26}, {24, 27}}

Intersection[Part[Part[perms, 1], Part[pair, 111,

Part [Part [perms, 10, Part[pair, 211111 >= 1,

AppendTo[isomorphic, pair],

If [Length[

Intersection[Part[Part[perms, 1], Part[pair, 2]],

Part[Part[perms, 10, Part[pair, 1]1]1]] >= 1,
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AppendTo [isomorphic, pair],
AppendTo [noniso, pair]]
]
}
]
Length[isomorphic]

Length[noniso]

Out [343]= 120

Out [344]= 0

In[345] := k3sets = Subsets[Planes, {3}];

lengths = {};

For[i = 1, i <= Length[k3sets], i++,

{threes = Part[k3sets, i],
union = Union[Part[threes, 1], Part[threes, 2], Part[threes, 3]],
If [Length[union] == 20, AppendTol[lengths, i]]}

]

In[348]:= sets = {};
For[i = 1, i <= Length[lengths], i++,
AppendTo[sets, Part[k3sets, Part[lengths, i]11]1]
setsasblocks = sets;
For[i = 1, i <= 30, i++,

sets = sets /. Part[Planes, i] -> i]

sets;

In[353]:= Length[sets]

Out [353]= 840

In[354] := start = {{1, 10, 15, 21, 24, 28, 29}, {1, 11, 14, 22, 23, 26, 31}, {2, 9, 13,
17, 25, 27, 33}}

Out[354]= {{1, 10, 15, 21, 24, 28, 29}, {1, 11, 14, 22, 23, 26, 31}, {2, 9, 13, 17, 25,
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27, 33}}

In[355]:= al = Part[start, 1]

a2 = Part[start, 2]

b = Part[start, 3]

Out [3565]= {1, 10, 15, 21, 24, 28, 29}

Out[3561= {1, 11, 14, 22, 23, 26, 31}

Out[3571= {2, 9, 13, 17, 25, 27, 33}

In[358] := part = Part[k3sets, Part[lengths, 2]]

Out[358]= {{1, 10, 15, 21, 24, 28, 29}, {1, 11, 14, 22, 23, 26, 31}, {3, 8, 12, 16, 25,
30, 32}r

In[359]:=
If [Length[Union[Part[part, 1], Part[part, 2]]1] == 13, {isob = Part[part, 3],
isoal = Part[part, 1], isoa2 = Part[part, 2]},
If [Length[Union[Part[part, 1], Part[part, 3]]1] == 13, {isob = Part[part, 2],
isoal = Part[part, 1], isoa2 = Part[part, 3]},
{isob = Part[part, 1], isoal = Part[part, 2], isoa2 = Part[part, 3]}
]
]
If [isob == Part[Part[setsasblocks, 2], 1], {c = Part[Part[sets, 2], 1],
dl = Part[Part[sets, 2], 2], d2 = Part[Part[sets, 2], 31},
If [isob == Part[Part[setsasblocks, 2], 2], {c = Part[Part[sets, 2], 2],
d1 = Part[Part[sets, 2], 1], d2 = Part[Part[sets, 2], 3]},
{c = Part[Part[sets, 2], 3], d1 = Part[Part[sets, 2], 1],
d2 = Part[Part[sets, 2], 2]}]
]
Isotriples = {};
Nonisotriples = {};
If [Length[
Intersection[Part[Part[perms, 111, cl, Part[Part[perms, 1], dil,
Part[Part[perms, 4], d2]]] >= 1, AppendTo[Isotriples, Part[sets, 2]],
If[Lengthl[

Intersection[Part[Part [perms, 11], c], Part[Part[perms, 1], d2],
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Part[Part[perms, 4], d1]]1] >= 1, AppendTo[Isotriples, Part[sets, 2]],
AppendTo [Nonisotriples, Partl[sets, 2]]
]
]

Isotriples

Out [359]= {{3, 8, 12, 16, 25, 30, 32}, {1, 10, 15, 21, 24, 28, 29}, {1, 11, 14, 22, 23,
26, 31}}

Out [360]= {15, 1, 4}

Out[363]= {{1, 4, 15}}

Out [364]= {{1, 4, 15}}

In[365] := Isotriples = {};
Nonisotriples = {};
For[i = 1, i <= Length[sets], i++,
{partl = Part[setsasblocks, i],
part2 = Part[sets, i],
If [Length[Union[Part[partl, 1], Part[parti, 2]]] ==
13, {isob = Part[partl, 3], isoal = Part[parti, 1],
isoa2 = Part[partil, 2]},
If [Length[Union[Part[partl, 1], Part[partl, 3]]] ==
13, {isob = Part[partl, 2], isoal = Part[partl, 1],
isoa2 = Part[partl, 31},
{isob = Part[partl, 1], isoal = Part[partl, 2], isoa2 = Part[partl, 3]}
]
1,
If [isob == Part[partl, 1], {c = Part[part2, 1], d1 = Part[part2, 2],
d2 = Part[part2, 3]},
If[isob == Part[partl, 2], {c = Part[part2, 2], d1 = Part[part2, 1],
d2 = Part[part2, 31},
{c = Part[part2, 3], d1 = Part[part2, 1], d2 = Part[part2, 2]}]
1,
If [Length[
Intersection[Part[Part[perms, 111, c], Part[Part[perms, 1], dil,
Part [Part [perms, 4], d2]]] >= 1, AppendTo[Isotriples, Part[sets, il],
If [Length[

Intersection[Part [Part [perms, 11], c], Part[Part[perms, 1], d42],
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Part[Part[perms, 4], d1]]] >= 1, AppendTo[Isotriples, Part[sets, il],
AppendTo [Nonisotriples, Part[sets, i]]
1

In[368]:= Isotriples;

Length[Isotriples]

Out [369]= 840

In[370] := Nonisotriples

Out[3701= {}

In[371] := kdsets = Subsets[Planes, {4}];
parts = {};
For[i = 1, i <= Length[kdsets], i++,
{fours = Part[ké4sets, il,
union = Union[Part[fours, 1], Part[fours, 2], Part[fours, 3],
Part[fours, 4]], If[Length[union] == 26, AppendTo[parts, ill}
1
parts;
sets4d = {};
For[i = 1, i <= Length[parts], i++,
AppendTo[sets4, Part[k4sets, Part([parts, i]]1]]
setsasblocks = sets4;
For[i = 1, i <= 30, i++,

sets4 = setsd4 /. Part[Planes, i] -> i]

In[379] := Isoquads = {};

NonIsoquads = {};

Al = 1;
A2 = 4;
B1 = 11;
B2 = 15;
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For[i = 1, i <= Length[sets4], i++,
{partl = Part[setsasblocks, i],
part2 = Part[sets4, il,
If [Length[Union[Part[partl, 1], Part[partl, 2]]] ==
13, {al = Part[partl, 1], a2 = Part[partl, 2], bl = Part[partl, 3],
b2 = Part([partl, 4]},
If [Length[Union[Part[partl, 1], Part[parti, 3]]] == 13,
{al = Part[partl, 1], a2 = Part[partl, 3], bl = Part[partl, 2],
b2

Part[partl, 4]},

{al = Part[partl, 1], a2 = Part[partl, 4], bl = Part[partl, 3],

b2
]
1,

If[a2 == Part[parti, 2],

Part[part1l, 2]}

{c1 = Part[part2, 1], c2 = Part[part2, 2], d1 = Part[part2, 3],
d2 = Part[part2, 41},
If[a2 == Part[partil, 3],

{c1 = Part[part2, 1], c2 = Part[part2, 3], di = Part[part2, 2],

d2

Part [part2, 4]},

{c1 = Part[part2, 1], c2 = Part[part2, 4], di

Part[part2, 3],
d2
]

1,

If [Length[

Part[part2, 2]}

Intersection[Part[Part[perms, A1]l, c1], Part[Part[perms, A2], c2],
Part [Part [perms, B1], d1], Part[Part([perms, B2], d2]1]1] >= 1,
AppendTo[Isoquads, Part[sets, il],
If[
Length[
Intersection[Part [Part [perms, A1], c2], Part([Part[perms, A2], ci],
Part[Part[perms, B1], di], Part[Part[perms, B2], d2]]1] >= 1,

AppendTo[Isoquads, Part[sets, il]l,

}
]
Length[Isoquads]

Length[NonIsoquads]
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Out [3861= 630

Out [387]

]
o

In[388] := kbsets = Subsets[Planes, {5}];
fivesets = {};

For[i = 1, i <= Length[kbsets], i++,

{fives = Part[kbsets, il,
union = Union[Part[fives, 1], Part[fives, 2], Part[fives, 3],
Part[fives, 4], Part[fives, 5]],

If [Length[union] == 31, AppendTol[fivesets, i]l}

]

fivesets;

sets5 = {};

For[i = 1, i <= Length[fivesets], i++,

AppendTo[setsb, Part[kbsets, Part[fivesets, i]]1]]
setsasblocksb = setsb;
For[i = 1, i <= 30, i++,

setsb = setsb5 /. Part[Planes, i] -> i]

In[396] := Isoquints = {};

NonIsoquints = {};

Al =1
A2 = 4
A3 = 8;
Bl = 15;
B2 = 26;

For[i = 1, i <= Length[sets5], i++,
{partl = Part[setsasblocks5, i],
part2 = Part[sets5, i],
possibleA = Subsets[parti, {3},
For[j = 1, j <= Length[possibleA]l, j++, {
check = Part[possibleA, jl,
If [Length[Intersection[Part[check, 1], Part[check, 2]]] == 1 &&
Length[Intersection[Part [check, 1], Part[check, 3]]] == 1 &&
Length[Intersection[Part[check, 3], Part[check, 2]]1] == 1,

{al1 = Part[check, 1],

a2 = Part[check, 2],
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a3 = Part[check, 3],
possibleB = Complement [partl, checkl,
bl = Part[possibleB, 1],

b2

Part [possibleB, 2],
AB = {al, a2, a3, bl, b2},
For[k = 1, k <= 30, k++,

AB = AB /. Part[Planes, k] -> k

1,
cl = Part[AB, 1],
c2 = Part[AB, 2],
c3 = Part[AB, 3],
dl = Part[AB, 4],
d2 = Part[AB, 5],
j = 11}
]
¥
1,
If[Lengthl

Intersection[Part [Part [perms, A1], c1], Part[Part([perms, A2], c2],
Part [Part [perms, A3], c¢3], Part[Part[perms, B1], di],
Part [Part[perms, B2], d2]]1] >= 1, AppendTo[Isoquints, Part[sets5, il],
If [Length[
Intersection[Part[Part[perms, A1], c1], Part[Part[perms, A2], c2],
Part [Part [perms, A3], c¢3], Part[Part[perms, B1l, d2],

Part [Part [perms, B2], d1]]1] >= 1, AppendTo[Isoquints, Part[sets5, il]

]

Length[Isoquints]
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Out [404]= 840

In[405] := k6sets = Subsets[Planes, {6}];
sixsets = {};
For[i = 1, i <= Length[k6sets], i++,
{six = Part[k6sets, i],
union = Union[Part[six, 1], Part[six, 2], Part[six, 3], Part[six, 4],
Part[six, 5], Part[six, 6]],
If [Length[union] == 35, AppendTol[sixsets, i]]}
]

sets6 = {};

For[i = 1, i <= Length[sixsets], i++,
AppendTo[sets6, Part[k6sets, Part[sixsets, i]11]
setsasblocks6 = sets6;

For[i = 1, i <= 30, i++,

sets6 = sets6 /. Part[Planes, i] -> i]

In[412] := Part[sets6, 1]

Out[412]= {1, 4, 8, 15, 24, 26}

In[413]:

fourd = {};
For[i = 1, i <= Length[setsasblocks6], i++,
{partl = Part[setsasblocks6, il,

part2 = Part[sets6, i],

possibleA = Subsets[partl, {4}],

For[j = 1, j <= Length[possibleA], j++,

{check = Part[possibleA, jl,

If [Length[Intersection[Part[check, 1], Part[check, 2]]] == 1 &&
Length[Intersection[Part[check, 1], Part[check, 3]1]1] == 1 &&
Length[Intersection[Part[check, 1], Part[check, 4]]] == 1,

{AppendTo[fourA, part2], j = Length[possibleA] + 1}
]
}
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In[415] := Length[setsasblocks6]

Length[fourA]

Out[415]= 210

Out [416]= 210

In[417] := Part[sets6, 1]

Part[setsasblocks6, 1]

Out[417]= {1, 4, 8, 15, 24, 26}

Out[418]= {{1, 10, 15, 21, 24, 28, 29}, {1, 11, 14, 22, 23, 26, 31}, {2, 7, 15, 19, 23,
27, 33}, {3, 8, 12, 16, 25, 30, 32}, {4, 9, 10, 17, 22, 27, 35}, {5, 6, 13,

18, 20, 30, 34}}

In[419]:= Isosix = {};

NonIsosix = {};

Al = 1;
A2 = 4;
A3 = 8;
A4 = 24;
Bi = 15;
B2 = 26;

For[i = 1, i <= Length[sets6], i++,
{partl = Part[setsasblocks6, il,

part2 = Part[sets6, i],

possibleA = Subsets[partl, {4}],

For[j = 1, j <= Length[possibleA], j++,

{check = Part[possibleA, j],

If [Length[Intersection[Part[check, 1], Part[check, 2]]] == 1 &&
Length[Intersection[Part[check, 1], Part[check, 3]1]] == 1 &&
Length[Intersection[Part[check, 1], Part[check, 4]]1] == 1,

{al = Part[check, 1],

a2

Part[check, 2],

a3

Part [check, 3],
a4 = Part[check, 4],
possibleB = Complement [partl, checkl],

bl = Part[possibleB, 1],

b2 Part[possibleB, 2],
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AB = {al, a2, a3, a4, bil, b2},

For[k = 1, k <= 30, k++,

AB = AB /. Part[Planes, k] -> k
1,

cl = Part[AB, 1],

c2 = Part[AB, 2],

c3 = Part[AB, 3],

c4 = Part[AB, 4],

dl = Part[AB, 5],

d2 = Part[AB, 6],

j = Length[possibleA] + 1}

]
}
], If[Lengthl
Intersection[Part[Part[perms, A1]l, c1], Part[Part[perms, A2], c2],
Part [Part [perms, A3], c3], Part[Part[perms, A4, c4l],
Part[Part [perms, B1], d1], Part[Part([perms, B2], d2]]] >= 1,
AppendTo[Isosix, Part[sets6, il],
If [Length[

Intersection[Part [Part [perms, A1], c1], Part([Part[perms, A2], c2],
Part[Part[perms, A3], c3], Part[Part[perms, A4, c4]],
Part[Part[perms, B1], d2], Part[Part[perms, B2], d1]]] >= 1,

AppendTo[Isosix, Part([sets6, il]]
]

}

]

Length[Isosix]

Out [428]= 210
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D

Mathematica Code: Large Set of (11,5,2) De-

signs

First initialize the Combinatorica package.

