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ABSTRACT

In this work, the current state of the field of edge-colored graphs is surveyed. A
new concept of unshrinkable edge colorings is introduced which is useful for rainbow
subgraph problems and interesting in its own right. This concept is analyzed in
some depth. Building upon the linear edge ordering described in a recent work from
Gerbner, Methuku, Nagy, Palvolgyi, Tardos, and Vizer, edge-ordering graphs with the
cyclic group is introduced and some results are given on this and a related counting
problem.
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CHAPTER 1

INTRODUCTION

1.1 WHAT IS A GRAPH"

We will start by defining some terms commonly used in graph theory.

Definition 1 (Graph). A graph G is a set of vertices and a set of tuples of vertices
called edges. We write V(G) for the set of vertices of G and E(G) for the edge set
of G. An edge e = {v1,v2} should be thought of as connecting two vertices of G. We

call the two vertices connected by e, v; and vy, the endpoints of the edge e.

In this thesis we will restrict ourselves to simple graphs, which means that each
edge must have two distinct endpoints and a pair of vertices can only have up to

one edge connecting them.

Definition 2 (Order of a graph). The order of a graph G is the number of vertices
in G. We write |G| = |V(G)| for the order of G.

Definition 3 (Size of a graph). The size of a graph G is the number of edges in G.
We write ||G|| = |E(G)| for the size of G.



Definition 4 (Incidence). We say that two edges ej,es of a graph G are incident if
they share an endpoint, in other words e; N ey = v for some v € V(G).

We say that an edge e and a vertex v are incident if v is an endpoint of e (v € e).

Definition 5 (Degree). The degree of a vertex v € V(G) is the number of edges
incident to v, written d(v). The max degree A is the degree of the vertex with the
largest degree A = maxycv(g)) d(v). The total degree of a graph G is the sum of
the degrees of all of the vertices and the average degree of a graph is the total degree

divided by the order.

Definition 6 (Subgraph). We say that a graph H is the subgraph of a graph G if H
is a graph, V(H) C V(G) and E(H) C E(G). It’s important to note that we don’t
care about the precise names of the vertices themselves, we just care about the graph

structure. For H to be a subgraph of G, H need only “look like” a part of G.

Frequently used graphs are often named. We will name some of these graphs and
show them in Fig. 1.1. A path with order n is written P,. The path P, has vertex
set {v1,...,v,} and edges E(P,) = {{v1,va}, {v2,v3}, ..., {vn_1,v,}}. We call v; and
v, the endpoints of the path P,. A cycle C, is a path P, with an edge added to
connect the endpoints of P,. The complete graph on n vertices is written K,,. It has
all possible edges, there is an edge connecting each pair of vertices. Thus, K, has

every graph of order less than or equal to n as a subgraph.

Example 1. We often think of paths and cycles as subgraphs. A Hamiltonian cycle
of a graph G is a subgraph which is a cycle and uses all the vertices of G. In other

words it is a cycle with the same order as G. A Hamiltonian path is defined similarly.
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(a) Complete graph K (b) Cycle graph Cy. (¢) Path graph Pj.

Figure 1.1: Some common graphs

1.2 EDGE COLORINGS

Now that we have defined some of the core concepts in graph theory, we can define

an edge coloring of a graph.

Definition 7 (Edge Coloring). A proper edge coloring of a graph G is a map from the
edge set F(G) to a set of “colors” so that no two incident edges have the same color.
Using mathematical notation, a proper edge coloring of G is a function ¢ : E(G) — N
with e; Nes # @ = c(e1) # c(ez)Ver, e € E(G). We write “edge coloring” or
simply “coloring” to refer to a proper edge coloring, and we write “colored graph” to

refer to a graph equipped with an edge coloring.

We denote the set of n colors as {1,2,...,n — 1,n} = [n]. We say that an edge

coloring with ¢ colors, also a “t-edge coloring,” is a surjective map E(G) — [t].

Definition 8 (Chromatic Index). We call the smallest number of colors needed to

edge-color a graph the chromatic index or the edge chromatic number written x'(G).

We call a coloring of G optimal if it uses the minimum number of colors (x'(G) colors).

We call a colored graph a rainbow graph if each edge has a different color. We are

3



g ®
(a) K5 with an optimal edge coloring. (b) a rainbow-Cs

Figure 1.2: The optimal coloring of K5 (a) contains a rainbow-Cs (b)

particularly interested in rainbow subgraphs.

Definition 9. We say that a graph G colored by a function ¢ contains a rainbow
copy of H if there exists a subgraph H of GG so that the edge set of H is colored with
all different colors by ¢, the coloring of G. In other words, |c[E(H)|| = |E(H)| or

c|p(m) is one to one.

Example 2. An optimal coloring of K35 uses x'(K5) = 5 colors (Fig. 1.2a). This
coloring of K5 happens to be unique up to vertex and color label swapping. This

coloring has a rainbow-Hamiltonian cycle, see Fig. 1.2.

The minimal graph containing all edges colored with a given color a is referred to

as a’s color class.

1.3 RAaINBOW PATHS AND CYCLES IN COM-

PLETE GRAPHS

One of the foundational questions in the study of rainbow subgraphs is whether edge-

colored graphs have long rainbow paths and cycles.
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Figure 1.3: Kg with edge coloring from Maamoun and Meyniel [1].

The path question was formally proposed by Hahn in 1980. Hahn conjectured that all
edge colorings, including non-proper edge colorings, of the complete graph with more
than 5 vertices have a rainbow Hamiltonian path, provided that each color is used at
most 1/2 times [2]. This was disproved by Maamoun and Meyniel four years later [1].
Their counterexample is coloring of Ko for any integer p so that the resulting colored
graph does not have any Hamiltonian paths. Their counterexample can be though of
as treating each vertex as a string of elements of Z/27Z length p (there are 27 = |G|
such strings) and assigning each of 2P — 1 colors to each edge for which its incident
vertices’ strings differ by the same amount (Fig. 1.3). So in Kss_g, we would color the
edge between the vertex labeled 101 and 111 the same as the edge between the vertices
labeled 000 and 010, because both of those edges have endpoints labels which differ
from each other by flipping their second element. If there was a rainbow-Hamiltonian

path, it must use all the colors, and thus the label of the first and last endpoint must



differ by exactly the sum of all the different colors. But the sum of all the colors
corresponds to not changing the vertex label between the endpoints of the path at
all, in other words any sequence of 2P — 1 differently colored incident edges without

a vertex of degree greater than 2 must be a cycle.