<< Combinatorica‘

Define the base design and the permutations used. The permutations labeled "perml-perm6"

correspond to the six permutations that act on the base design to create the six starter

designs. The permutation labeled "perm" is the permutation used to create the group

that acts on each starter design to create the large set.

Design
8},
9},
perml =

7T ->

perm2

6 —>

perm3

permé4

permb
perm6 =

6 ->

{1, 2, 3, 7, 10}, {1, 2, 6, 9, 11}, {1, 3, 4, 5, 9}, {1, 4, 6, 7,
{1, 5, 8, 10, 11}, {2, 3, 4, 8, 11}, {2, 4, 5, 6, 10}, {2, 5, 7, 8,
{3, 5, 6, 7, 11}, {3, 6, 8, 9, 10}, {4, 7, 9, 10, 11}};

{1t ->2,2->5,5->4,4->6,6->10, 10 ->8, 8 >3, 3 > 7,
9, 9 -> 11, 11 -> 1};

{1->4,4->8,8->11, 11 -> 10, 10 -=> 5, 5 -> 7, 7 -> 1, 2 -> 6,
2, 3->9, 9 -> 3};

{6 -> 11, 11 -> 7, 7 -> 10, 10 -> 8, 8 -> 6};
{1t->3,3->2,2->8,8->4,4->6,6->1,5->7,7->5};

{6 ->8,8->9,9->7,7->10, 10 -> 6};

{1t ->3,3->11, 11 ->1,2->9,9->5,5->7,7->10, 10 -> 2,

8, 8 -> 6};

perm = {6 -> 6, 6 ->7, 7 ->8,8->9, 9 ->10, 10 -> 11, 11 -> 5};

Create the six starter designs.

AO = Design /. perml
BO = Design /. perm2
CO = Design /. perm3
DO = Design /. permé
EO = Design /. permb
FO = Design /. perm6
{2, 5, 7, 9, 8}, {2, 5, 10, 11, 1}, {2, 7, 6, 4, 11}, {2, 6, 10, 9, 3}, {2,

4, 3,

8, 1}, {5, 7, 6, 3, 1}, {5, 6, 4, 10, 8}, {5, 4, 9, 3, 11}, {7, 4, 10,

9, 1}, {7, 10, 3, 11, 8}, {6, 9, 11, 8, 1}}
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{{4, 6, 9, 1, 5}, {4, 6, 2, 3, 10}, {4, 9, 8, 7, 3}, {4, 8, 2, 1, 11}, {4, 7,
11, s, 10}, {6, 9, 8, 11, 10}, {6, 8, 7, 2, 5}, {6, 7, 1, 11, 3}, {9, 7, 2,

1, 10}, {9, 2, 11, 3, 5}, {8, 1, 3, 5, 10}}

{1, 2, 3, 10, 8}, {1, 2, 11, 9, 7}, {1, 3, 4, 5, 9}, {1, 4, 11, 10, 6}, {1,
5, 6,8, 7}, {2, 3, 4, 6, 7}, {2, 4, 5, 11, 8}, {2, 5, 10, 6, 9}, {3, 5, 11,
10, 7}, {3, 11, 6, 9, 8}, {4, 10, 9, 8, 7}}

{{3, 8, 2, 5, 10}, {3, 8, 1, 9, 11}, {38, 2, 6, 7, 9}, {3, 6, 1, 5, 4}, {3, 7,
4, 10, 11}, {8, 2, 6, 4, 11}, {8, 6, 7, 1, 10}, {8, 7, 5, 4, 9}, {2, 7, 1,
5, 11}, {2, 1, 4, 9, 10}, {6, 5, 9, 10, 11}}

{{t, 2, 3, 10, 6}, {1, 2, 8, 7, 11}, {1, 3, 4, 5, 7}, {1, 4, 8, 10, 9}, {1, 5,
9, 6, 11}, {2, 3, 4, 9, 11}, {2, 4, 5, 8, 6}, {2, 5, 10, 9, 7}, {3, 5, 8,

10, 11}, {3, 8, 9, 7, 6}, {4, 10, 7, 6, 11}}

{{s, 9, 11, 10, 2}, {3, 9, 8, 5, 1}, {38, 11, 4, 7, 5}, {38, 4, 8, 10, 6}, {3,
7, 6, 2, 1}, {9, 11, 4, 6, 1}, {9, 4, 7, 8, 2}, {9, 7, 10, 6, 5}, {11, 7, 8,
10, 1}, {11, 8, 6, 5, 2}, {4, 10, 5, 2, 1}}

Let the group generated by "perm" act on each base design. The lists permllist,
perm2list, perm3list, perm4list, permblist, and perm6list store the seven designs
created by having the group generated by "perm" act on the corresponding starter

design.

permilist = {};
For[i =1, i <=7, i++,
{A0 = A0 /. perm,

AppendTo [perm1list, AO]}]

perm2list = {};
For[i =1, i <=7, i++,
{BO = BO /. perm,

AppendTo [perm2list, B0]}]

perm3list = {};
For[i = 1, i <=7, i++,
{C0 = CO /. perm,

AppendTo [perm3list, COJ]}]
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permdlist = {3};
For[i =1, i <=7, i++,
{DO = DO /. perm,

AppendTo [perm4list, DO]}]

perm5list = {};
For[i =1, i <=7, i++,
{EO = EO /. perm,

AppendTo [perm5list, EO0]}]

perm6list = {3};
For[i =1, i <=7, i++,
{FO = FO /. perm,

AppendTo [perm6list, F0]}]

permllist

{{{2, 6, 8, 10, 9}, {2, 6, 11, 5, 1}, {2, 8, 7, 4, 5},

{2, 7, 11,

{2, 4, 3, 9, 1}, {6, 8, 7, 3, 1}, {6, 7, 4, 11, 9}, {6, 4, 10, 3,

{8, 4,11, 10, 1}, {8, 11, 3, 5, 9}, {7, 10, 5, 9, 1}}, {{2, 7, 9,

{2, 7, 5, 6, 1}, {2, 9, 8, 4, 6}, {2, 8, 5, 11, 3}, {2, 4, 3, 10,

{7, 9, 8, 3, 1}, {7, 8, 4, 5, 10}, {7, 4, 11, 3, 6}, {9, 4, 5, 11, 1},

10,
5},
11,

1},

3},

10},

{9, 5, 3, 6, 10}, {8, 11, 6, 10, 1}}, {{2, 8, 10, 5, 11}, {2, 8, 6, 7, 1},

{2, 10, 9, 4, 7}, {2, 9, 6, 5, 3}, {2, 4, 3, 11, 1}, {8, 10, 9, 3, 1},

{8, 9, 4, 6, 11}, {8, 4, 5, 3, 7}, {10, 4, 6, 5, 1}, {10, 6, 3, 7, 11},

{9, 5, 7, 11, 1}}, {{2, 9, 11, 6, 5}, {2, 9, 7, 8, 1}, {2, 11, 10, 4, 8},

{2, 10, 7, 6, 3}, {2, 4, 3, 5, 1}, {9, 11, 10, 3, 1}, {9, 10, 4, 7, 5},

{9, 4, 6, 3, 8}, {11, 4, 7, 6, 1}, {11, 7, 3, 8, 5}, {10, 6, 8, 5, 1}},

{{2, 10, 5, 7, 6}, {2, 10, 8, 9, 1}, {2, 5, 11, 4, 9}, {2, 11, 8, 7, 3},

{2, 4, 3, 6, 1}, {10, 5, 11, 3, 1}, {10, 11, 4, 8, 6}, {10, 4, 7, 3, 9},

{5, 4, 8, 7, 1}, {5, 8, 3, 9, 6}, {11, 7, 9, 6, 1}}, {{2, 11, 6, 8, 7},

{2, 11, 9, 10, 1}, {2, 6, 5,

{11, 6, 5, 3, 1}, {11, 5, 4,

10}, {2, 5, 9, 8, 3}, {2, 4, 3, 7, 1},

7}, {11, 4, 8, 3, 10}, {6, 4, 9, 8, 1},

4,
9,

{6, 9, 3, 10, 7}, {5, 8, 10, 7, 1}}, {{2, 5, 7, 9, 8}, {2, 5, 10, 11, 1},
9,

{2, 7, 6, 4, 11}, {2, 6, 10,

3}, {2, 4, 3, 8, 1}, {5, 7, 6, 3, 1},

{5, 6, 4, 10, 8}, {5, 4, 9, 3, 11}, {7, 4, 10, 9, 1}, {7, 10, 3, 11, 8},

{6, 9, 11, 8, 1}}}



perm2list

{{{4, 7, 10, 1, 6}, {4, 7, 2, 3, 11}, {4, 10, 9, 8, 3}, {4, 9, 2, 1, 5},
{4, 8, 5, 6, 11}, {7, 10, 9, 5, 11}, {7, 9, 8, 2, 6}, {7, 8, 1, 5, 3},
{10, 8, 2, 1, 11}, {10, 2, 5, 3, 6}, {9, 1, 3, 6, 11}}, {{4, 8, 11, 1, 7},
{4, 8, 2, 3, 5}, {4, 11, 10, 9, 3}, {4, 10, 2, 1, 6}, {4, 9, 6, 7, 5},

{8, 11, 10, 6, 5}, {8, 10, 9, 2, 7}, {8, 9, 1, 6, 3}, {11, 9, 2, 1, 5},
{11, 2, 6, 3, 7}, {10, 1, 3, 7, 5}}, {{4, 9, 5, 1, 8}, {4, 9, 2, 3, 6},
{4, 5, 11, 10, 3}, {4, 11, 2, 1, 7}, {4, 10, 7, 8, 6}, {9, 5, 11, 7, 6},
{9, 11, 10, 2, 8}, {9, 10, 1, 7, 3}, {5, 10, 2, 1, 6}, {5, 2, 7, 3, 8},
{11, 1, 3, 8, 6}, {{4, 10, 6, 1, 9}, {4, 10, 2, 3, 7}, {4, 6, 5, 11, 3},
{4, 5, 2, 1, 8}, {4, 11, 8, 9, 7}, {10, 6, 5, 8, 7}, {10, 5, 11, 2, 9},
{10, 11, 1, 8, 3}, {6, 11, 2, 1, 7}, {6, 2, 8, 3, 9}, {5, 1, 3, 9, 7}},
{{4, 11, 7, 1, 10}, {4, 11, 2, 3, 8}, {4, 7, 6, 5, 3}, {4, 6, 2, 1, 9},
{4, 5, 9, 10, 8}, {11, 7, 6, 9, 8}, {11, 6, 5, 2, 10}, {11, 5, 1, 9, 3},
{7, 5, 2, 1, 8}, {7, 2, 9, 3, 10}, {6, 1, 3, 10, 8}}, {{4, 5, 8, 1, 11},
{4, 5, 2, 3, 9}, {4, 8, 7, 6, 3}, {4, 7, 2, 1, 10}, {4, 6, 10, 11, 9},

{5,
{8,
{4,
{s,
{8, 1, 3, 5, 10}}}

, 7, 10, 9}, {5, 7, 6, 2, 11}, {5, 6, 1, 10, 3}, {8, 6, 2, 1, 9},
, 10, 3, 11}, {7, 1, 3, 11, 9}}, {{4, 6, 9, 1, 5}, {4, 6, 2, 3, 10},
8, 7, 3%, {4, 8, 2, 1, 11}, {4, 7, 11, 5, 10}, {6, 9, 8, 11, 10},

0w © N o

» 7, 2, 5%, {6, 7, 1, 11, 3}, {9, 7, 2, 1, 10}, {9, 2, 11, 3, 5},

perm3list

{{{1, 2, 3, 11, 9}, {1, 2, 5, 10, 8}, {1, 3, 4, 6, 10}, {1, 4, 5, 11, 7},
{1, 6, 7, 9, 8}, {2, 3, 4, 7, 8}, {2, 4, 6, 5, 9}, {2, 6, 11, 7, 10},

{3, 6, 5, 11, 8}, {3, 5, 7, 10, 9}, {4, 11, 10, 9, 8}}, {{1, 2, 3, 5, 10},
{1, 2, 6, 11, 9}, {1, 3, 4, 7, 11}, {1, 4, 6, 5, 8}, {1, 7, 8, 10, 9},

{2, 3, 8, 9}, {2, 4, 7, 6, 10}, {2, 7, 5, 8, 11}, {3, 7, 6, 5, 93,
{3, s, 11, 10}, {4, 5, 11, 10, 9}}, {{1, 2, 3, 6, 11}, {1, 2, 7, 5, 10},
{1, 3, 8, 5}, {1, 4, 7, 6, 9}, {1, 8, 9, 11, 10}, {2, 3, 4, 9, 10},
{4, s, 11, 103}, {{1, 2, 3, 7, 5}, {1, 2, 8, 6, 11}, {1, 3, 4, 9, 6},

{1, 4,

4,
8,
4,

{2, 4, 8, 7, 11}, {2, 8, 6, 9, 5}, {3, 8, 7, 6, 10}, {3, 7, 9, 5, 11},
5,
8, 7, 10}, {1, 9, 10, 5, 11}, {2, 3, 4, 10, 11}, {2, 4, 9, 8, 5},
7,

{2, 9, 10, 6}, {3, 9, 8, 7, 11}, {3, 8, 10, 6, 5}, {4, 7, 6, 5, 11}},
{1, 2, 3, 8, 6}, {1, 2, 9, 7, 6}, {1, 3, 4, 10, 7}, {1, 4, 9, 8, 11},
{1, 10, 11, 6, 5}, {2, 3, 4, 11, 5}, {2, 4, 10, 9, 6}, {2, 10, 8, 11, 7},
{3, 10, 9, 8, 5}, {3, 9, 11, 7, 6}, {4, 8, 7, 6, 5}}, {{1, 2, 3, 9, 7},

{1, 2, 10, 8, 6}, {1, 3, 4, 11, 8}, {1, 4, 10, 9, 5}, {1, 11, 5, 7, 6},
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{2, 3, 4, 5, 6}, {2, 4, 11, 10, 7}, {2, 11, 9, 5, 8}, {3, 11, 10, 9, 6},
{3, 10, 5, 8, 7}, {4, 9, 8, 7, 6}}, {{1, 2, 3, 10, 8}, {1, 2, 11, 9, 7},
{1, 3, 4, 5, 9}, {1, 4, 11, 10, 6}, {1, 5, 6, 8, 7}, {2, 3, 4, 6, 7},
{2, 4, 5, 11, 8}, {2, 5, 10, 6, 9}, {3, 5, 11, 10, 7}, {3, 11, 6, 9, 8},
{4, 10, 9, 8, 7}}}

perm4list

{{{3, 9, 2, 6, 11}, {3, 9, 1, 10, 5}, {3, 2, 7, 8, 10}, {3, 7, 1, 6, 4},
{3, 8, 4, 11, 5}, {9, 2, 7, 4, 5}, {9, 7, 8, 1, 11}, {9, 8, 6, 4, 10},
{2, 8, 1, 6, 5}, {2, 1, 4, 10, 11}, {7, 6, 10, 11, 5}}, {{3, 10, 2, 7, 5},
{3, 10, 1, 11, 6}, {3, 2, 8, 9, 11}, {3, 8, 1, 7, 4}, {3, 9, 4, 5, 6},
{10, 2, 8, 4, 6}, {10, 8, 9, 1, 5}, {10, 9, 7, 4, 11}, {2, 9, 1, 7, 6},
{2, 1, 4, 11, 5}, {8, 7, 11, 5, 6}}, {{3, 11, 2, 8, 6}, {3, 11, 1, 5, 7},
{3, 2, 9, 10, 5}, {3, 9, 1, 8, 4}, {3, 10, 4, 6, 7}, {11, 2, 9, 4, T},
{11, 9, 10, 1, 6}, {11, 10, 8, 4, 5}, {2, 10, 1, 8, 7}, {2, 1, 4, 5, 6},
{9, 8, 5, 6, 73}, {{3, 5, 2, 9, 7}, {3, 5, 1, 6, 8}, {3, 2, 10, 11, 6},
{3, 10, 1, 9, 4}, {3, 11, 4, 7, 8}, {5, 2, 10, 4, 8}, {5, 10, 11, 1, 72},
{5, 11, 9, 4, 6}, {2, 11, 1, 9, 8}, {2, 1, 4, 6, 7}, {10, 9, 6, 7, 8}},
{{3, 6, 2, 10, 8}, {3, 6, 1, 7, 9}, {3, 2, 11, 5, 7}, {3, 11, 1, 10, 4},
{3, 5, 4, 8, 9}, {6, 2, 11, 4, 9}, {6, 11, 5, 1, 8}, {6, 5, 10, 4, 7},
{2, 5, 1, 10, 9}, {2, 1, 4, 7, 8}, {11, 10, 7, 8, 9}}, {{8, 7, 2, 11, 9},
{3, 7, 1, 8, 10}, {3, 2, 5, 6, 8}, {3, 5, 1, 11, 4}, {3, 6, 4, 9, 10},

{7, 2, 5, 4, 10}, {7, 5, 6, 1, 9}, {7, 6, 11, 4, 8}, {2, 6, 1, 11, 10},
{2, 1, 4, 8, 9}, {5, 11, 8, 9, 10}}, {{3, 8, 2, 5, 10}, {3, 8, 1, 9, 11},
{3, 2, 6,7, 9%, {3, 6, 1, 5, 4}, {3, 7, 4, 10, 11}, {8, 2, 6, 4, 11},
{8, 6, 7, 1, 10}, {8, 7, 5, 4, 9}, {2, 7, 1, 5, 11}, {2, 1, 4, 9, 10},
{6, 5, 9, 10, 11}}}

permblist

{{{1, 2, 3, 11, 7}, {1, 2, 9, 8, 5}, {1, 3, 4, 6, 8}, {1, 4, 9, 11, 10},
{1, 6, 10, 7, 5}, {2, 3, 4, 10, 5}, {2, 4, 6, 9, 7}, {2, 6, 11, 10, 8},
{3, 6, 9, 11, 5}, {3, 9, 10, 8, 7}, {4, 11, 8, 7, 5}}, {{1, 2, 3, 5, 8},
{1, 2, 10, 9, 6}, {1, 3, 4, 7, 9}, {1, 4, 10, 5, 11}, {1, 7, 11, 8, 6},
{2, 3, 4, 11, 6}, {2, 4, 7, 10, 8}, {2, 7, 5, 11, 9}, {3, 7, 10, 5, 6},
{3, 10, 11, 9, 8}, {4, 5, 9, 8, 6}}, {{1, 2, 3, 6, 9}, {1, 2, 11, 10, 7},
{1, 3, 4, 8, 10}, {1, 4, 11, 6, 5}, {1, 8, 5, 9, 7}, {2, 3, 4, 5, 7},

{2, 4, 8, 11, 9}, {2, 8, 6, 5, 10}, {3, 8, 11, 6, 7}, {3, 11, 5, 10, 9},
{4, 6, 10, 9, 7}}, {{1, 2, 3, 7, 10}, {1, 2, 5, 11, 8}, {1, 3, 4, 9, 11},
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{1, 4, 5, 7, 6}, {1, 9, 6, 10, 8}, {2, 3, 4, 6, 8}, {2, 4, 9, 5, 10},
{2, 9, 7,6, 11}, {3, 9, 5, 7, 8}, {3, 5, 6, 11, 10}, {4, 7, 11, 10, 8}},
{1, 2, 3, 8, 11}, {1, 2, 6, 5, 9}, {1, 3, 4, 10, 5}, {1, 4, 6, 8, 7},
{1, 10, 7, 11, 9}, {2, 3, 4, 7, 9}, {2, 4, 10, 6, 11}, {2, 10, 8, 7, 5},
{3, 10, 6, 8, 9}, {3, 6, 7, 5, 11}, {4, 8, 5, 11, 9}}, {{1, 2, 3, 9, 5},
{1, 2, 7, 6, 10}, {1, 3, 4, 11, 6}, {1, 4, 7, 9, 8}, {1, 11, 8, 5, 10},
{2, 3, 4, 8, 10}, {2, 4, 11, 7, 5}, {2, 11, 9, 8, 6}, {3, 11, 7, 9, 10},
{3, 7, 8, 6, 5}, {4, 9, 6, 5, 10}}, {{1, 2, 3, 10, 6}, {1, 2, 8, 7, 11},
{1, 3, 4, 5, 7}, {1, 4, 8, 10, 9}, {1, 5, 9, 6, 11}, {2, 3, 4, 9, 11},
{2, 4, 5, 8, 6}, {2, 5, 10, 9, 7}, {3, 5, 8, 10, 11}, {3, 8, 9, 7, 6},
{4, 10, 7, 6, 11}}}

perm6list

{{{3, 10, 5, 11, 2}, {3, 10, 9, 6, 1}, {3, 5, 4, 8, 6}, {3, 4, 9, 11, 7},
{3, 8, 7, 2, 1}, {10, 5, 4, 7, 1}, {10, 4, 8, 9, 2}, {10, 8, 11, 7, 6},
{5, 8, 9, 11, 1}, {5, 9, 7, 6, 2}, {4, 11, 6, 2, 1}}, {{3, 11, 6, 5, 2},
{3, 11, 10, 7, 1}, {3, 6, 4, 9, 7}, {3, 4, 10, 5, 8}, {3, 9, 8, 2, 1},
{11, 6, 4, 8, 1}, {11, 4, 9, 10, 2}, {11, 9, 5, 8, 7}, {6, 9, 10, 5, 1},
{6, 10, 8, 7, 2}, {4, 5, 7, 2, 1}}, {{3, 5, 7, 6, 2}, {38, 5, 11, 8, 1},
{3, 7, 4, 10, 8}, {3, 4, 11, 6, 9}, {3, 10, 9, 2, 1}, {5, 7, 4, 9, 1},
{5, 4, 10, 11, 2}, {5, 10, 6, 9, 8}, {7, 10, 11, 6, 1}, {7, 11, 9, 8, 2},
{4, 6, 8, 2, 1}}, {{3, 6, 8, 7, 2}, {3, 6, 5, 9, 1}, {3, 8, 4, 11, 9},
{3, 4, 5, 7, 10}, {3, 11, 10, 2, 1}, {6, 8, 4, 10, 1}, {6, 4, 11, 5, 2},
{6, 11, 7, 10, 9}, {8, 11, 5, 7, 1}, {8, 5, 10, 9, 2}, {4, 7, 9, 2, 1}},
{3, 7,9, 8, 2} {3, 7, 6, 10, 1}, {3, 9, 4, 5, 10}, {3, 4, 6, 8, 11},
{3, 5, 11, 2, 1}, {7, 9, 4, 11, 1}, {7, 4, 5, 6, 2}, {7, 5, 8, 11, 10},
{9, 5, 6, 8, 1}, {9, 6, 11, 10, 2}, {4, 8, 10, 2, 1}}, {{3, 8, 10, 9, 2},
{3, 8, 7, 11, 1}, {3, 10, 4, 6, 11}, {3, 4, 7, 9, 5}, {3, 6, 5, 2, 1},
{8, 10, 4, 5, 1}, {8, 4, 6, 7, 2}, {8, 6, 9, 5, 11}, {10, 6, 7, 9, 1},
{10, 7, 5, 11, 2}, {4, 9, 11, 2, 1}}, {{3, 9, 11, 10, 2}, {3, 9, 8, 5, 1},
{3, 11, 4, 7, 5}, {3, 4, 8, 10, 6}, {3, 7, 6, 2, 1}, {9, 11, 4, 6, 1},
{9, 4, 7, 8, 2}, {9, 7, 10, 6, 5}, {11, 7, 8, 10, 1}, {11, 8, 6, 5, 2},
{4, 10, 5, 2, 1}}}

Define largeset to be the union of the above 6 lists. The length of this list is 42.
largeset =

Union[permllist, perm2list, perm3list, perm4list, permblist, perm6list];

Length[largeset]
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42

The largeset is "flattened" into a list of just the blocks and each block is sorted.
The union command eliminates any repeated blocks. The length of this list is 4211,

which confirms that every block is unique.

largeset;

blocks = Flatten[largeset, 1];
sortedblocks = {};

For[i = 1, i <= Length[blocks], i++,

{part = Part[blocks, i],

part = Sort[part],
AppendTo [sortedblocks, part]
}

sortedblocks;

list = Union[sortedblocks];
Length[list]

42x%11

list

462

462

{1, 2, 3, 4, 5}, {1, 2, 3, 4, 6}, {1, 2, 3, 4, 7}, {1, 2, 3, 4, 8},

{1, 2, 3,4, 9}, {1, 2, 3, 4, 10}, {1, 2, 3, 4, 11}, {1, 2, 3, 5, 6},
{1, 2, 3, 5, 7}, {t, 2, 3, 5, 8}, {1, 2, 3, 5, 9}, {1, 2, 3, 5, 10},

{1, 2, 38, 5, 11}, {1, 2, 38, 6, 7}, {1, 2, 3, 6, 8}, {1, 2, 3, 6, 9},

{1, 2, 3, 6, 10}, {1, 2, 3, 6, 11}, {1, 2, 3, 7, 8}, {1, 2, 3, 7, 9},
{1, 2, 38, 7, 10}, {1, 2, 38, 7, 11}, {1, 2, 3, 8, 9}, {1, 2, 3, 8, 10},
{1, 2, 3, 8, 11}, {1, 2, 3, 9, 10}, {1, 2, 3, 9, 11}, {1, 2, 3, 10, 11},
{1, 2, 4, 5, 6}, {1, 2, 4, 5, 7}, {1, 2, 4, 5, 8}, {1, 2, 4, 5, 9},

{1, 2, 4, 5, 10}, {1,2, 4, 5, 11}, {1, 2, 4, 6, 7}, {1, 2, 4, 6, 8},

{1, 2, 4, 6, 9}, {1, 2, 4, 6, 10}, {1, 2, 4, 6, 11}, {1, 2, 4, 7, 8},
{1, 2, 4, 7, 9}, {1, 2, 4, 7, 10}, {1, 2, 4, 7, 11}, {1, 2, 4, 8, 9},
{1, 2, 4, 8, 10}, {1, 2, 4, 8, 11}, {1, 2, 4, 9, 10}, {1, 2, 4, 9, 11},
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10, 11}, {1, 2, 5, 6, 7}, {1, 2, 5, 6, 8}, {1, 2, 5, 6, 9},

6, 10}, {1, 2, 5, 6, 11}, {1, 2, 5, 7, 8}, {1, 2, 5, 7, 93,
, 10}, {1, 2, 5, 7, 11}, {1, 2, 5, 8, 9}, {1, 2, 5, 8, 10},
, 11}, {1, 2, 5, 9, 10}, {1, 2, 5, 9, 11}, {1, 2, 5, 10, 11},
, 8}, {1, 2, 6, 7, 9}, {1, 2, 6, 7, 10}, {1, 2, 6, 7, 11},

7

8

7

8, 9}, {1, 2, 6, 8, 10}, {1, 2, 6, 8, 11}, {1, 2, 6, 9, 10},

9, 11}, {1, 2, 6, 10, 11}, {1, 2, 7, 8, 9}, {1, 2, 7, 8, 10},
8, 11}, {1, 2, 7, 9, 10}, {1, 2, 7, 9, 11}, {1, 2, 7, 10, 11},
9, 10}, {1, 2, 8, 9, 11}, {1, 2, 8, 10, 11}, {1, 2, 9, 10, 11},
5, 6}, {1, 3, 4, 5, 7}, {1, 3, 4, 5, 8}, {1, 3, 4, 5, 9},

5, 10}, {1, 3, 4, 5, 11}, {1, 3, 4, 6, 7}, {1, 3, 4, 6, 8},

6, 9%, {1, 3, 4, 6, 10}, {1, 3, 4, 6, 11}, {1, 3, 4, 7, 8},

7, 9%, {1, 3, 4, 7, 10}, {1, 3, 4, 7, 11}, {1, 3, 4, 8, 9},

8, 10}, {1, 3, 4, 8, 11}, {1, 3, 4, 9, 10}, {1, 3, 4, 9, 11},
10, 11}, {1, 3, 5, 6, 7}, {1, 8}, {1, 3, 5, 6, 9},