1.3.1 k-BOUNDED COLORINGS CONTAINING RAINBOW-

HAMILTONIAN CYCLES

While the authors show that Hahn’s conjecture is false, they affirm that the problem
of investigating long rainbow paths and cycles within edge colored complete graphs
is interesting and deserves further study. They ask a different question, based on the

concept of k-bounded colorings.

Definition 10 (k-bounded colorings). A coloring of K, in which each color class is

of size at most k as a k-bounded coloring.

Then, the authors note that for each complete graph K, there exists some k so
that each k-bounded coloring contains a rainbow Hamiltonian path. A 1-bounded
graph is rainbow by definition, so we focus on how big we can get k such that this

rainbow Hamiltonian subgraph property still holds.

Question 1. The authors ask how this largest bound k so that any k bounded coloring

of K,, contains a rainbow Hamiltonian path grows with n.

We note that if a certain coloring of K, has a rainbow cycle of size [, then that
coloring has a rainbow path of at least size [ — 1, just by deleting one of the edges.

So finding a rainbow Hamiltonian cycle will guarantee the existence of a rainbow



Hamiltonian path. As such, many authors only focus on when a k-bounded coloring
implies the existence of a rainbow Hamiltonian cycle rather than such a path. We
will present the results for cycles and then results for paths.

Hahn and Thomason [3] found a constant ¢ so that each k-bounded colorings of K,
for n > ck? is guaranteed to have a rainbow-Hamilton cycle. In other words, we can
ensure rainbow-Hamiltonian cycles by letting k grow no faster than /n. The authors
do this by considering the number of crossings and switchings in some long cycle C;
the authors define a switching as a place where some consecutive vertices a, b in the
cycle ({ab} € C) have edges {av}, {vb} going to a different vertex v and differing in
color, so a switching gives the potential for a vertex to be added to our cycle, and
crossing as way of switching the order of vertices along the cycle. The authors show
that these switchings and crossings occur sufficiently frequently and that they can be
used to augment the size of a cycle C'. The authors then conjecture that letting k
grow no faster than n would be sufficient for the existence of rainbow-Hamiltonian
cycles, though, and direct future work towards showing the existence or nonexistence
of this linear bound instead of using their method and improving the constant factor.
R6dl and Winkler in 1984 privately corresponded to show that letting n > ck? is
sufficient instead of the bound in [3] of n > ck® [4]. Calling a coloring containing a
rainbow-Hamiltonian cycle good, Frieze and Reed in [4] go on to show that letting k
grow with - is sufficient for each k& bounded coloring of K, to be good for large values

of n, in their words there exists some large constant A such that if n is sufficiently large

and k£ < [47-—], then any k-bounded coloring of K, contains a rainbow Hamilton

cycle.

The constant bound conjectured by Hahn and Thomassen [3] was indeed achieved



by Michael Albert, Alan Frieze and Bruce Reed in 1995. They used a probabilistic
method in addition to some clever ways of making a cycle longer to show that if n is
large enough, any coloring of K, which is k£ bounded for some k < [n/32] is good,

i.e. it contains a rainbow Hamiltonian cycle. [5]

1.3.2 LoNG RaINBOW CYCLES IN K,

To further investigate the properties of proper colorings of K,,, many authors have
studied different lower bounds for the largest rainbow path or rainbow cycle in K.
The existence of Maamoun and Meyniel’s counterexample to Hahn’s conjecture is
thought to be quite special, and almost-Hamiltonian rainbow paths are thought to
exist in every coloring of a complete graph [6]. We will consider the lower bounds
for the largest rainbow-cycle or rainbow-path in K,. We will review the associated
results for rainbow cycles, then for rainbow paths.

According to [7], any coloring of K, contains a rainbow cycle with at least n/2 —1
colors (thus n/2—1 edges). The authors do this by contradiction. They fix a maximum
size rainbow cycle C' within a coloring of K, and suppose that |E(C)| < n/2—1 edges.
Using two clever ways of adding edges to C', they show that C' can be expanded. This
bound is further improved by [6], where the authors construct more possible detours
along a cycle that would increase its length whilst maintaining its polychromaticism.
These more complicated detours allow the authors to prove that any coloring of K, for
large enough n contains a rainbow cycle of almost 47" colors. This bound is improved
by [8] to show that any coloring of K, has rainbow cycles as big as n — O(n%). The
method used by Alon et al. involves finding connecting rainbow path forests, sets

of disjoint rainbow paths, combined with a result showing that random subgraphs



of properly edge - coloured complete graph have distributions similar those of truly

random graphs with the same densities.

1.3.3 LONG RAINBOW PATHS IN K,

As mentioned earlier, a rainbow-cycle with [ edges has a rainbow-path with n — 1
edges as a subgraphs. Some of our results for long paths come trivially from the
results on cycles described earlier, in this section we focus our attention on other
results on the existence of long rainbow path. In 2010, the authors of [9] showed that
each proper edge coloring of K, has a rainbow path of length % They did this by

designing a procedure to augment the length of a rainbow cycle and show that this

t 2n+1

o This bound was

process does not terminate before reaching a path of at leas
improved by [10] and [11] to a bound of (2 — o(1))n in two different ways. However,
the best bound is still equivalent to that in the cycle case, by [8] any coloring of

K, has rainbow cycles as big as n — O(n%) so there exists rainbow paths of length

n—0(ni)—1.

1.4 THE EXTREMAL NUMBER

In extremal graph theory, we study how by starting with a vertex set and adding edges,
we eventually force some structures to be introduced into our graph. For example, if
we add edges to a graph with a set of n vertices and no edges, we eventually generate
a triangle within our graph. We will define this notion rigorously and then explore

this specific problem as an example.

Definition 11 (The extremal number). We consider the class of graphs which do not

9



have a given graph H as a subgraph, and we ask what is the largest size (number of
edges) in such a graph with a given order (number of vertices). We write ex(n, H) for
this number which depends on its two parameters, H, the forbidden subgraph and n,
the fixed number of vertices.

We often want to exclude a collection of forbidden subgraphs 4. In this case we write
ex(n,H) for the largest number of edges a graph on n vertices can have whilst not

having any of the graphs within H as a subgraph.

We will give an example for one of the first problems answered in this field, which
is that of “triangle-free” graphs (graphs which do not have K3 as a subgraph). That
is ex(n, K3), the maximum number of edges a graph on n vertices can have without

having K3 as a subgraph.

Theorem 1 (Mantel (1907) [12]). ex(n, K3) < L”;J That is, any triangle-free graph

on n vertices has at most L”{j edges.

To find a construction which nears this bound on n vertices, split n into a set
of |n/2| vertices and a set of [n/2] vertices and add every edge between the two
sets. The n = 8 case is drawn in figure 1.4. This construction is called the complete
bipartite graph K, s,/2 and also the Turan graph 7'(n,2) (the second parameter
means we have two nearly even groups). If 2|n, this graph has every edge between
a group of n/2 vertices and another group of n/2 vertices and thus has n?/4 edges,
achieving the upper bound in (Thm. 1). In general, the Turdn graph T'(n,r) splits n
vertices into r nearly even groups (all groups can only be made the same size if 7|n)
and includes all edges between vertices of different groups. The Turan graph is a good

segue into more extremal graph theory as it was named after the mathematician who

10



Figure 1.4: Turan graph T'(8,2).

started the systematic study of extremal graph theory problems [13]. In [14], Turdn

found the general extremal number ex(n, K,,1) for r > 2, see (Thm. 2).

Theorem 2 (Turdn (1941)). The Turdn graph T(n,r) is the best graph for avoiding
K,y1. That is ex(n, K1) < |E(T(n,r)|

After finding the extremal number for complete graphs, the next foundation prob-
lem in extremal graph theory is the extremal number of the Turdn graph T'(n, ) when

n is a multiple of r. In 1946, Erdés and Stone proved that the graph T'(tr,r) has

extremal number ex(n, T'(tr, 7)) = (*=2 4 o(1)) (Z) [15]. This foundational theorem is
so valuable since in can give us great insight into graphs which are not Turan based
on the chromatic number x(H) which is the minimum number of colors in a proper

vertex coloring of H:

Theorem 3 (Erdos-Stone-Simonovits Theorem). If H is a graph with chromatic

number x(H) > 2, then ex(n, H) = (1 — @ + 0(1))(3)

Extremal graph theory has been a rich field since its conception. This overview

is only skimming the surface, an in depth history like [13] by Fiiredi and Simonovits

11



has much more information.

1.4.1 FORBIDDEN VERTEX AND EDGE ORDERED GRAPHS

The field of extremal graph theory has also been extended to questions with vertex-
ordered [16] [17] and very recently edge-ordered subgraphs [18]. In the vertex-ordered
papers, the authors consider vertex ordered graphs and extend the notion of subgraph
to respect vertex order. Then, they look at a new extremal number which takes into
account this new notion of subgraphs. If H is a vertex ordered graph, then we can
define a new extremal number which represents the largest size a graph GG can have on
n vertices such that there exists some vertex ordering of GG such that G' equipped with
this ordering does not contain any copies of the vertex-ordered H with containment
defined by this stricter notion of subgraphs.

Gerbner, Methuku, Nagy, Palvolgyi, Tardos and Vizer in [18] define a similar notion
for edge ordered graphs. We will explore their paper further, as well as generate some

results for graphs with edges ordered in a different manner in Chapter 3.

12



CHAPTER 2

UNSHRINKABLE (GRAPHS

2.1 MOTIVATION

While investigating which colorings of the complete graph K, are free of some rainbow
subgraph H, we find that the best colorings are not necessarily optimal colorings. So
the “search space” for trying to find a rainbow-H-free coloring of K, (or a general
graph G) is quite large, we can’t just look at the optimal colorings of K, the naive
approach would involve looking at all the colorings of K. In Subsection 1.3.1, we
reviewed results that prove that for a given K,,, there exists some k so that each
k-bounded coloring cannot avoid some rainbow Hamiltonian cycle. Thus, k-bounded
colorings can be removed from our search space if H is some subset of a Hamiltonian

cycle. However, we would like to narrow our search space further.

Question 2. If we want to check whether a graph G can be colored to avoid a rainbow

H, What subset of the edge-colorings can we look at?

For our main observation, let’s suppose we have some t-coloring ¢ of K,, and we

13
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(a) ¢, an edge coloring of K. (b) ¢, a coloring made from ¢ by changing
the edge {vi,v4} to a new color.

Figure 2.1: Two colorings ¢ and ¢ of Ky

take some color class of ¢ and change some of the edges in that color class to be
colored with a new color ¢t 4+ 1 not used in c¢. Let’s call this new colorings ¢, as in
Fig. 2.1. We observe that this new coloring ¢’ cannot be better at avoiding a rainbow
subgraph than c¢. That is to say, if ¢ contains a rainbow subgraph H, so to must
. This is because every subgraph of G has the same or more colors under ¢ than
under ¢, and ¢ would have to have less colors along H to avoid H when ¢ does not.
To return to our question, we want to exclude graphs like ¢ from our search space.
So we will rigorously define an action that would get us from a coloring like ¢ to a

coloring like ¢, and colorings upon which we can perform this action will be removed

from the search space.

2.2 DEFINITIONS

2.2.1 SHRINKING

We want to formalize a map that would map from ¢ to ¢ in Fig 2.1. The map that
we want would color both the green and the purple color class with the color green.

If we map the color purple to the color green, and each other color of ¢ to itself with

14



the map s, then soc is equivalent to c. We will call the map s a shrinking from ¢’ to
c. Note that this map s corresponds to a map from [4] — [3] if the colors red, blue,

green, and purple correspond to the numbers 1, 2, 3, and 4.

Definition 12. We define a shrinking of a proper edge coloring as switching all the
edges of a specific color to that of another color within our coloring. In mathematical
terms, a shrinking of a t-edge-coloring ¢ is a map s : [t] — [t — 1] so that soc is a

proper edge coloring.

2.2.2 UNSHRINKABLE GRAPHS AND X (G)

We call a proper edge colored graph “unshrinkable” if its coloring does not have a
shrinking.
The lower bound for the number of colors in a unshrinkable coloring is the chromatic
index, so we concern ourselves with the upper bound for such a coloring which we
write X (G). That is, all unshrinkable k-colorings of a given graph G have \/(G) <
k< X(G).