10}, {1, 3, 5, 6, 11}, {1, 8}, {1, 3, 5, 7, 9},

10}, {1, 3, 5, 7, 11}, {1,

3, 5, 6,
3,5,7,
3, 5, 8, 9}, {1, 3, 5, 8, 10},
3, 5,9,

11}, {1, 38, 5, 9, 10}, {1, 11}, {1, 3, 5, 10, 11},

8, {1, 3, 6, 7, 9}, {1, 3, 6, 7, 10}, {1, 3, 6, 7, 11},

9, {1, 3, 6, 8, 10}, {1, 3, 6, 8, 11}, {1, 3, 6, 9, 10},

© 0 N 00 N O

11}, {1, 3, 6, 10, 11}, {1, 3, 7, 8, 9}, {1, 3, 7, 8, 10},

11}, {1, 3, 7, 9, 10}, {1, 3, 7, 9, 11}, {1, 3, 7, 10, 11},

10}, {1, 3, 8, 9, 11}, {1, 3, 8, 10, 11}, {1, 3, 9, 10, 11},

7}, {1, 4, 5, 6, 8}, {1, 4, 5, 6, 9}, {1, 4, 5, 6, 10},

11}, {1, 4, 5, 7, 8}, {1, 4, 5, 7, 9}, {1, 4, 5, 7, 10},

11}, {1, 4, 5, 8, 9}, {1, 4, 5, 8, 10}, {1, 4, 5, 8, 11},
10}, {1, 4, 5, 9, 11}, {1, 4, 5, 10, 11}, {1, 4, 6, 7, 8},

9}, {1, 4, 6, 7, 10}, {1, 4, 6, 7, 11}, {1, 4, 6, 8, 9},

0w N © N oo o ©O

, 10}, {1, 4, 6, 8, 11}, {1, 4, 6, 9, 10}, {1, 4, 6, 9, 11},
10, 11}, {1, 4, 7, 8, 9}, {1, 4, 7, 8, 10}, {1, 4, 7, 8, 11},
9, 10}, {1, 4, 7, 9, 11}, {1, 4, 7, 10, 11}, {1, 4, 8, 9, 10},
9, 11}, {1, 4, 8, 10, 11}, {1, 4, 9, 10, 11}, {1, 5, 6, 7, 8},
7, 9%, {t¢, 5, 6, 7, 10}, {1, 5, 6, 7, 11}, {1, 5, 6, 8, 93,

8, 10}, {1, 5, 6, 8, 11}, {1, 5, 6, 9, 10}, {1, 5, 6, 9, 11},
10, 11}, {1, 5, 7, 8, 9}, {1, 5, 7, 8, 10}, {1, 5, 7, 8, 11},
9, 10}, {1, 5, 7, 9, 11}, {1, 5, 7, 10, 11}, {1, 5, 8, 9, 10},
9, 11}, {1, 5, 8, 10, 11}, {1, 5, 9, 10, 11}, {1, 6, 7, 8, 9},
8, 10}, {1, 6, 7, 8, 11}, {1, 6, 7, 9, 10}, {1, 6, 7, 9, 11},
10, 11}, {1, 6, 8, 9, 10}, {1, 6, 8, 9, 11}, {1, 6, 8, 10, 11},
10, 11}, {1, 7, 8, 9, 10}, {1, 7, 8, 9, 11}, {1, 7, 8, 10, 11},
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10, 11}, {1, 8, 9, 10, 11}, {2, 3, 4, 5, 6}, {2, 3, 4, 5, 7},
5, 8}, {2, 3, 4, 5, 9}, {2, 3, 4, 5, 10}, {2, 3, 4, 5, 11},

6, 7}, {2, 3, 4, 6, 8}, {2, 3, 4, 6, 9}, {2, 3, 4, 6, 10},

6, 11}, {2, 3, 4, 7, 8}, {2, 3, 4, 7, 9}, {2, 3, 4, 7, 10},

7, 11}, {2, 3, 4, 8, 9}, {2, 3, 4, 8, 10}, {2, 3, 4, 8, 11},
9, 10}, {2, 3, 4, 9, 11}, {2, 3, 4, 10, 11}, {2, 3, 5, 6, 7},
6, 8+, {2, 3, 5, 6, 9}, {2, 3, 5, 6, 10}, {2, 3, 5, 6, 11},

7, 8, {2, 3, 5, 7, 9}, {2, 3, 5, 7, 10}, {2, 3, 5, 7, 11},

8, 9}, {2, 3, 5, 8, 10}, {2, 3, 5, 8, 11}, {2, 3, 5, 9, 10},
9, 11}, {2, 3, 5, 10, 11}, {2, 3, 6, 7, 8}, {2, 3, 6, 7, 9},
7, 10}, {2, 3, 6, 7, 11}, {2, 3, 6, 8, 9}, {2, 3, 6, 8, 10},
8, 11}, {2, 3, 6, 9, 10}, {2, 3, 6, 9, 11}, {2, 3, 6, 10, 11},
8, 9}, {2, 3, 7, 8, 10}, {2, 3, 7, 8, 11}, {2, 3, 7, 9, 10},
9, 11}, {2, 3, 7, 10, 11}, {2, 3, 8, 9, 10}, {2, 3, 8, 9, 11},
10, 11}, {2, 3, 9, 10, 11}, {2, 4, 5, 6, 7}, {2, 4, 5, 6, 8},
6, 9%, {2, 4, 5, 6, 10}, {2, 4, 5, 6, 11}, {2, 4, 5, 7, 8},

7, 9%, {2, 4, 5, 7, 10}, {2, 4, 5, 7, 11}, {2, 4, 5, 8, 9},

8, 10}, {2, 4, 5, 8, 11}, {2, 4, 5, 9, 10}, {2, 4, 5, 9, 11},
10, 11}, {2, 4, 6, 7, 8}, {2, 4, 6, 7, 9}, {2, 4, 6, 7, 10},
7, 11}, {2, 4, 6, 8, 9}, {2, 4, 6, 8, 10}, {2, 4, 6, 8, 11},
9, 10}, {2, 4, 6, 9, 11}, {2, 4, 6, 10, 11}, {2, 4, 7, 8, 9},
8, 10}, {2, 4, 7, 8, 11}, {2, 4, 7, 9, 10}, {2, 4, 7, 9, 11},
10, 11}, {2, 4, 8, 9, 10}, {2, 4, 8, 9, 11}, {2, 4, 8, 10, 11},
10, 11}, {2, 5, 6, 7, 8}, {2, 5, 6, 7, 9}, {2, 5, 6, 7, 10},
7, 11}, {2, 5, 6, 8, 9}, {2, 5, 6, 8, 10}, {2, 5, 6, 8, 11},
9, 10}, {2, 5, 6, 9, 11}, {2, 5, 6, 10, 11}, {2, 5, 7, 8, 93,
8, 10}, {2, 5, 7, 8, 11}, {2, 5, 7, 9, 10}, {2, 5, 7, 9, 11},
10, 11}, {2, 5, 8, 9, 10}, {2, 5, 8, 9, 11}, {2, 5, 8, 10, 11},
10, 11}, {2, 6, 7, 8, 9}, {2, 6, 7, 8, 10}, {2, 6, 7, 8, 11},
9, 10}, {2, 6, 7, 9, 11}, {2, 6, 7, 10, 11}, {2, 6, 8, 9, 10},
9, 11}, {2, 6, 8, 10, 11}, {2, 6, 9, 10, 11}, {2, 7, 8, 9, 10},

9, 11}, {2, 7, 8, 10, 11}, {2, 7, 9, 10, 11}, {2, 8, 9, 10, 11},

6, 7+, {3, 4, 5, 6, 8}, {3, 4, 5, 6, 9}, {3, 4, 5, 6, 10},

6, 11}, {3, 4, 5, 7, 8}, {3, 4, 5, 7, 9}, {3, 4, 5, 7, 10},

7, 11}, {3, 4, 5, 8, 9}, {3, 4, 5, 8, 10}, {3, 4, 5, 8, 11},
9, 10}, {3, 4, 5, 9, 11}, {3, 4, 5, 10, 11}, {3, 4, 6, 7, 8},
7, 9, {3, 4, 6, 7, 10}, {3, 4, 6, 7, 11}, {3, 4, 6, 8, 9},

8, 10}, {3, 4, 6, 8, 11}, {3, 4, 6, 9, 10}, {3, 4, 6, 9, 11},
10, 11}, {3, 4, 7, 8, 9}, {3, 4, 7, 8, 10}, {3, 4, 7, 8, 11},
9, 10}, {3, 4, 7, 9, 11}, {3, 4, 7, 10, 11}, {3, 4, 8, 9, 10},
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9, 11}, {3, 4, 8, 10, 11}, {3, 4, 9, 10, 11}, {3, 5, 6, 7, 8},
7, 9%, {3, 5, 6, 7, 10}, {3, 5, 6, 7, 11}, {3, 5, 6, 8, 93,

8, 10}, {3, 5, 6, 8, 11}, {3, 5, 6, 9, 10}, {3, 5, 6, 9, 11},
10, 11}, {3, 5, 7, 8, 9}, {3, 5, 7, 8, 10}, {3, 5, 7, 8, 11},
9, 10}, {3, 5, 7, 9, 11}, {3, 5, 7, 10, 11}, {3, 5, 8, 9, 10},
9, 11}, {3, 5, 8, 10, 11}, {3, 5, 9, 10, 11}, {3, 6, 7, 8, 9},
8, 10}, {3, 6, 7, 8, 11}, {3, 6, 7, 9, 10}, {3, 6, 7, 9, 11},
10, 11}, {3, 6, 8, 9, 10}, {3, 6, 8, 9, 11}, {3, 6, 8, 10, 11},
10, 11}, {3, 7, 8, 9, 10}, {3, 7, 8, 9, 11}, {3, 7, 8, 10, 11},
10, 11}, {3, 8, 9, 10, 11}, {4, 5, 6, 7, 8}, {4, 5, 6, 7, 9},
7, 10}, {4, 5, 6, 7, 11}, {4, 5, 6, 8, 9}, {4, 5, 6, 8, 10},

8, 11}, {4, 5, 6, 9, 10}, {4, 5, 6, 9, 11}, {4, 5, 6, 10, 11},
8, 9}, {4, 5, 7, 8, 10}, {4, 5, 7, 8, 11}, {4, 5, 7, 9, 10},

9, 11}, {4, 5, 7, 10, 11}, {4, 5, 8, 9, 10}, {4, 5, 8, 9, 11},
10, 11}, {4, 5, 9, 10, 11}, {4, 6, 7, 8, 9}, {4, 6, 7, 8, 10},
8, 11}, {4, 6, 7, 9, 10}, {4, 6, 7, 9, 11}, {4, 6, 7, 10, 11},
9, 10}, {4, 6, 8, 9, 11}, {4, 10, 11}, {4, 6, 9, 10, 11},
10, 11}, {4, 7, 9, 10, 11},

6,
9, 10}, {4, 7, 8, 9, 11}, {4, 7,
10, 11}, {5, 6, 7, 8, 9}, {5, 6,

6,

8,

8,

7, 8, 10}, {5, 6, 7, 8, 11},
9, 10}, {5, 6, 7, 9, 11}, {5, 7, 10, 11}, {5, 6, 8, 9, 10},
9, 11}, {5, 6, 8, 10, 11}, {5, 6, 9, 10, 11}, {5, 7, 8, 9, 10},
9, 11}, {5, 7, 8, 10, 11}, {5, 7, 9, 10, 11}, {5, 8, 9, 10, 11},
9, 10}, {6, 7, 8, 9, 11}, {6, 7, 8, 10, 11}, {6, 7, 9, 10, 11},

10, 11}, {7, 8, 9, 10, 11}}
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E Complete Solution of Marco Buratti’s Problem
for p=7

We first include a table that includes every possible set S of lengths in a Hamil-
tonian path along with a Hamiltonian path in K; whose edge lengths correspond to

the values in the multi-set S.

S HamiltonianPath S HamultonianPath
{1,1,1,1,1,1}  {0,1,2,3,4,5,6} {1,1,3,3,3,3}  {0,3,2,6,5,1,4}
{1,1,1,1,1,2}  {0,1,2,3,4,6,5} {1,2,2,2,2,2}  {0,2,4,5,3,1,6}
{1,1,1,1,1,3}  {0,1,2,3,6,5,4} {1,2,2,2,2,3}  {0,2,4,1,6,5,3}
{1,1,1,1,2,2}  {0,1,2,3,5,4,6} {1,2,2,2,3,3}  {0,2,5,6,4,1,3}
{1,1,1,1,2,3} {0,1,2,3,6,4,5} {1,2,2,3,3,3} {0,1,4,2,5,3,6}
{1,1,1,1,3,3} {0,1,2,5,6,3,4} {1,2,3,3,3,3} {0,3,6,4,1,2,5}
{1,1,1,2,2,2}  {0,1,2,4,6,5,3} {1,3,3,3,3,3}  {0,3,4,1,5,2,6}
{1,1,1,2,2,3} {0,1,2,6,4,5,3} {2,2,2,2,2,2}  {0,2,4,6,1,3,5}
{1,1,1,2,3,3} {0,1,2,5,4,6,3} {2,2,2,2,2,3}  {0,2,4,6,1,5,3}
{1,1,1,3,3,3} {0,1,4,5,2,3,6} {2,2,2,2,3,3} {0,2,4,6,3,1,5}
{1,1,2,2,2,2}  {0,1,6,4,2,3,5}  {2,2,2,3,3,3} {0,2,5,3,6,4,1}
{1,1,2,2,2,3} {0,2,3,5,6,1,4} {2,2,3,3,3,3} {0,3,5,2,6,1,4}
{1,1,2,2,3,3} {0,1,3,6,4,5,2} {2,3,3,3,3,3} {0,3,6,4,1,5,2}
{1,1,2,3,3,3} {0,3,4,1,6,5,2} {3,3,3,3,3,3} {0,3,6,2,5,1,4}

Included next is the Mathematica code used to determine that all sets S for

p = 7 are realizable.
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Find all permutations on 7 elements.

a={0, 1, 2, 3, 4, 5, 6};

perms = Permutations([al;

For each permutation of 7 elements, calculate the set of differences between consecutive

elements.

diff = {};
For[j = 1, j <= Length[perms], j++,
{aiffs = {0, 0, 0, 0, O, O},
perm = Part[perms, jI,
For[i =1, i <= 6, i++,
{value = Part[perm, i + 1] - Part[perm, il,
Part[diffs, i] = value
¥
1,
AppendTo[diff, diffs]
}

Replace the elements in each set with the corresponding element between 1 and (p-1)/2.

diff = diff
diff = diff
diff = diff
diff = diff
diff = diff
diff = diff
diff = diff

diff = diff

~ ~ ~ ~ ~ ~ ~ ~ ~
|
¢y}
|
v

diff = diff
Sort each element. The union command removes any repeated elements.
diff = Union[diff];

newlist = {};

For[i = 1, i <= Length[diff], i++,

{part = Sort[Part[diff, i]],
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AppendTo [newlist, part]
}
]

Union[newlist]

e, 1,01, 0,01, 13, {1, 1,1, 1,1, 2}, {1, 1, 1, 1, 1, 3},
{1, 1, 1,1, 2,2} {1, 1,1, 1,2, 3} {1, 1, 1, 1, 3, 3},

{1, 1,1, 2, 2,2} {1, 1,1, 2,2, 3} {1, 1, 1, 2, 3, 3},
{1, 1,1, 3, 3, 3}, {1, 1, 2, 2, 2, 2}, {1, 1, 2, 2, 2, 3},
{1, 1, 2, 2, 3, 3}, {1, 1, 2, 3, 3, 3}, {1, 1, 3, 3, 3, 3},
{1, 2, 2, 2, 2, 2}, {1, 2, 2, 2, 2, 3}, {1, 2, 2, 2, 3, 3},
{1, 2, 2, 38, 3, 3}, {1, 2, 3, 3, 3, 3}, {1, 3, 3, 3, 3, 3},

{2, 2, 2, 2, 2, 2}, {2, 2, 2, 2, 2, 3}, {2, 2, 2, 2, 3, 3},
{2, 2, 2, 3, 3, 3}, {2, 2, 3, 3, 3, 3}, {2, 3, 3, 3, 3,3},

{3, 3, 3, 38, 3, 3}}
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F Complete Solution of Marco Buratti’s Problem
for s =8

We first include a table that includes every possible set S of lengths in a Hamil-
tonian path along with a Hamiltonian path in Kg whose edge lengths correspond to

the values in the multi-set S when a Hamiltonian path exists.

S
{1,1,1,1,1,1,1}
{1,1,1,1,1,1,3}
{1,1,1,1,1,2,2}
{1,1,1,1,1,2,4}
{1,1,1,1,1, 3,4}
{1,1,1,1,2,2,2}
{1,1,1,1,2,2,4}
{1,1,1,1,2,3,4}
{1,1,1,1,3,3,3}
{1,1,1,1,3,4,4}
{1,1,1,2,2,2,2}
{1,1,1,2,2,2,4}
{1,1,1,2,2,3,4}
{1,1,1,2,3,3,3}
{1,1,1,2,3,4,4}
{1,1,1,3,3,3,3}
{1,1,1,3,3,4,4}
{1,1,1,4,4,4,4}
{1,1,2,2,2,2,3}
{1,1,2,2,2,3,3}
{1,1,2,2,2,4,4}
{1,1,2,2,3,3,4}
{1,1,2,2,4,4,4}
{1,1,2,3,3,3,4}
{1,1,2,3,4,4,4}
{1,1,3,3,3,3,3}

HamaltonianPath
{0,1,2,3,4,5,6,7}
{0,1,2,3,4,7,6,5}
{0,1,2,3,4,6,5,7}
{0,1,2,3,7,6,4,5}
{0,1,2,3,7,4,5,6}
{0,1,2,3,5,7,6,4}
{0,1,2,3,7,5,4,6}
{0,1,2,3,7,4,6,5}
{0,1,2,5,4,7,6,3}
{0,1,2,6,5,4,7,3}
{0,1,2,4,6,7,5,3}
{0,1,2,4,6,5,3,7}
{0,1,2,4,5,7,3,6}
{0,1,2,5,3,6,7,4}
{0,1,2,6,3,7,5,4}
{0,1,4,3,6,5,2,7}
{0,1,2,6,3,7,4,5}
{0,4,3,7,6,2,1,5}
{0,1,2,4,6,3,5,7}
{0,1,2,4,7,5,3,6}
{0,6,5,1,7,3,2,4}
{0,1,2,5,3,7,4,6}
{0,7,3,1,5,4,2,6}
{0,7,4,1,2,6,3,5}
{0,1,5,2,6,4,3,7}
{0,5,2,1,4,7,6,3}

S
{1,1,1,1,1,1,2}
{1,1,1,1,1,1, 4}
{1,1,1,1,1,2,3}
{1,1,1,1,1,3,3}
{1,1,1,1,1,4,4}
{1,1,1,1,2,2,3}
{1,1,1,1,2,3,3}
{1,1,1,1,2,4,4}
{1,1,1,1, 3,3, 4}
{1,1,1,1,4,4,4}
{1,1,1,2,2,2,3}
{1,1,1,2,2,3,3}
{1,1,1,2,2,4,4}
{1,1,1,2,3,3,4}
{1,1,1,2,4,4,4}
{1,1,1,3,3,3,4}
{1,1,1,3,4,4,4}
{1,1,2,2,2,2,2}
{1,1,2,2,2,2,4}
{1,1,2,2,2,3,4}
{1,1,2,2,3,3,3}
{1,1,2,2,3,4,4}
{1,1,2,3,3,3,3}
{1,1,2,3,3,4,4}
{1,1,2,4,4,4,4}
{1,1,3,3,3,3,4}
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HamiltonianPath
{0,1,2,3,4,5,7,6}
{0,1,2,3,7,6,5,4}
{0,1,2,3,4,7,5,6}
{0,1,2,3,6,5,4,7}
{0,1,2,6,5,4,3,7}
{0,1,2,3,5,6,4,7}
{0,1,2,3,6,5,7,4}
{0,1,2,6,5,7,3,4}
{0,1,2,7,3,6,5,4}
{0,1,5,4,3,7,6,2}
{0,1,2,3,5,7,4,6}
{0,1,2,3,6,4,7,5}
{0,1,2,6,4,3,7,5}
{0,1,2,4,7,3,6,5}
{0,1,5,4,2,6,7,3}
{0,1,2,5,4,7,3,6}
{0,1,5,2,6,7,3,4}
{0,6,4,3,5,7,1,2}
{0,6,4,5,3,7,1,2}
{0,1,2,4,6,3,7,5}
{0,1,2,5,3,6,4,7}
{0,1,2,6,4,7,3,5}
{0,7,4,1,2,5,3,6}
{0,7,4,1,5,3,2,6}
{0,4,3,7,1,5,6,2}
{0,5,2,3,7,6,1,4}



S
{1,1,3,3,3,4,4}
{1,1,3,4,4,4,4}
{1,2,2,2,2,2,2}
{1,2,2,2,2,2,4}
{1,2,2,2,2,3,4}
{1,2,2,2,3,3,3}
{1,2,2,2,3,4,4}
{1,2,2,3,3,3,3}
{1,2,2,3,3,4,4}
{1,2,2,4,4,4,4}
{1,2,3,3,3,3,4}
{1,2,3,3,4,4,4}
{1,2,4,4,4,4,4}
{1,3,3,3,3,3,4}
{1,3,3,3,4,4,4}
{1,3,4,4,4,4,4}
{2,2,2,2,2,2,2}
{2,2,2,2,2,2,4}
{2,2,2,2,2,3,4}
{2,2,2,2,3,3,3}
{2,2,2,2,3,4,4}
{2,2,2,3,3,3,3}
{2,2,2,3,3,4,4}
{2,2,2,4,4,4,4}
{2,2,3,3,3,3,4}
{2,2,3,3,4,4,4}
{2,2,4,4,4,4,4}
{2,3,3,3,3,3,4}
{2,3,3,3,4,4,4}
{2,3,4,4,4,4,4}
{3,3,3,3,3,3,3}
{3,3,3,3,3,4,4}
{3,3,3,4,4,4,4}
{3,4,4,4,4,4,4}

HamaltonianPath
{0,5,2,6,7,3,4,1}
{0,4,1,5,6,2,3,7}
{0,6,4,2,1,3,5,7}
{0,2,4,6,5,3,7,1}
{0,2,6,1,7,5,3,4}
{0,2,7,1,4,5,3,6}
{0,2,7,3,1,5,4,6}
{0,5,2,1,3,6,4,7}
{0,5,2,6,4,3,7,1}
{0,4,2,6,5,1,3,7}
{0,5,2,3,7,4,6,1}
{0,6,2,3,7,4,1,5}
DNFE
{0,5,2,3,7,4,1,6}
{0,7,3,6,2,5,1,4}
DNFE
DNE
DNFE
{0,2,4,6,1,3,7,5}
{0,2,4,7,1,6,3,5}
{0,2,6,4,1,3,7,5}
{0,2,7,5,3,6,1,4}
{0,3,1,5,7,2,6,4}
DNE
{0,5,2,4,7,3,1,6}
{0,6,2,5,1,3,7,4}
DNFE
{0,5,3,6,2,7,4,1}
{0,6,2,5,1,4,7,3}
DNFE
{0,5,2,7,4,1,6,3}
{0,3,6,2,5,1,4,7}
{0,4,1,5,2,6,3,7}
DNFE

S
{1,1,3,3,4,4,4}
{1,1,4,4,4,4,4}
{1,2,2,2,2,2,3}
{1,2,2,2,2,3,3}
{1,2,2,2,2,4,4}
{1,2,2,2,3,3,4}
{1,2,2,2,4,4,4}
{1,2,2,3,3,3,4}
{1,2,2,3,4,4,4}
{1,2,3,3,3,3,3}
{1,2,3,3,3,4,4}
{1,2,3,4,4,4,4}
{1,3,3,3,3,3,3}
{1,3,3,3,3,4,4}
{1,3,3,4,4,4,4}
{1,4,4,4,4,4,4}
{2,2,2,2,2,2,3}
{2,2,2,2,2,3,3}
{2,2,2,2,2,4,4}
{2,2,2,2,3,3,4}
{2,2,2,2,4,4,4}
{2,2,2,3,3,3,4}
{2,2,2,3,4,4,4}
{2,2,3,3,3,3,3}
{2,2,3,3,3,4,4}
{2,2,3,4,4,4,4}
{2,3,3,3,3,3,3}
{2,3,3,3,3,4,4}
{2,3,3,4,4,4,4}
{2,4,4,4,4,4,4}
{3,3,3,3,3,3,4}
{3,3,3,3,4,4,4}
{3,3,4,4,4,4,4}
{4,4,4,4,4,4,4}
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HamaltonianPath
{0,7,3,4,1,5,2,6}
DNFE
{0,6,4,3,1,7,5,2}
{0,2,4,7,1,3,6,5}
{0,2,6,4,3,1,5,7}
{0,2,7,1,5,4,6, 3}
{0,4,2,6,5,3,7,1}
{0,5,2,1,3,7,4,6}
{0,6,2,1,5,3,7,4}
{0,5,2,3,6,1,7,4}
{0,5,2,6,1,7,3,4}
{0,4,1,5,3,7,6,2}
{0,5,2,3,6,1,4,7}
{0,5,2,6,1,4,3,7}
{0,4,1,5,2,6,7,3}
DNFE
{0,6,4,2,5,3,1,7}
{0,6,4,7,1,3,5,2}
DNFE
{0,2,4,7,5,1,3,6}
DNFE
{0,3,1,4,6,2,5,7}
{0,4,2,6,1,3,7,5}
{0,5,2,4,7,1,6,3}
{0,5,2,6,4,1,3,7}
{0,4,2,6,1,5,3,7}
{0,5,2,7,4,1,3,6}
{0,5,3,7,2,6,1,4}
{0,4,1,5,3,7,2,6}
DNE
{0,3,6,1,5,2,7,4}
{0,3,7,4,1,5,2,6}
DNFE
DNE



Included next is the Mathematica code used to determine which sets S for s = &

are realizable.

Find all permutations on 8 elements.

a=9{1, 2, 3, 4, 5, 6, 7, 8};
perms = Permutations([a];

Length[perms]

40320
Determine the possible sets S by calculating the difference between consecutive elements in each permutation.

diff = {};
For[j = 1, j <= Length[perms], j++,
{diffs = {0, 0, 0, O, O, O, O},
perm = Part[perms, jl,
For[i =1, i <=7, i++,
{value = Part[perm, i + 1] - Part([perm, i],
Part[diffs, i] = value
¥
1,
AppendTo[diff, diffs]
}

Reduce the elements in the path to elements between O and 4.

diff = diff
diff = diff

diff = diff

/
/
/
diff = diff /. -4 ->
diff = diff /
diff = diff /
diff = diff /
diff = diff /. 5 -> 3;

diff = diff /. 6 -> 2;
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diff = diff /. 7 -> 1;

Sort each element and remove repeat elements

diff = Union[diff];

newlist = {};

For[k = 1, k <= Length[diff], k++,
{part = Sort[Part[diff, k]],
AppendTo [newlist, part]
}
]

newlist = Union[newlist]

Length[newlist]

{1, 1, 1,1, 1,1, 1}, {2, 1,1, 1,1, 1,2} {21,1,1, 1,1, 1, 3},
{1, 1, 1,1, 1,1, 4}, {1, 1, 1, 1, 1, 2, 2}, {1, 1, 1, 1, 1, 2, 3},
{1, 1, 1,1, 1, 2, 4}, {1, 1, 1, 1, 1, 3, 3}, {1, 1, 1, 1, 1, 3, 4},
{1, 1, 1,1, 1, 4, 4}, {1, 1, 1, 1, 2, 2, 2}, {1, 1, 1, 1, 2, 2, 3},

{1, 1,1, 1, 2,

2
4

{1, 1, 1,1, 2,2,4} {1,1, 1,1, 2,3, 3} {1, 1, 1, 1, 2, 3, 4},
4, 4%, {1, 1,1, 1, 3, 3, 3}, {1, 1, 1, 1, 3, 3, 4},
4