2.3 PRELIMINARY RESULTS

We have that a proper edge colored graph is unshrinkable iff each color class intersects
each other color class. This means that for every pair of two colors a, b there exists a
vertex incident to both an edge colored a and an edge colored b.

An unshrinkable coloring has at most max{A(G), 3} colors which only appear once,
as if more than 3 colors which only appear once are present in a graph they must all

be incident to each other, and this is only possible for four or more colors if they are

15



each incident to the same vertex.
We know that each pair of color classed contain incident edges. We can think of each
vertex as an opportunity for a number of color classes to intersect and use this to get

a condition for unshrinkable graphs.

Proposition 4. For a k-edge coloring of G to be unshrinkable, we have

o)== (%)

Proof. Each vertex v € V(@) as incident to (d(;/ )) pairs of edges. Each of these pairs
of edges is an “opportunity” for two color classes to intersect. A k-edge-coloring has a

(’;) pairs of color classes, there must be at least this many “opportunities” in G. [

2.4 X (G) FOR CYCLES

We will now find X (G) precisely for G a general cycle.

Theorem 5. For a general n, we have that X(C,) < M2 We have equality

k(

when n = kal) for some odd integer k.

Proof. For the first part, using Prop. 4 we get that since all the vertices in C,, are

of degree 2, we have (X(S")) < Xievicn) (d(;)) = n. Simple rearranging X (C,) <
1+v/1+48n
R

For the upper bound, let n = @

for some odd integer k. Let the vertices of K} be
labeled with the k colors we wish to use to color C),. Then fix a Eulerian cycle of Ky,
we know that K} has a Eulerian cycle since each vertex of K}, is of degree k — 1 which

is even by supposition. Color the edges e; through e, of our cycle C, by the label

16



of the vertices we see along the FEulerian circuit. Now each edge from K} is incident
to two vertices labeled with different colors, and that edge corresponds to a vertex in
C,, which sees the same color pair as the edge in K. Since each vertex pair in K, is
connected by an edge in K} on our Eulerian tour, each two-color pair is incident to
the corresponding vertex in C,, thus each color pair is incident to each other and C),

is unshrinkable, as desired. O

2.5 X(G) FOR COMPLETE GRAPHS

Let’s consider the case where GG is some complete graph K,. We want to know
how many colors can we use in some unshrinkable coloring of K,,, X(K,). We will
showcase a construction of an unshrinkable coloring of K, for a lower bound of X (K,)

and a proof for an upper bound of X (K,).

Theorem 6 (Lower bound for X (K,)). We have that X(K,) > 3n — o(y/n).

z(z+1)
5 -

Proof. Let’s suppose n is a triangle number, that isn = 142+ ... + 2z =
Additionally, suppose 2|z, x > 4 and 2|n. Now we can think of the vertex set of K,
as © + 1 sets each of x vertices with each set intersecting each other set at exactly
one distinct vertex. Then optimally edge color the subgraph of K, induced by each
distinct set of x vertices with z — 1 different colors, which we can do since each such
subgraph is a copy of K, and z is even. The coloring so far has (r — 1)(z + 1)
colors. We can then colors the rest of the edges of K, with colors incident to at least
n—x+1 vertices. By a total degree argument, we have that z?/2—x/2—7/2—3/2x >
x?/2 — x/2 — 3 colors can be added in this way, yielding a total of 32%/2 — z/2 — 4

colors which, since z2/2 ~ n is 3n — o(y/n).

17



To show this coloring is unshrinkable, fix two arbitrary colors a,b and we will show
that their color classes intersect. We have two sets of colors, the (z —1)(x + 1) colors
we used in the first step of our coloring and the color with color class incident to
n — x + 1 vertices. Break into cases based on which sets a,b belong to. Case: a,b
belong to the set of (x — 1)(x + 1) colors. Then by construction a and b either both
color the same K, or they color two different K, which intersect at a vertex. Either
way, a and b color edges incident to each other. Case: a,b belong to different sets.
Then without loss of generality suppose a is of the first set and b is of the second
set. Then a has a color class incident to x vertices and b has a color class incident to
n — x + 1 vertices. Since there are only n vertices, these two color classes intersect
at some vertex v and thus there is an edge of color b and an edge of color a both
incident to v. Case: Both a,b are of the latter set of colors, i.e. their color classes
have n — x 4+ 1 vertices. Since n — x + 1 vertices is more than half of the vertices, the

color classes intersect. O

So we have a lower bound for the number of colors we can use in an unshrinkable

coloring of K. We also find an upper bound of X (K,,).
Theorem 7 (Upper bound for X (K,)). X(K,) grows no faster than n*?.

Proof. Suppose n is a square number divisible by four. Fix an arbitrary unshrinkable
coloring ¢ of K,,. Let x = /n/2, and note x is an integer. Now either all of the color

classes of ¢ are of size z or more, or the smallest color class of ¢ is of size at most

(n)(n—1)
2

x — 1. In the first case, there are ||K,|| = edges of K, split into color classes

of size at least z, and thus there at most ||K,||/x = (")(27;_1) = 2("2)%1) =/n(n—1)

colors. In the latter case, fix the smallest color class. It has at most x — 1 edges and
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thus at most 2(x — 1) vertices. Since each other color class of ¢ must have an edge
incident to one of the vertices of this smallest color class, the number of other colors
is limited by the sum of the degrees of each vertex of K, adjacent to some edge of
the smallest color class. Each of these 2(z — 1) vertices is of degree n — 1, and thus
it can have n — 2 other edges incident for a total of 2(x — 1)(n — 2) other colors and
2(x—1)(n—2)+ 1= (y/n—2)(n—2)+ 1 total colors. In either case, there are less
than n\/n = n%/? colors, as desired. When 7 is not a square number divisible by four,

we simply round x to the nearest integer and get a similar bound. O]

2.6 UNSHRINKABLE COLORINGS OF K, FOR

LOW n

We claimed at the start of this chapter that there are examples where no optimal
colorings avoid some rainbow subgraph H, but some non-optimal unshrinkable col-
orings can avoid a rainbow H. We will showcase some of these colorings by finding
the unshrinkable colorings of K, for n = 4,5, and many colorings of Kg, and showing
which avoid some rainbow paths and cycles. This also serves as evidence to our claim
that the “search space” of unshrinkable colorings of K, is much more approachable
then the total colorings. Since these colorings for graphs of small order were found
by hand, we believe that similar methods implemented on a computer could take ad-
vantage of this reduction of search space for larger n. Table 2.1 illustrates our results.
We will show the other results in the next sections.