{1, 1, 1, 1, 3, 4, 4}, {1, 1, 1, 1, 4, 4, 4}, {1, 1, 1, 2, 2, 2, 2},

{1, 1,1, 2,2,2, 3} {1, 1,1, 2, 2,2, 4}, {1, 1, 1, 2, 2, 3, 3},
{1, 1, 1, 2, 2, 3, 4}, {1, 1, 1, 2, 2, 4, 4}, {1, 1, 1, 2, 3, 3, 3},
{1, 1, 1, 2, 3, 3, 4}, {1, 1, 1, 2, 3, 4, 4}, {1, 1, 1, 2, 4, 4, 4},
{1, 1,1, 3, 3, 3, 3}, {1, 1, 1, 3, 3, 3, 4}, {1, 1, 1, 3, 3, 4, 4},
{1, 1, 1, 3, 4, 4, 4}, {1, 1, 1, 4, 4, 4, 4}, {1, 1, 2, 2, 2, 2, 2},
{1, 1, 2, 2, 2, 2, 3}, {1, 1, 2, 2, 2, 2, 4}, {1, 1, 2, 2, 2, 3, 3},
{1, 1, 2, 2, 2, 3, 4}, {1, 1, 2, 2, 2, 4, 4}, {1, 1, 2, 2, 3, 3, 3},
{1, 1, 2, 2, 3, 3, 4}, {1, 1, 2, 2, 3, 4, 4}, {1, 1, 2, 2, 4, 4, 4},
{1, 1, 2, 3, 3, 3, 3}, {1, 1, 2, 3, 3, 3, 4}, {1, 1, 2, 3, 3, 4, 4},
{1, 1, 2, 3, 4, 4, 4}, {1, 1, 2, 4, 4, 4, 4}, {1, 1, 3, 3, 3, 3, 3},
{1, 1, 3, 3, 3, 3, 4}, {1, 1, 3, 3, 3, 4, 4}, {1, 1, 3, 3, 4, 4, 4},
{1, 1, 3, 4, 4, 4, 4}, {1, 2, 2, 2, 2, 2, 2}, {4, 2, 2, 2, 2, 2, 3},
{1, 2, 2, 2, 2, 2, 4}, {1, 2, 2, 2, 2, 3, 3}, {1, 2, 2, 2, 2, 3, 4},
{1, 2, 2, 2, 2, 4, 4}, {1, 2, 2, 2, 3, 3, 3}, {1, 2, 2, 2, 3, 3, 4},
{1, 2, 2, 2, 3, 4, 4}, {1, 2, 2, 2, 4, 4, 4}, {1, 2, 2, 3, 3, 3, 3},
{1, 2, 2, 3, 3, 3, 4}, {1, 2, 2, 3, 3, 4, 4}, {1, 2, 2, 3, 4, 4, 4},
{1, 2, 2, 4, 4, 4, 4}, {1, 2, 3, 3, 3, 3, 3}, {1, 2, 3, 3, 3, 3, 4},
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{1, 2, 3, 3, 3, 4, 4}, {1, 2, 3, 3, 4, 4, 4}, {1, 2, 3, 4, 4, 4, 4},
{1, 3, 38, 3, 3, 3, 3}, {1, 3, 3, 3, 3, 3, 4}, {1, 3, 3, 3, 3, 4, 4},
{1, 3, 3, 3, 4, 4, 4}, {1, 3, 3, 4, 4, 4, 4}, {2, 2, 2, 2, 2, 2, 3},
{2, 2, 2, 2, 2, 3, 3}, {2, 2, 2, 2, 2, 3, 4}, {2, 2, 2, 2, 3, 3, 3},
{2, 2, 2, 2, 3, 3, 4}, {2, 2, 2, 2, 3, 4, 4}, {2, 2, 2, 3, 3, 3, 3},
{2, 2, 2, 3, 3, 3, 4}, {2, 2, 2, 3, 3, 4, 4}, {2, 2, 2, 3, 4, 4, 4},
{2, 2, 38, 3, 3, 3, 3}, {2, 2, 3, 3, 3, 3, 4}, {2, 2, 3, 3, 3, 4, 4},
{2, 2, 3, 3, 4, 4, 4}, {2, 2, 3, 4, 4, 4, 4}, {2, 3, 3, 3, 3, 3, 3},
{2, 3, 3, 3, 3, 3, 4}, {2, 3, 3, 3, 3, 4, 4}, {2, 3, 3, 3, 4, 4, 4},
{2, 3, 3, 4, 4, 4, 4}, {3, 3, 3, 3, 3, 3, 3}, {3, 3, 3, 3, 3, 3, 4},
{3, 3, 3, 3, 3, 4, 4}, {3, 3, 3, 3, 4, 4, 4}, {3, 3, 3, 4, 4, 4, 4}}
105

The next code creates a list of all multi-sets of 7 elements from the set {1,2,3,4}

b=4{1,1,1,1,1,1,1,2,2,2,2,2,2,2,3, 3,3, 3,3, 3, 3, 4,
4, 4, 4, 4, 4, 4};

sets = Subsets[b, {7}];

sets = Union[sets];

newsets = {};

For[i = 1, i <= Length[sets], i++,
{value = Sort[Part[sets, il],
AppendTo [newsets, valuel
}

]

newsets = Union[newsets]

Length[newsets]

{{t, 1, 1,1, 1,1, 1}, {1, 1, 1,1, 1,1, 2}, {1, 1, 1, 1, 1, 1, 3},
{1, 1,1, 1,1, 1, 4}, {1, 1,1, 1, 1, 2, 2}, {1, 1, 1, 1, 1, 2, 3},
{1, 1,1, 1,1, 2,4}, {1, 1,1, 1, 1, 3, 3}, {1, 1, 1, 1, 1, 3, 4},

{1, 1,1, 1,1, 4, 4}, {1, 1, 1,1, 2, 2, 2}, {1, 1, 1, 1, 2, 2, 3},

{1, 1, 1,1, 2, 2, 4}, {1, 1, 1,1, 2, 3, 3}, {1, 1, 1, 1, 2, 3, 4},
{1, 1, 1, 1, 2, 4, 4}, {1, 1, 1,1, 3, 3, 3}, {1, 1, 1, 1, 3, 3, 4},
{1, 1, 1, 1, 3, 4, 4}, {1, 1, 1, 1, 4, 4, 4}, {1, 1, 1, 2, 2, 2, 2},
{1, 1,1, 2, 2,2, 3} {1, 1,1, 2, 2, 2, 4}, {1, 1, 1, 2, 2, 3, 3},
{1, 1,1, 2, 2, 3, 4}, {1, 1, 1, 2, 2, 4, 4}, {1, 1, 1, 2, 3, 3, 3},
{1, 1, 1, 2, 3, 3, 4}, {1, 1, 1, 2, 3, 4, 4}, {1, 1, 1, 2, 4, 4, 4},



{1, 1, 1,3, 3,3, 3 {1,1, 1,3, 3, 3, 4}, {1, 1, 1, 3, 3, 4, 4},
{1, 1, 1, 3, 4, 4, 4}, {1, 1, 1, 4, 4, 4, 4}, {1, 1, 2, 2, 2, 2, 2},
{1, 1, 2,2,2,2, 3 {1,1, 2,2, 2,2, 4}, {1, 1, 2, 2, 2, 3, 3},
{1, 1, 2,2, 2,3, 4}, {1, 1, 2,2, 2, 4, 4}, {1, 1, 2, 2, 3, 3, 3},
{1, 1, 2, 2, 3, 3, 4}, {1, 1, 2, 2, 3, 4, 4}, {1, 1, 2, 2, 4, 4, 4},
{1, 1, 2, 3, 3, 3, 3}, {1, 1, 2, 3, 3, 3, 4}, {1, 1, 2, 3, 3, 4, 4},
{1, 1, 2, 3, 4, 4, 4}, {1, 1, 2, 4, 4, 4, 4}, {1, 1, 3, 3, 3, 3, 3},
{1, 1, 38, 3, 3, 3, 4}, {1, 1, 3, 3, 3, 4, 4}, {1, 1, 3, 3, 4, 4, 4},
{1, 1, 3, 4, 4, 4, 4}, {1, 1, 4, 4, 4, 4, 4}, {1, 2, 2, 2, 2, 2, 2},
{1, 2, 2,2,2,2, 3 {1, 2, 2,2, 2,2, 4}, {1, 2, 2, 2, 2, 3, 3},
{1, 2, 2,2, 2,3, 4}, {1, 2, 2, 2, 2, 4, 4}, {1, 2, 2, 2, 3, 3, 3},
{1, 2, 2, 2, 3, 3, 4}, {1, 2, 2, 2, 3, 4, 4}, {1, 2, 2, 2, 4, 4, 4},
{1, 2, 2, 3, 3, 3, 3}, {1, 2, 2, 3, 3, 3, 4}, {1, 2, 2, 3, 3, 4, 4},
{1, 2, 2, 3, 4, 4, 4}, {1, 2, 2, 4, 4, 4, 4}, {1, 2, 3, 3, 3, 3, 3},
{1, 2, 3, 3, 3, 3, 4}, {1, 2, 3, 3, 3, 4, 4}, {1, 2, 3, 3, 4, 4, 4},
{1, 2, 3, 4, 4, 4, 4}, {1, 2, 4, 4, 4, 4, 4}, {1, 3, 3, 3, 3, 3, 3},
{1, 3, 38, 3, 3, 3, 4}, {1, 3, 3, 3, 3, 4, 4}, {1, 3, 3, 3, 4, 4, 4},
{1, 3, 3, 4, 4, 4, 4}, {1, 3, 4, 4, 4, 4, 4}, {4, 4, 4, 4, 4, 4, 4},
{2, 2, 2,2,2,2,2} {2,2, 2,2, 2,2, 3} {2, 2, 2, 2, 2, 2, 4},
{2, 2, 2,2, 2,3, 3} {2,2, 2,2, 2,3, 4}, {2, 2, 2, 2, 2, 4, 4},
{2, 2, 2, 2, 38, 3, 3}, {2, 2, 2, 2, 3, 3, 4}, {2, 2, 2, 2, 3, 4, 4},
{2, 2, 2, 2, 4, 4, 4}, {2, 2, 2, 3, 3, 3, 3}, {2, 2, 2, 3, 3, 3, 4},
{2, 2, 2, 3, 3, 4, 4}, {2, 2, 2, 3, 4, 4, 4}, {2, 2, 2, 4, 4, 4, 4},
{2, 2, 3, 3, 3, 3, 3}, {2, 2, 3, 3, 3, 3, 4}, {2, 2, 3, 3, 3, 4, 4},
{2, 2, 3, 3, 4, 4, 4}, {2, 2, 3, 4, 4, 4, 4}, {2, 2, 4, 4, 4, 4, 4},
{2, 3, 3, 3, 3, 3, 3}, {2, 3, 3, 3, 3, 3, 4}, {2, 3, 3, 3, 3, 4, 4},
{2, 3, 3, 3, 4, 4, 4}, {2, 3, 3, 4, 4, 4, 4}, {2, 3, 4, 4, 4, 4, 4},
{2, 4, 4, 4, 4, 4, 4}, {38, 3, 3, 3, 3, 3, 3}, {3, 3, 3, 3, 3, 3, 4},
{3, 3, 3, 3, 3, 4, 4}, {38, 3, 3, 3, 4, 4, 4}, {3, 3, 3, 4, 4, 4, 4},
{3, 3, 4, 4, 4, 4, 4}, {3, 4, 4, 4, 4, 4, 4}, {4, 4, 4, 4,4, 4, 4}}
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G Complete Solution of Marco Buratti’s Problem

for s =9

We first include a table that includes every possible set S of lengths in a Hamil-

tonian path along with a Hamiltonian path in K¢ whose edge lengths correspond to

the values in the multi-set S when a Hamiltonian path exists.

S
{1,1,1,1,1,1,1,1}
{1,1,1,1,1,1,1, 3}
{1,1,1,1,1,1,2,2}
{1,1,1,1,1,1,2,4}
{1,1,1,1,1,1,3,4}
{1,1,1,1,1,2,2,2}
{1,1,1,1,1,2,2,4}
{1,1,1,1,1,2,3,4}
{1,1,1,1,1,3,3,3}
{1,1,1,1,1,3,4,4}
{1,1,1,1,2,2,2,2}
{1,1,1,1,2,2,2, 4}
{1,1,1,1,2,2,3,4}
{1,1,1,1,2,3,3,3}
{1,1,1,1,2,3,4,4}
{1,1,1,1,3,3,3,3}
{1,1,1,1,3,3,4, 4}
{1,1,1,1,4,4,4,4}
{1,1,1,2,2,2,2,3}
{1,1,1,2,2,2,3,3}
{1,1,1,2,2,2,4,4}
{1,1,1,2,2,3,3,4}
{1,1,1,2,2,4,4,4}
{1,1,1,2,3,3,3,4}
{1,1,1,2,3,4,4,4}
{1,1,1,3,3,3,3,3}

HamiltonianPath
{0,1,2,3,4,5,6,7,8}
{0,1,2,3,4,5,8,7,6}
{0,1,2,3,5,4,6,7,8}
{0,1,8,7,2,3,4,5,6}
{0,8,3,2,1,4,5,6,7}
{0,8,6,7,5,4,3,1,2}
{0,8,7,2,1,3,4,6,5}
{0,8,7,4,3,1,2,6,5}
{0,8,7,6,3,2,5,4,1}
{0,1,2,5,6,7,3,4,8}
{0,1,3,2,4,5,7,6,8}
{0,1,3,2,4,8,7,5,6}
{0,1,3,2,5,4,8,6,7}
{0,1,3,2,8,5,4,7,6}
{0,1,3,4,5,8,7,2,6}
{0,1,4,3,6,5,2,8,7}
{0,1,4,3,7,8,2,6,5}
{0,1,5,4,3,8,7,2,6}
{0,1,8,7,6,4,2,5,3}
{0,2,1,3,6,4,5,8,7}
{0,2,1,3,7,6,8,4,5}
{0,2,1,4,3,7,6,8,5}
{0,2,1,5,4,6,7,3,8}
{0,2,1,7,4,3,8,5,6}
{0,2,3,4,8,5,1,6,7}
{0,3,2,8,5,4,1,7,6}
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S
{1,1,1,1,1,1,1,2}
{1,1,1,1,1,1,1, 4}
{1,1,1,1,1,1,2,3}
{1,1,1,1,1,1, 3,3}
{1,1,1,1,1,1,4, 4}
{1,1,1,1,1,2,2,3}
{1,1,1,1,1,2,3, 3}
{1,1,1,1,1,2,4,4}
{1,1,1,1,1, 3,3, 4}
{1,1,1,1,1,4,4, 4}
{1,1,1,1,2,2,2,3}
{1,1,1,1,2,2,3,3}
{1,1,1,1,2,2,4,4}
{1,1,1,1,2,3,3,4}
{1,1,1,1,2,4,4, 4}
{1,1,1,1,3,3,3,4}
{1,1,1,1,3,4,4, 4}
{1,1,1,2,2,2,2,2}
{1,1,1,2,2,2,2,4}
{1,1,1,2,2,2,3,4}
{1,1,1,2,2,3,3,3}
{1,1,1,2,2,3,4,4}
{1,1,1,2,3,3,3,3}
{1,1,1,2,3,3,4,4}
{1,1,1,2,4,4,4,4}
{1,1,1,3,3,3,3,4}

HamaltonianPath
{0,1,2,3,4,5,6,8,7}
{0,1,2,3,4,8,7,6,5}
{0,1,2,8,7,6,5,3,4}
{0,3,2,1,4,5,6,7,8}
{0,8,3,4,5,6,7,2,1}
{0,8,7,1,2,3,5,4,6}
{0,8,7,4,1,2,3,5,6}
{0,8,7,5,4,3,2,6,1}
{0,1,2,3,8,5,4,7,6}
{0,1,2,6,5,4,8,7,3}
{0,1,3,2,4,5,8,6,7}
{0,1,3,2,5,4,7,6,8}
{0,1,3,2,6,5,7,8,4}
{0,1,3,4,5,8,2,6,7}
{0,1,3,4,8,7,2,6,5}
{0,1,4,3,6,5,8,7,2}
{0,1,4,3,8,7,2,6,5}
{0,1,8,6,7,5,3,2,4}
{0,2,1,3,4,8,6,5,7}
{0,2,1,3,6,5,7,8,4}
{0,2,1,4,3,6,7,5,8}
{0,2,1,4,5,6,8,3,7}
{0,2,1,7,4,3,6,5,8}
{0,2,1,7,6,3,8,4,5}
{0,2,3,7,6,1,5,4,8}
{0,3,2,8,5,4,7,6,1}



S
{1,1,1,3,3,3,4,4}
{1,1,1,3,4,4,4,4}
{1,1,2,2,2,2,2,2}
{1,1,2,2,2,2,2,4}
{1,1,2,2,2,2,3,4}
{1,1,2,2,2,3,3,3}
{1,1,2,2,2,3,4,4}
{1,1,2,2,3,3,3,3}
{1,1,2,2,3,3,4,4}
{1,1,2,2,4,4,4,4}
{1,1,2,3,3,3,3,4}
{1,1,2,3,3,4,4,4}
{1,1,2,4,4,4,4,4}
{1,1,3,3,3,3,3,4}
{1,1,3,3,3,4,4,4}
{1,1,3,4,4,4,4,4}
{1,2,2,2,2,2,2,2}
{1,2,2,2,2,2,2, 4}
{1,2,2,2,2,2,3,4}
{1,2,2,2,2,3,3,3}
{1,2,2,2,2,3,4,4}
{1,2,2,2,3,3,3,3}
{1,2,2,2,3,3,4,4}
{1,2,2,2,4,4,4,4}
{1,2,2,3,3,3,3,4}
{1,2,2,3,3,4,4,4}
{1,2,2,4,4,4,4,4}
{1,2,3,3,3,3,3,4}
{1,2,3,3,3,4,4,4}
{1,2,3,4,4,4,4,4}
{1,3,3,3,3,3,3,3}
{1,3,3,3,3,3,4,4}
{1,3,3,3,4,4,4,4}
{1,3,4,4,4,4,4,4}
{2,2,2,2,2,2,2,2}
{2,2,2,2,2,2,2,4}
{2,2,2,2,2,2,3,4}

HamaltonianPath
{0,3,2,8,7,4,5,1,6}
{0,3,4,5,1,6,2,7,8}
{0,7,5,3,2,1,8,6,4}
{0,7,5,4,2,1,3,8,6}
{0,7,5,4,6,3,8,1,2}
{0,7,5,6,3,2,8,1,4}
{0,7,5,8,1,6,2,3,4}
{0,7,6,3,1,4,5,2,8}
{0,7,6,3,2,4,8,5,1}
{0,7,8,3,4,2,6,1,5}
{0,8,2,5,4,6,3,7,1}
{0,8,2,6,1,3,7,4,5}
{0,8,3,7,2,4,5,1,6}
{0,3,6,5,4,1,7,2,8}
{0,3,6,7,2,1,5,8,4}
{0,3,7,8,4,5,1,6,2}
{0,7,5,3,1,2,4,6,8}
{0,7,5,3,2,4,6,1, 8}
{0,7,5,3,2,8,1,6,4}
{0,7,5,3,6,4,1,2,8}
{0,7,5,3,8,2,1,6,4}
{0,7,5,8,2,1,4,6,3}
{0,7,5,8,2,6,1,3,4}
{0,7,6,1,5,3,8,4,2}
{0,8,2,5,3,7,1,4,6}
{0,8,2,6,4,1,5,3,7}
{0,8,3,7,2,4,6,1,5}
{0,3,6,4,5,8,2,7,1}
{0,3,6,4,8,5,1,2,7}
{0,3,7,2,6,1,8,4,5}

DNFE
{0,6,3,2,7,1,4,8,5}
{0,6,3,7,2,1,5,8,4}
{0,3,7,2,6,1,5,4,8}
{0,7,5,3,1,8,6,4,2}
{0,2,7,5,3,1,8,6,4}
{0,3,1,8,6,4,2,7,5}
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S
{1,1,1,3,3,4,4,4}
{1,1,1,4,4,4,4,4}
{1,1,2,2,2,2,2, 3}
{1,1,2,2,2,2,3, 3}
{1,1,2,2,2,2,4,4}
{1,1,2,2,2,3,3,4}
{1,1,2,2,2,4,4,4}
{1,1,2,2,3,3,3,4}
{1,1,2,2,3,4,4,4}
{1,1,2,3,3,3,3,3}
{1,1,2,3,3,3,4,4}
{1,1,2,3,4,4,4,4}
{1,1,3,3,3,3,3,3}
{1,1,3,3,3,3,4,4}
{1,1,3,3,4,4,4,4}
{1,1,4,4,4,4,4,4}
{1,2,2,2,2,2,2,3}
{1,2,2,2,2,2,3,3}
{1,2,2,2,2,2,4,4}
{1,2,2,2,2,3,3,4}
{1,2,2,2,2,4,4,4}
{1,2,2,2,3,3,3,4}
{1,2,2,2,3,4,4,4}
{1,2,2,3,3,3,3,3}
{1,2,2,3,3,3,4,4}
{1,2,2,3,4,4,4,4}
{1,2,3,3,3,3,3,3}
{1,2,3,3,3,3,4,4}
{1,2,3,3,4,4,4,4}
{1,2,4,4,4,4,4,4}
{1,3,3,3,3,3,3,4}
{1,3,3,3,3,4,4,4}
{1,3,3,4,4,4,4,4}
{1,4,4,4,4,4,4,4}
{2,2,2,2,2,2,2,3}
{2,2,2,2,2,2,3,3}
{2,2,2,2,2,2,4,4}

HamaltonianPath
{0,3,4,1,5,6,2,7,8}
{0,4,3,8,7,2,6,5,1}
{0,7,5,3,4,6,8,2,1}
{0,7,5,4,6,3,1,2,8}
{0,7,5,4,8,1,3,2,6}
{0,7,5,6,4,1,2,8,3}
{0,7,6,1,2,4,8,3,5}
{0,7,6,3,2,4,1,5,8}
{0,7,6,3,8,4,2,1,5}
{0,8,2,5,3,6,7,1,4}
{0,8,2,5,4,7,3,1,6}
{0,8,2,6,1,5,7,3,4}
{0,3,6,5,2,8,7,1,4}
{0,3,6,5,4,8,2,7,1}
{0,3,7,2,1,6,5,8,4}
{0,4,3,8,7,2,6,1,5}
{0,7,5,3,1,2,8,6,4}
{0,7,5,3,2,8,1,4,6}
{0,7,5,3,4,2,6,1,8}
{0,7,5,3,6,4,8,2,1}
{0,7,5,3,8,4,2,1,6}
{0,7,5,8,2,4,3,6,1}
{0,7,5,8,3,4,2,6,1}
{0,8,2,5,3,6,4,1,7}
{0,8,2,5,3,7,1,6,4}
{0,8,2,7,3,5,1,6,4}
{0,3,6,4,1,7,8,2,5}
{0,3,6,4,7,2,1,5,8}
{0,3,7,1,5,4,8,6,2}
{0,4,5,1,6,8,3,7,2}
{0,6,3,2,5,8,4,1,7}
{0,6,3,2,7,1,5,8,4}
{0,6,5,1,4,8,3,7,2}
{0,4,5,1,6,2,7,3,8}
{0,2,4,6,8,1,7,5,3}
{0,2,8,1,3,5,7,4,6}
{0,4,2,6,8,1,3,5,7}



S
{2,2,2,2,2,3,3,3}
{2,2,2,2,2,3,4,4}
{2,2,2,2,3,3,3,3}
{2,2,2,2,3,3,4,4}
{2,2,2,2,4,4,4,4}
{2,2,2,3,3,3,3,4}
{2,2,2,3,3,4,4,4}
{2,2,2,4,4,4,4,4}
{2,2,3,3,3,3,3,4}
{2,2,3,3,3,4,4,4}
{2,2,3,4,4,4,4,4}
{2,3,3,3,3,3,3,3}
{2,3,3,3,3,3,4,4}
{2,3,3,3,4,4,4,4}
{2,3,4,4,4,4,4,4}
{3,3,3,3,3,3,3,3}
{3,3,3,3,3,3,4,4}
{3,3,3,3,4,4,4, 4}
{3,3,4,4,4,4,4,4}
{4,4,4,4,4,4,4,4}

HamaltonianPath
{0,6,4,2,8,1,7,5,3}
{0,6,8,4,2,7,5,3,1}
{0,7,4,1,3,5,2,8,6}
{0,7,4,2,5,1,3,8,6}
{0,7,5,1,3,8,4,2,6}
{0,2,5,8,3,1,7,4,6}
{0,2,6,1,3,5,8,4,7}
{0,2,6,4,8,3,7,5,1}
{0,3,6,4,1,8,5,2,7}
{0,3,6,4,8,1,5,2,7}
{0,3,7,2,4,8,6,1,5}

DNFE
{0,6,3,1,4,8,5,2,7}
{0,6,3,7,2,4,8,5,1}
{0,4,2,6,1,5,8,3,7}

DNFE
{0,6,3,7,1,4,8,2,5}
{0,6,3,7,2,5,1,4,8}
{0,3,7,2,6,1,5,8,4}
{0,4,8,3,7,2,6,1,5}
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S
{2,2,2,2,2,3,3,4}
{2,2,2,2,2,4,4,4}
{2,2,2,2,3,3,3,4}
{2,2,2,2,3,4,4,4}
{2,2,2,3,3,3,3,3}
{2,2,2,3,3,3,4,4}
{2,2,2,3,4,4,4,4}
{2,2,3,3,3,3,3,3}
{2,2,3,3,3,3,4,4}
{2,2,3,3,4,4,4,4}
{2,2,4,4,4,4,4,4}
{2,3,3,3,3,3,3,4}
{2,3,3,3,3,4,4,4}
{2,3,3,4,4,4,4,4}
{2,4,4,4,4,4,4,4}
{3,3,3,3,3,3,3,4}
{3,3,3,3,3,4,4,4}
{3,3,3,4,4,4,4,4}
{3,4,4,4,4,4,4,4}

HamaltonianPath
{0,6,8,1,3,7,5,2,4}
{0,7,2,4,6,1,8,3,5}
{0,7,4,1,3,5,8,6,2}
{0,7,4,2,6,1,8,3,5}
{0,2,5,8,1,7,4,6,3}
{0,2,5,8,6,1,3,7,4}
{0,2,6,1,3,7,5,8,4}
{0,3,6,4,1,7,5,2,8}
{0,3,6,4,2,7,1,5,8}
{0,3,7,2,4,6,1,5,8}
{0,4,2,6,1,5,7,3,8}
{0,6,3,1,4,7,2,5,8}
{0,6,3,1,5,2,7,4,8}
{0,6,4,8,3,7,2,5,1}
{0,4,8,3,5,1,6,2,7}

DNFE
{0,6,3,7,1,5,2,8,4}
{0,3,7,2,6,1,4,8,5}
{0,4,8,3,7,2,5,1,6}



Included next is the Mathematica code used to determine which sets S for s = 9

are realizable.

First, create a list of all permutations on 9 elements.

a=4{1, 2, 3, 4, 5, 6, 7, 8, 9};
perms = Permutations([a];

Length[perms]
362880
Calculate the differences between consecutive elements in each permutation.

diff = {};
For[j = 1, j <= Length[perms], j++,
{diffs = {0, 0, 0, O, O, O, O, O},
perm = Part[perms, jl,
For[i =1, i <= 8, i++,
{value = Part[perm, i + 1] - Part([perm, i],
Part[diffs, i] = value
}
1,
AppendTo [diff, diffs]
}

Relabel the elements of the difference sets to be between 1 and 4 and remove repeated elements.

diff = diff
diff = diff

diff = diff

/
/
/
diff = diff /. -4 ->
diff = diff /
diff = diff /
diff = diff /
diff = diff /
diff = diff /. 5 -> 4;

diff = diff /. 6 -> 3;
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diff = diff /. 7 -> 2;

diff = diff /. 8 -> 1;

diff = Union[diff];

newlist = {};

For[k = 1, k <= Length[diff], k++,
{part = Sort[Part[diff, k]],
AppendTo [newlist, part]
}
]

newlist = Union[newlist]

Length[newlist]