For a note on what it means to be a “unique” coloring, we say that two colorings are

isomorphic if swapping the vertex labels and swapping the color labels can make two
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G | number colors partition of ||G|| unique avoids which
of colors into color class size colorings | rainbow subgraphs
K, 3 6=2+2+2 1 Cs, Ps
K 5 10=2+2+42+2+2 1
K 6 10=24242+4+24+1+1 1
K 7 10=2+2+2+1+1+1+1 1 Cs
Kg 5 15=3+3+3+3+3 1 Cs, Ps
Kg 6 15=3+3+3+2+2+2 3 Cs
1
Kg 7 15=2*3+4%2+1 2
Kg 7 15=346%*2 ?
Kg 8 15=3+45%2+4-2%1 ?
Kg 8 15=7*2+1 4

Table 2.1: Unshrinkable colorings of K4, K5, and Kg

graphs identical. We won’t count two isomorphic graphs more than once.
The n = 4 case is trivial, the optimal proper edge coloring with 3 colors is the
only unshrinkable coloring. We will show the n =5 and n = 6 cases in the following

sections.

2.6.1 UNSHRINKABLE COLORINGS OF Kj

There are three unshrinkable colorings of K5. They have 5, 6, and 7 colors and are

given by the following three matrices or equivalently by the drawings in Figure 2.2.

2 3 4

01235 013 5 2 01

1 03 5 4 1 06 3 4 1 07 6 5
23041 3 6 4 5 27056
35 40 2 5 3 0 6 36 507
541 20 24560 4 56 70
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v T 0

(a) 5-coloring (b) 6-coloring (¢) T-coloring

Figure 2.2: Colorings of K5

Proposition 8. The aforementioned colorings are the only unshrinkable colorings of

K.

Proof. We consider the partitions of 10, the number of edges of K5, into different sizes
of colors. We can think of the minimal edge coloring with 5 colors as corresponding
to the partition 10=2+2+24242. It is already known that there is only one optimal
edge coloring of K5. Any proper coloring of K5 with 6 colors corresponds to the
partition 10 =2+2+2+2+ 1+ 1. It suffices to show that this parition corresponds
to a single possible coloring. The two colors classes of size one must share a vertex,
call this shared vertex v; and the other vertices contained in colors classes of size one
vo and v3. Then the color class containing the edge which isn’t incident to any of the
color classes of size 1, {vy, v5}, must also have the edge {vy,v3} for its color class to
intersect both color classes from colors of size 1. By a degree argument another color
missed the vertex 1, without loss of generality let that color have edges {vq,v4} and
then it must have the edge {vs,v5}. Then the last two colors must each have one
edge from {vy,v4} or {vy,v5} and one edge from {wvg,vs5} or {vs,vs}. We only have
one choice of pairings of those edges into color classes in order to keep the coloring

proper. So This is the only unshrinkable coloring with 6 colors. The last partition to
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investigate is 10=24+2+2+141+1+1. Since all four of the 1-edge colors must share a
vertex, we are left with a subgraph of K}, which can only be colored properly in one
way by colors of size 2.

Using more colors would imply we would be using more than A colors with only one

edge, which contradicts one of our preliminary results. O

In each coloring, We can find rainbow paths of all sizes (up to Hamiltonian paths)
by inspection. However, while the optimal 5-coloring and the 6-coloring contain cycles
of all sizes (up to Hamiltonian cycles), the last coloring has only rainbow subgraphs
of ('3 and C);. For a proof that this coloring contains no rainbow Hamiltonian cycle,
note that this coloring can be constructed by optimally coloring K, and then adding
a vertex v (the first column/row in the matrix) so that all the edges incident to that
vertex are new colors. Now a Hamiltonian cycle can be thought of as starting at v,
then hitting all of the vertices in the subset of K5 colored by K}, then returning to
v. In other words, a Hamiltonian cycle would be a Hamiltonian path in K, joined at
both ends by the vertex v. But any Hamiltonian path in K, with our optimal coloring

is not rainbow, so any Hamiltonian cycle in this coloring of K35 is not rainbow.

Remark. We note that this construction can be generalized. If there exists a coloring of
K,, with no rainbow Hamiltonian paths, then we can construct a rainbow Hamiltonian
cycle-free coloring of K, .1 by adding a vertex v and adding each edges vv’ for v’ € K,
with a color not previously used. So we can color each Ko,y in this way using

Maamoun and Meyniel’s construction [1].
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2.6.2 UNSHRINKABLE COLORINGS OF Kj

We associate each coloring of K4 to a partition of the total edges 15 into the sum of
the sizes of each of the color classes in order to more easily think about these color-
ings. It is well known that the optimal proper coloring Kjg is unique. Since it uses
5 colors of size 3, it corresponds with the partition 15=3+3+34-343+3 of || K§|| into
sizes of color classes. We show the adjacency matrix and a drawing of this coloring
in Figure 2.3.

It has no rainbow Hamiltonian cycle (it does not have enough colors) nor a rainbow

013 45 2

10253 4 00
320145 /-
45102 3 (2) (5)
5 3 4 2 01

2 4 5 3 1 0] ae
(a) Adjacency matrix (b) Coloring of Kg

Figure 2.3: Adjacency matriz and corresponding coloring

Hamiltonian path. By inspection, we can see that is contains all non-Hamiltonian
rainbow paths and cycles.

For non optimal colorings, we will look through the other partitions of 15 made up
of integers of at most 3. We will start by showing that many partitions do not have
any associated unshrinkable colorings, and then we will show that those which do are
precisely those noted in Table 2.1 by running thorough those partitions.

First, we claim that partitions 15=343+43+43+2+1 and 3+3+3+3+1+1+1 yield no

unshrinkable colorings. Since each color class of size three is a prefect matching, the
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4 color classes of size 3 combine to make a 4-regular graph. So the remaining color
classes must make a 1-regular graph, and thus they don’t intersect, so they aren’t
unshrinkable.