{{t, 1,1, 1,1, 1,1, 1}, {1, 1,1, 1,1, 1,1, 2}, {1, 1, 1, 1, 1, 1, 1, 3},

{1, 1,1, 1,1, 1,1, 4}, {1, 1, 1,1, 1,1, 2,2} {1,1,1,1, 1,1, 2, 3},
{1, 1, 1,1, 1,1, 2, 4}, {1, 1, 1,1, 1,1, 3, 3} {1, 1,1, 1,1, 1, 3, 4},
{1, 1, 1,1, 1,1, 4, 4}, {1, 1,1, 1,1, 2,2, 2}, {2, 1,1, 1,1, 2, 2, 3},
{1, 1, 1,1,1, 2,2, 4}, {1, 1,1,1,1, 2,3, 3 {1, 1,1, 1,1, 2, 3, 4},
{1, 1,1, 1,1, 2, 4, 4}, {1, 1, 1, 1,1, 3, 3, 3}, {1, 1, 1, 1, 1, 3, 3, 4},
{1, 1,1, 1, 1, 3, 4, 4}, {1, 1, 1, 1, 1, 4, 4, 4}, {1, 1, 1, 1, 2, 2, 2, 2},
{1, 1, 1,1, 2,2,2, 3y {1,1,1,1, 2,2, 2, 4}, {1, 1, 1, 1, 2, 2, 3, 3},
{1, 1, 1,1, 2,2, 3, 4}, {1, 1, 1, 1, 2, 2, 4, 4}, {1, 1, 1, 1, 2, 3, 3, 3},
{1, 1, 1,1, 2, 3, 3, 4}, {1, 1, 1, 1, 2, 3, 4, 4}, {1, 1, 1, 1, 2, 4, 4, 4},
{1, 1, 1,1, 3,3, 3,3 {1,1,1,1, 3,3, 3, 4}, {1, 1, 1, 1, 3, 3, 4, 4},
{1, 1, 1, 1, 3, 4, 4, 4}, {1, 1, 1, 1, 4, 4, 4, 4}, {1, 1, 1, 2, 2, 2, 2, 2},
{1, 1,1, 2,2,2,2, 3 {1,1,1, 2,2, 2,2, 4} {1, 1,1, 2, 2, 2, 3, 3},
{1, 1,1, 2,2, 2,3, 4}, {1, 1,1, 2, 2, 2, 4, 4}, {1, 1, 1, 2, 2, 3, 3, 3},
{1, 1,1, 2, 2, 3, 3, 4}, {1, 1, 1, 2, 2, 3, 4, 4}, {1, 1, 1, 2, 2, 4, 4, 4},
{1, 1,1, 2,3, 3,3, 3y {1,1,1, 2, 3, 3, 3, 4}, {1, 1, 1, 2, 3, 3, 4, 4},
{1, 1, 1, 2, 3, 4, 4, 4}, {1, 1, 1, 2, 4, 4, 4, 4}, {1, 1, 1, 3, 3, 3, 3, 3},
{1, 1,1, 3, 3, 3, 3, 4}, {1, 1, 1, 3, 3, 3, 4, 4}, {1, 1, 1, 3, 3, 4, 4, 4},
{1, 1, 1, 3, 4, 4, 4, 4}, {1, 1, 1, 4, 4, 4, 4, 4}, {1, 1, 2, 2, 2, 2, 2, 2},
{1, 1, 2,2,2,2,2, 3} {1,1, 2,2, 2,2, 2,4}, {1, 1, 2, 2, 2, 2, 3, 3},
{1, 1, 2,2, 2,2, 3, 4}, {1, 1, 2, 2, 2, 2, 4, 4}, {1, 1, 2, 2, 2, 3, 3, 3},
{1, 1, 2, 2, 2, 3, 3, 4}, {1, 1, 2, 2, 2, 3, 4, 4}, {1, 1, 2, 2, 2, 4, 4, 4},
{1, 1, 2, 2, 3, 3, 3, 3}, {1, 1, 2, 2, 3, 3, 3, 4}, {1, 1, 2, 2, 3, 3, 4, 4},
{1, 1, 2, 2, 3, 4, 4, 4}, {1, 1, 2, 2, 4, 4, 4, 4}, {1, 1, 2, 3, 3, 3, 3, 3},
{1, 1, 2, 3, 3, 3, 3, 4}, {1, 1, 2, 3, 3, 3, 4, 4}, {1, 1, 2, 3, 3, 4, 4, 4},
{1, 1, 2, 3, 4, 4, 4, 4}, {1, 1, 2, 4, 4, 4, 4, 4}, {1, 1, 3, 3, 3, 3, 3, 3},
{1, 1, 3, 3, 3, 3, 3, 4}, {1, 1, 3, 3, 3, 3, 4, 4}, {1, 1, 3, 3, 3, 4, 4, 4},
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{1, 1, 3, 3, 4, 4, 4, 4}, {1, 1, 3, 4, 4, 4, 4, 4}, {1, 1, 4, 4, 4, 4, 4, 4},
{1, 2, 2, 2, 2, 2, 2, 2}, {1, 2, 2, 2, 2, 2, 2, 3}, {1, 2, 2, 2, 2, 2, 2, 4},
{1, 2, 2, 2, 2, 2, 3, 3}, {1, 2, 2, 2, 2, 2, 3, 4}, {1, 2, 2, 2, 2, 2, 4, 4},
{1, 2, 2, 2, 2, 3, 3, 3}, {1, 2, 2, 2, 2, 3, 3, 4}, {1, 2, 2, 2, 2, 3, 4, 4},
{1, 2, 2, 2, 2, 4, 4, 4}, {1, 2, 2, 2, 3, 3, 3, 3}, {1, 2, 2, 2, 3, 3, 3, 4},
{1, 2, 2, 2, 3, 3, 4, 4}, {1, 2, 2, 2, 3, 4, 4, 4}, {1, 2, 2, 2, 4, 4, 4, 4},
{1, 2, 2, 3, 3, 3, 3, 3}, {1, 2, 2, 3, 3, 3, 3, 4}, {1, 2, 2, 3, 3, 3, 4, 4},
{1, 2, 2, 3, 3, 4, 4, 4}, {1, 2, 2, 3, 4, 4, 4, 4}, {1, 2, 2, 4, 4, 4, 4, 4},
{1, 2, 3, 3, 3, 3, 3, 3}, {1, 2, 3, 3, 3, 3, 3, 4}, {1, 2, 3, 3, 3, 3, 4, 4},
{1, 2, 3, 3, 3, 4, 4, 4}, {1, 2, 3, 3, 4, 4, 4, 4}, {1, 2, 3, 4, 4, 4, 4, 4},
{1, 2, 4, 4, 4, 4, 4, 4}, {1, 3, 3, 3, 3, 3, 3, 4}, {1, 3, 3, 3, 3, 3, 4, 4},
{1, 3, 3, 3, 3, 4, 4, 4}, {1, 3, 3, 3, 4, 4, 4, 4}, {1, 3, 3, 4, 4, 4, 4, 4},
{1, 3, 4, 4, 4, 4, 4, 4}, {1, 4, 4, 4, 4, 4, 4, 4}, {2, 2, 2, 2, 2, 2, 2, 2},
{2, 2, 2, 2, 2, 2, 2, 3}, {2, 2, 2, 2, 2, 2, 2, 4}, {2, 2, 2, 2, 2, 2, 3, 3},
{2, 2, 2, 2, 2, 2, 3, 4}, {2, 2, 2, 2, 2, 2, 4, 4}, {2, 2, 2, 2, 2, 3, 3, 3},
{2, 2, 2, 2, 2, 3, 3, 4}, {2, 2, 2, 2, 2, 3, 4, 4}, {2, 2, 2, 2, 2, 4, 4, 4},
{2, 2, 2, 2, 3, 3, 3, 3}, {2, 2, 2, 2, 3, 3, 3, 4}, {2, 2, 2, 2, 3, 3, 4, 4},
{2, 2, 2, 2, 3, 4, 4, 4}, {2, 2, 2, 2, 4, 4, 4, 4}, {2, 2, 2, 3, 3, 3, 3, 3},
{2, 2, 2, 3, 3, 3, 3, 4}, {2, 2, 2, 3, 3, 3, 4, 4}, {2, 2, 2, 3, 3, 4, 4, 4},
{2, 2, 2, 3, 4, 4, 4, 4}, {2, 2, 2, 4, 4, 4, 4, 4}, {2, 2, 3, 3, 3, 3, 3, 3},
{2, 2, 3, 3, 3, 3, 3, 4}, {2, 2, 3, 3, 3, 3, 4, 4}, {2, 2, 3, 3, 3, 4, 4, 4},
{2, 2, 3, 3, 4, 4, 4, 4}, {2, 2, 3, 4, 4, 4, 4, 4}, {2, 2, 4, 4, 4, 4, 4, 4},
{2, 3, 3, 3, 3, 3, 3, 4}, {2, 3, 3, 3, 3, 3, 4, 4}, {2, 3, 3, 3, 3, 4, 4, 4},
{2, 3, 3, 3, 4, 4, 4, 4}, {2, 3, 3, 4, 4, 4, 4, 4}, {2, 3, 4, 4, 4, 4, 4, 4},
{2, 4, 4, 4, 4, 4, 4, 4}, {3, 3, 3, 3, 3, 3, 4, 4}, {3, 3, 3, 3, 3, 4, 4, 4},
{3, 3, 3, 3, 4, 4, 4, 4}, {3, 3, 3, 4, 4, 4, 4, 4}, {3, 3, 4, 4, 4, 4, 4, 4},
{3, 4, 4, 4, 4, 4, 4, 4}, {4, 4, 4, 4, 4, 4, 4, 4}}
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In[106]:=

b=4{1,1,1,1,1,1,1,1,2,2,2,2,2,2,2,2,3,3,3,3, 3, 3,
3, 3,4, 4, 4, 4, 4, 4, 4, 4};
sets = Subsets[b, {8}];
sets = Union[sets];
newsets = {};
For[i = 1, i <= Length[sets], i++,
{value = Sort[Part[sets, il],
AppendTo [newsets, value]

}
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1
newsets = Union[newsets]

Length[newsets]

Out[111]=
1, 1,1, 0,1, 0,1, 1}, {1, ¢, 1, 1,1, 1,1, 2}, {2, 1,1, 1, 1, 1, 1, 3},

{1, 1,1, 1,1, 1, 1, 4}, {1, 1,1, 1,1, 1,2, 2}, {1, 1, 1, 1, 1, 1, 2, 3},
{1, 1, 1,1, 1,1, 2,4}, {1, 1,1, 1,1, 1,3, 3} {1, 1,1, 1,1, 1, 3, 4},
{1, 1, 1,1, 1, 1, 4, 4}, {1, 1,1, 1,1, 2, 2, 2}, {1, 1, 1, 1, 1, 2, 2, 3},
{1, 1, 1,1, 1,2, 2,4}, {1, 1,1, 1,1, 2,3, 3} {1, 1,1, 1,1, 2, 3, 4},
{1, 1, 1, 1,1, 2, 4, 4}, {1, 1, 1, 1,1, 3, 3, 3}, {1, 1, 1, 1, 1, 3, 3, 4},
{1, 1, 1, 1, 1, 3, 4, 4}, {1, 1, 1, 1, 1, 4, 4, 4}, {1, 1, 1, 1, 2, 2, 2, 2},

{1, 1, 1,1, 2,2,2, 3y {1,1,1,1, 2,2, 2,4}, {1, 1,1, 1, 2, 2, 3, 3},
{1, 1, 1,1, 2,2, 3, 4}, {1, 1,1, 1, 2, 2, 4, 4}, {1, 1, 1, 1, 2, 3, 3, 3},
{1, 1, 1,1, 2, 3, 3, 4}, {1, 1, 1, 1, 2, 3, 4, 4}, {1, 1, 1, 1, 2, 4, 4, 4},
{1, 1, 1,1, 3,3,3,3 {1,1,1,1, 3,3, 3, 4, {1, 1, 1, 1, 3, 3, 4, 4},
{1, 1, 1, 1, 3, 4, 4, 4}, {1, 1, 1, 1, 4, 4, 4, 4}, {1, 1, 1, 2, 2, 2, 2, 2},
{1, 1,1, 2,2,2,2, 3y {1,1,1, 2,2, 2,2, 4} {1, 1,1, 2, 2, 2, 3, 3},
{1, 1,1, 2, 2, 2, 3, 4}, {1, 1, 1, 2, 2, 2, 4, 4}, {1, 1, 1, 2, 2, 3, 3, 3},
{1, 1,1, 2, 2, 3, 3, 4}, {1, 1, 1, 2, 2, 3, 4, 4}, {1, 1, 1, 2, 2, 4, 4, 4},
{1, 1,1, 2, 3, 3, 3, 3}, {1, 1, 1, 2, 3, 3, 3, 4}, {1, 1, 1, 2, 3, 3, 4, 4},
{1, 1, 1, 2, 3, 4, 4, 4}, {1, 1, 1, 2, 4, 4, 4, 4}, {1, 1, 1, 3, 3, 3, 3, 3},
{1, 1,1, 3, 3, 3, 3, 4}, {1, 1, 1, 3, 3, 3, 4, 4}, {1, 1, 1, 3, 3, 4, 4, 4},
{1, 1, 1, 3, 4, 4, 4, 4}, {1, 1, 1, 4, 4, 4, 4, 4}, {1, 1, 2, 2, 2, 2, 2, 2},
{1, 1, 2, 2,2,2,2, 3 {1,1, 2, 2,2, 2,2, 4 {1,1, 2, 2, 2, 2, 3, 3},
{1, 1, 2, 2, 2, 2, 3, 4}, {1, 1, 2, 2, 2, 2, 4, 4}, {1, 1, 2, 2, 2, 3, 3, 3},
{1, 1, 2, 2, 2, 3, 3, 4}, {1, 1, 2, 2, 2, 3, 4, 4}, {1, 1, 2, 2, 2, 4, 4, 4},
{1, 1, 2, 2, 3, 3, 3, 3}, {1, 1, 2, 2, 3, 3, 3, 4}, {1, 1, 2, 2, 3, 3, 4, 4},
{1, 1, 2, 2, 3, 4, 4, 4}, {1, 1, 2, 2, 4, 4, 4, 4}, {1, 1, 2, 3, 3, 3, 3, 3},
{1, 1, 2, 3, 3, 3, 3, 4}, {1, 1, 2, 3, 3, 3, 4, 4}, {1, 1, 2, 3, 3, 4, 4, 4},
{1, 1, 2, 3, 4, 4, 4, 4}, {1, 1, 2, 4, 4, 4, 4, 4}, {1, 1, 3, 3, 3, 3, 3, 3},
{1, 1, 3, 3, 3, 3, 3, 4}, {1, 1, 3, 3, 3, 3, 4, 4}, {1, 1, 3, 3, 3, 4, 4, 4},
{1, 1, 3, 3, 4, 4, 4, 4}, {1, 1, 3, 4, 4, 4, 4, 4}, {1, 1, 4, 4, 4, 4, 4, 4},
{1, 2, 2,2,2,2,2, 2} {1, 2,2, 2,2,2,2, 3} {1, 2, 2, 2, 2, 2, 2, 4},
{1, 2, 2, 2,2, 2,3, 3 {1, 2, 2, 2, 2, 2, 3, 4, {1, 2, 2, 2, 2, 2, 4, 4},
{1, 2, 2, 2, 2, 3, 3, 3}, {1, 2, 2, 2, 2, 3, 3, 4}, {1, 2, 2, 2, 2, 3, 4, 4},
{1, 2, 2, 2, 2, 4, 4, 4}, {1, 2, 2, 2, 3, 3, 3, 3}, {1, 2, 2, 2, 3, 3, 3, 4},
{1, 2, 2, 2, 3, 3, 4, 4}, {1, 2, 2, 2, 3, 4, 4, 4}, {1, 2, 2, 2, 4, 4, 4, 4},
{1, 2, 2, 3, 3, 3, 3, 3}, {1, 2, 2, 3, 3, 3, 3, 4}, {1, 2, 2, 3, 3, 3, 4, 4},
{1, 2, 2, 3, 3, 4, 4, 4}, {1, 2, 2, 3, 4, 4, 4, 4}, {1, 2, 2, 4, 4, 4, 4, 4},
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