Next we check partitions with 3 color classes of size 3. We claim that 15 =3 + 3 +
3+ 2+ 2+ 2 is the only such partition which corresponds to unshrinkable colorings.
Consider the partition 15 =3+ 3+3+2+ 2+ 1+ 1. For the same reason as the
previous partition 15 =3+ 3+ 3+ 2+ 2+ 2, the graph made up by the colors of size
less than 3 must be 2-regular. But for a 2-regular graph, each edge is only incident
to two other edges. So a color class of size one can only be incident to two edges in
color classes of size less than 3, but it must be incident to an edge from each color
class of size less than 3, a contradiction since there are more than 2 color classes with
size less than 3. Similar reasoning prevents partitions 15=3+3+3+2+1+1+1+1 and
15=3+3+3+1+1+1+1+1+1.

When we have exactly 2 color classes of size 3, we claim that 15=343+42+2+2+2+1
is the only partition yielding an unshrinkable coloring. We use the same reasoning,
in this case we need the colorings of size less than 3 to generate a 3-regular graph. So
each edge in a color class of size 1 must be incident to each other color class of size
less than 3. For a 2-regular graph, each edge is only incident to four other edges. If
there is a color class of size 1, there must be no more than 4 more colors in classes of
size less than 3, which only occurs in the first partition.

When we are interested in colorings with one color class of size 3 we recall our earlier
result that a coloring on any graph G cannot have more than the max degree A(G)
color classes of size 1, which is 5 in this case. So when we have one color class of size

3, it suffices to only show that the partition 15=3+4*244*1 yields no unshrinkable
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colorings. The 4 color classes of size 1 must share a vertex, thus making a star with
4 leaves. So the color classes of size 2 with an edge incident to the vertex outside this
star cannot have only one other edge and thus cannot all intersect with all the colors
of size 1. For the partitions with no color classes of size 3, we note that if there are
3 color classes of size 1, the color classes of size 1 must form a star with 3 leaves or
a triangle. In either class, there is an edge not adjacent to any of these color classes,
the color class of size 2 containing this edge cannot have its other edge incident to
each of the color classes of size 3. Instead, if there are 5 color classes of size 1, they
form a star with 5 leaves, and each color of size 2 can only intersect with 4 of the
color classes of size 1, again not unshrinkable.

So we have shown that the partitions in the table are the only ones yielding unshrink-
able colorings, next is to find what those unshrinkable colorings are, and whether they
are free of long rainbow paths and cycles.

We will go row by row through the table.

Proposition 9. There are 4 unique 6-colorings of K¢ associated to the partition

15=8+83+3+2+2+2. These are the four colorings shown by Figure 2.4.

Proof. In all such colorings, the three colors of size 3 are perfect matchings so com-
bined they generate a 3-regular subgraph graph. Thus, the subgraph of Kg colored
by the colors of size less than 3 must also be regular, in this case 2-regular. As a 2
regular subgraph, they must be a forest of cycles, either two copies of C3 or one copy
of Cs. We split into each of these cases.

Case: Our colors of non-maximal size form two copies of (3. Then WLOG
let the two cycles be the cycles vy, vo, v3 and vy, vs, vg SO that the colorings of size two

look like those cycles in Figure 2.4 (a) and (b).
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Now we have two different ways of filling the remaining edges of our Ky graph with
the maximal-size edges. Either let one of our three colors go in between each of the
three vertex pairs which see the same colors from our coloring of 2C5 by colors of size
2, as in (b) or instead let those three edges be uniquely colored from the remaining
colors (a). In either case the rest of the coloring follows uniquely.

Case: Our colors of non-maximal size form Cg. There are two proper colorings
of Cg with three colors each of size 2, either take a cycle with each color having pairs
exactly opposite from each other within the cycle (¢) or the other option only one
color correspond to a pair of edges opposite from each other in the cycle (d). In either
case where the graph is made up of this (s coloring and other edges, without loss
of generality we can take the cycle to be around the outside of our K, then for the
remaining colors of size 3 we must take one of the diagonal edges across the cycle to
be each different color and then the other edge colors are uniquely determined.

So we have 4 unique colorings of Kg with 6 colors corresponding to the partition of

the edges of Ky into 3 colors of size 3 and 3 colors of size two. ]

Sranln

(a) Color classes of (b) Color classes of (c) Color classes of (d) Color classes of
size 2 form 2 Cs size 2 form 2 Cs size 2 form Cg size form Cg

Figure 2.4: Colorings corresponding to the partition 3+38+3+2+2+2

Among these 4 colorings, we claim that (a),(b), and (d) avoid a rainbow Hamil-
tonian cycle and none of them avoid any other rainbow paths or cycles. To show

that colorings (a) and (b) avoid a rainbow Hamiltonian cycle, we’ll call the subset
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of vertices {vy,vs,v3} A and call B the vertex subset {vy,vs,v6}. We note that the
colors orange, green, and purple have edges which only go between the subsets A and
B, and the other 3 colors no edges going between these subsets. A Hamiltonian cycle
would have to have an even number of edges going between A and B in order for it
to be a cycle, but a rainbow Hamiltonian cycle would need to use each color once
and thus have 3 edges going between A and B, a contradiction. To show that (d)
avoids a rainbow Hamiltonian cycle, we'll call the edges {vy, v4},{va, v5}, and {vs, vs}
diagonals and note that all the diagonals are different colors. So a rainbow Hamilto-
nian cycle in this graph uses either 3,2,1, or 0 of these diagonals. Each case has no
rainbow cycles. There are only 2 Hamiltonian cycles with all the diagonals, and none
of those are rainbow by inspection. Using 2 diagonals means that we would need to

use one of the non-diagonal edges of the third color.

Proposition 10. The colorings given in Figure 2.5 are the only two unshrinkable col-
orings corresponding to the partition 15=3+3+2+2+2+2+1. Each of these colorings

contains a rainbow Hamiltonian cycle.

Proof. We start by noticing that each color class of size 3 is a perfect matching they
must combine to a 2-regular graph. This must be either 2C3 or Cg but we cannot
properly color 2C5 with 2 colors so the color classes of size 3 must generate a Cg
with alternating colors in order to be proper. WLOG suppose this cycle is given by
the vertex labels vy, vq, vs, vg, V4, v3. Now WLOG color the edge {v1,vg} by the color
only used once. Now there are only two ways of putting in the colors used twice in a
way that each color has an edge incident to the edge {vq,vg}, which we need for the
coloring to be unshrinkable.

Each of these colorings has the rainbow Hamiltonian cycle given by the vertex se-
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quence vq, V1, Vg, Vs, Vs, U3. ]

(b)

Figure 2.5: Colorings corresponding to the partition 3+3+2+2+2+2+1

Proposition 11. There are 4 unique 6-colorings of Kg associated to the partition

15=2+42+2+2+2+2+1. These are the four colorings shown by Figure 2.6.

(a) (b)

Figure 2.6: Colorings corresponding to the partition 2+ 242+2+2+2+2+1

Proof. First, we note that each of the color classes of size two must contain at least
one of the endpoints of the edge colored by the color of size one. So WLOG let the
edge colored by the color of size 1 be the edge {vy,v}. Now since 8 edges are incident
to the edge {v1,v6}, and there are seven colors of size 2, WLOG suppose that cyan
is the unique color of size 2 which has two edges incident to the edge {vy,vs}. Then
let pink orange and green be the other colors with color class of size 2 containing

v, and the other three colors be those containing edges incident to vg. WLOG let
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orange be the color of the edge {v3,v4}. Now split into cases based on whether the
edge {vq,v5} is colored by a color with color class containing v; (like green in (a) and
(b)) or a color with color class containing vg (WLOG teal in (c) or (d)). In either
case {v3,vs} and {v4, v5} must be colored by either pink or blue, split into cases again
based on whether {vs3,v5} is pink and {vy,vs5} is blue (a), (¢) or vice versa (b), (d).

The remaining edges are determined uniquely. O]

The colorings each have rainbow cycles given by the following vertex sequences
(a) : vy,v9,vs, V6, V4,05, (b) : V1,09, 0V5,v3,04,06, (C) : v1,Va, V3, Vg, V4,05, and (d) :
V1, Vg, Vg, Vg, U3, Us.

So we have supported all the results contained in Table 2.1. These results show that
there may be many patterns within the structure of unshrinkable colorings which
merit further study. It is quite likely that these results can be extended by a computer

search and indeed we believe that this direction has merit.
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CHAPTER 3

EDGE ORDERING: A TURAN PROBLEM

3.1 LINEAR EDGE ORDERINGS

We begin by defining a linear edge ordering and other terms we need to study these

orderings.

Definition 13. A linear edge ordering on a graph G of size is an injective function

L:E(G) >R

We say that two edge-orderings L' and L on a graph G are equivalent if Veq, es €
GL'(e1) > L'(e2) <= L(e1) > L(ea).
Remark. For any edge ordering L', we can find an equivalent ordering L : E(G) — [m)]
which corresponds each edge of G to an integer between 1 and the number of edges of

G. We chose this ordering to describe the equivalence class of equivalent orderings.

Following the convention of [18], we write G to indicate the graph G with the
edge labeling L. For the definition of extremal number, we refine the definition of

a subgraph to be a subgraph that respects the linear order. When we have a path,
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we write Pj3? to represent the path for which reading the labeling of edges from one
endpoint to the other yields 1,3,2. Similarly, we use the notation C}?** to refer to
the ordering of C4y for which reading the labels of the edges around the cycle in some

order gives the sequence 1,2.4,3.

Definition 14 (Subgraph). A graph H with an ordering L’ is a subgraph of G* if H
is a subgraph of G and (Vey, e € E(H))L'(e1) > L'(e3) <= L(e1) > L(es).

For extremal number problems, we use the notation ex.(n, H*') and ex_(n, H*')
when we want to forbid an linearly edge ordered graph H or collection of linearly edge
ordered graphs H under this new definition of subgraphs. That is to say, ex.(n, H*')
is the largest possible size of a graph on n vertices which can be equipped with a

linear ordering L so that G does not contain a copy of H.

In [18], the authors analyze the extremal numbers ex(n, H) when H is a small
path with any of the possible linear orderings. The authors define the max-labeling
of K,, a linear ordering of the complete graph K, which is good at avoiding linearly
ordered subgraphs: Let the vertices be ordered v; < vy < ... < v,. At each step,
for the largest ordered vertex v with an unordered edge, label the edge {v,u} with
the largest unused label of [||G]|], where u is the largest vertex such that {v,u} is
unlabeled. Repeat this process until the graph is completely labeled. This ordering
is shown for K5 (Fig. 3.1). Towards the goal of finding which orderings are contained
in the max-labeling, the authors call a vertex v € V(G) close if every edge labeled
between the largest and smallest edge incident to v is also incident to v. For example
the vertex s is close in the max-labeling of K5 (Fig. 3.1). The authors note that one

of the endpoints of a max-labeled edge in any graph contained in the max-labeling is
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Figure 8.1: Maz-labeling of K

close.

3.2 CvycLic EDGE ORDERINGS

We define another way of ordering the edges of a graph, this time using the elements
of some cyclic group. However, instead of trying to rigorously define an edge ordering
using a cyclic group, we instead define an equivalent notion by defining a specific

family of linear edge orderings. We will define a cyclic shift first.

Definition 15 (Cyclic Shift). Suppose L is some linear ordering on a graph G with
size m. Suppose we let L be the ordering with elements from [m] instead of R,
(Rmk. 3.1). Then a cyclic shift by ¢ of L generates a new linear permutation L’
with L'(e) = (L(e) + ¢) % m where a % m is the element between 1 and m in the
equivalence class @ mod m.

We represent the set of the edge orders of GG given by all cyclic shifts of L by the
family C(G*). That is C(G*) represents the set of labelings equivalent to L via cyclic

shift each equipped to G.
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We note that two families C(G*) and C(H"') are equivalent precisely when some
G' in C(G*) is equivalent to some HY in C(HY). We want to analyze results for

ex(n,C(GY)).

3.2.1 EDGE ORDERINGS OF (),

We want to be able to find ex(n,C(GF)). A good first step is figuring out what C(G¥)
looks like. We will find out how many elements it has. We begin by analyzing a

counting problem:

Question 3. How many unique ways are there to cyclically order the edges of C.,?

That is, how many different families C(CL) are there?

We know that if two linear orderings are equivalent, they generate the same family
C. However, if two linear orderings are equivalent through some cyclic shift, then they
will also generate the same C. So we will find the number of unique linear ordering
of C,, there are and then find out how many of those are equivalent via some cyclic

shift.

Proposition 12. We have that the number of unique ways to linearly order C,, is

(n—1)!
I

We know that there are n! = |(S,,)| ways to order the elements 1 through n, where
Sy is the symmetric group on n elements. But since we are ordering these elements
along a rotationally symmetric cycle, we can start read a order starting anywhere (n
options) along the cycle. We can also read in either direction (2 options). So there are
n! ways divided by n rotations and half of those orders are reflections of each other.

Thus we have (n — 1)!/2 unique linear orderings of C,,. Algebraically, we have the
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dihedral group Dy, for the symmetries of the cycle so we have |S,,/Ds,| unique linear
ordering of C,,. We will notate this number as U(n) for the unique linear orderings
of C,,.

Now we will see how many of these linear edge orderings are unique under the cyclic
shift operation. That is, how many unique cyclic orderings of C), are there? For
example, in Cy there are examples when 1,23 or 6 elements of the unique linear or-
derings are equivalent modulo the cyclic shifting actions. Examples of these are the
cycles Cg#3456 C323654 (214365 " and Ca?65%3 respectively. We will label these cycles as
class 1, class 2, class 3, and class 6 respectively. For a general n > 3, we can find

cycles of class d for all divisors d of n. We observe the following relation.

Remark. U(n) = 344 g (number of cycles of class d)d

The classes of size 1 for a general C), are easy to enumerate, these correspond
with cycles for which the label of each edge differs from that of its neighbours by &
for all edges in C,. Such a cycle is possible for all k£ with k,n coprime, and to avoid
double counting let’s choose k from the set [|n/2]]. The table 3.1 gives the number
of unique linear orderings and the number of unique cyclic orderings, as well as thew

relationship between these quantities for small cycles.

A surprising proof of part of Wilson’s Theorem

For a short aside, we note that there are p—1/k classes of size 1 making up the cyclic

(D! p=1 _ (1971)% linearly ordered

colorings of C;, when p is prime. So there are *5+ — &

(p=1)!=(p=1) i
P classes of size p,

(p=D!=(p=1)
2

colorings not of class 1 and thus of class p. So there are

thus @=D=0=D jg 4y integer. This is equivalent to saying = 0 mod p.

2p
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n U(n) | Breakdown of U(n) (classes*class size) | Unique cyclic orderings

3 1 Ix1 1

4 3 I«1+1%x2 2

2 12 2x14+2%5 4

6 60 I«1+1%2+5%3+7%6 14

7 360 3x14+051%7 o4

8 2520 214+ 1%2429%4+300%8 332

9 81/2 4% 14 5%3+ the rest 9 2246

10 91/2 | 2% 1+4%24 1150 % 5 + the rest * 10 18264

11 101/2 5 1 + the rest x 11 164950

12 111/2 2x1+2%24+10%34+39*4 1664354

+2234 % 6 + the rest x 12

13 12!/2 6 % 1 + the rest x 13 18423144

prime p ‘ @ % %1+ (p—l);;(p—l) xp (p—l)!—p(p—l) 24 1%1

Table 3.1: Breakdown of distinct linear orderings into classes of cyclic orderings

(p=1)!=(p-1) _

2

((p—2)!=1)(5) so ((p—2)! = 1)(5*) =0 mod p. Since p A2t

and p is prime, (p —2)! — 1 =0 mod p, thus (p — 2)! =1 mod p, and multiplying

by p—1givesus (p—1)! =p—1= —1 mod p. This is one half of Wilson’s theorem.

3.3 SOME RESULTS ON CYCLICALLY ORDERED

CYCLES

We will show that some cyclically-ordered cycles are not contained in the max-
labeling of K,. That is to say, we find some linearly ordered cycles L such that
ex. (n, C(HY)) = (3).

Firstly, consider C'!?*-" for some even n. We note that {C}?3-"} = C(C}?3-"). This
is because a cyclic shift of 1 corresponds to some rotation of the labeling. We also

note that if two incident edges {u,v}, {v,w} are labeled by the max-labeling M,
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M{u,v}) > M({v,w}) <= Mye(u) > Mye(w), where M is the edge max-

labeling coming from the vertex labeling M.

Proposition 13. When n > 2 is even, we claim that exs (n,C(C}#3-m) = (72")

Proof. Tt suffices to show that C!?3-" is not in the max-labeling of any complete
graph. Suppose it is, for i < n, let {v;,v;11} be the edge labeled i in the cycle C,,
where v; means the i'h vertex along C,, but not any vertex ordering. However, we can
say something about the relationship between the labels of the vertices I(vg) given by
the max-labeling. Namely, for i < k— 1 we have {(v;) < [(v;42) since this is necessary
for the edge {v;11,vi42} to be labeled larger than {v;, v;11} under the complete graph
labeling. So we have that under the vertex labeling induced by the max labeling
v < vy < vy < ... < Up_3 < vU,_1. But we also have v; > v,_;, since the edge
{v1,v,} is labeled n which is bigger than the labeling of the edge {v,,,v,—1}, n—1. So
v, > v,_1 and vy > v,_1, a contradiction. So the max-labeled complete graph avoids

C123.n O

For our next observation, we will extend the notion of close vertex to cyclic or-

derings.

Definition 16. We say that a vertex is cyclically-close if either every edge labeled
between the largest and smallest edge incident to v is also incident to v (the normal

sense of close) or if v is incident to both the largest and smallest edge.
Remark. We have that a cyclic shift preserves this new notion of closeness.

Proposition 14. If CX has no cyclically-close vertices, then ex-(n,C(CL)) = (Z)
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Proof. Suppose towards a contradiction that C(CZ) is not avoided by the max-
labeling. Then fix the linearly ordered subgraph contained in the max labeling
CLE ¢ ¢(CF), by definition of C, L' is equivalent to L under some cyclic shift. Since
CE has no cyclically-close vertices, neither does CX". But one of the endpoints v of
the edge maximally labeled by L’ is close under the normal notion of close by an
observation from [18]. Since all close vertices are cyclically-close, our endpoint v is

cyclically-close, and we have a contradiction. So the max-labeling avoids all elements

of C(CE) and ex.(n,C(CE)) = (3). O

2
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