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ABSTRACT

The increasing penetration of photovoltaic (PV) systems in distribution grids can lead
to overvoltage and transformer overloading issues. While voltage regulation has been
extensively studied and some research has addressed transformer temperature control,
there is limited work on simultaneously managing both challenges. This thesis ad-
dresses this gap by proposing an optimization-based strategy that efficiently manages
voltage regulation and transformer temperature while minimizing the curtailment of
PV generation. In order to make this problem convex, a relaxation is applied to the
transformer temperature dynamics constraint. We also provide analysis to determine
under which conditions this relaxation remains tight. The proposed approach is val-
idated through simulations, demonstrating its effectiveness in achieving the desired
control objectives.
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CHAPTER 1

INTRODUCTION

1.1 BACKGROUND AND MOTIVATION

Reducing dependency on fossil fuels and attaining energy sustainability require the
integration of renewable energy sources, especially solar photovoltaic (PV) systems,
into power distribution networks. On the other hand, moving from excess energy
with little load to little generation with heavy load creates a profile called the duck
curve [1-3]. High PV system penetration, presents serious threats to grid stability and
dependability , such as reverse power flows, voltage swings, and elevated transformer
thermal stress [4-8]. Overvoltage problems brought on by too much solar electricity,
particularly during times of low demand, can result in grid voltage limit violations,
which can ultimately affect the longevity and safety of power system components.
Furthermore, conventional voltage control methods, which were mainly created for
unidirectional power distribution, are made more difficult by the bidirectional power
flow brought about by significant PV penetration [9-11].

Another major concern associated with high PV integration is the accelerated



degradation of substation transformers due to overloading. Studies have demon-
strated that excessive transformer loading in PV-rich networks can lead to increased
hotspot temperatures, reduced insulation lifespan, higher maintenance costs, and fast
aging of the transformer [12-15]. Conventional voltage regulation strategies, such as
on-load tap changers (OLTCs) [16-18],capacitor banks [19-21] and step voltage regu-
lators (SVR) [22,23], often struggle to adapt dynamically to the fast-changing nature
of PV generation. This necessitates the implementation of advanced control tech-
niques such as sliding mode control [24,25] or model predictive control [26-28] that
can respond to real-time fluctuations in renewable generation.

Maximum power point tracking (MPPT) algorithms have revealed a number of
methods for maximizing PV power [29-31]. For increased generation from PV mod-
ules, sophisticated tracking systems based on artificial neural networks (ANN) [32]
and adaptive neuro fuzzy inference system (ANFIS) [33]-based controllers have been
developed [34]. Additionally, some research has been done on feeder hosting capacity
(FHC), the maximum capacity of DERs that can be hosted in the grid [35-37].

By facilitating coordinated grid management, Model Predictive Control (MPC)
has become a viable advanced approach [38,39]. Real-time active power curtailment
reduction, transformer stress reduction, and voltage profile optimization are all pos-
sible with MPC-based techniques. MPC can enhance reactive power supply, proac-
tively modify PV inverter settings, and coordinate network-wide control activities by
utilizing a predictive framework. However, because of model uncertainties, commu-
nication delays, and computational complexity, MPC implementation in large-scale

distribution networks is still difficult, despite its potential [40,41].



1.2 PROBLEM STATEMENT

High levels of PV penetration in distribution systems can lead to operational chal-
lenges such as overvoltage and transformer overloading. Reverse power flows from
distributed PV generation exacerbate voltage regulation issues, potentially damaging
grid components and reducing operational reliability. Furthermore, excessive trans-
former loading can lead to accelerated aging, higher maintenance costs, and catas-
trophic failures. While existing solutions address these issues individually, there is
a need for a unified framework capable of managing both voltage and transformer
temperature simultaneously, especially in scenarios with high renewable energy pen-
etration. Advanced PV inverters can play a crucial role in mitigating these issues
by curtailing active power generation and providing reactive power support [42-44].
Nevertheless, minimizing PV curtailment is essential [45], as it represents a waste of
clean, renewable energy that could reduce reliance on fossil fuels and lower greenhouse

gas emissions [46].

1.3 CONTRIBUTIONS

The main contributions of this thesis are:

1. Developing a centralized MPC strategy that integrates voltage regulation and
transformer temperature management in distribution networks with high PV

penetration.

2. Minimizing curtailment of renewable PV energy while ensuring grid stability

and reliability.



3. Non-convex constraints associated with the transformer temperature dynamics
are relaxed to beget a convex formulation. Karush-Kuhn-Tucker (KKT) analysis

then explores conditions under which this relaxation is tight.

4. The closed-loop performance of the MPC is examined via numerical simulations
for varying prediction horizon lengths. Trade-offs between MPC performance

and computation time are also evaluated.

1.4 THESIS ORGANIZATION

The thesis is organized as follows:

o Chapter 2: Literature Review discusses voltage regulation techniques, trans-
former temperature management strategies, applications of MPC in power sys-

tems, and identifies research gaps.

o Chapter 3: System Modeling introduces the mathematical models for the
distribution network, PV inverters, and transformer temperature dynamics,

which form the basis of the proposed optimization framework.

o Chapter 4: MPC Framework and Problem Formulation describes the
development of the centralized MPC strategy, including its objective function,

constraints, and computational challenges.

o Chapter 5: Convex Relaxation and Karush Kuhn Tucker Analysis
presents the relaxation of non-convex constraints and the theoretical analysis

of its validity using KK'T conditions.



o Chapter 6: Numerical Simulations and Case Studies evaluates the pro-
posed approach through simulations, examining various scenarios, computa-

tional efficiency, and the trade-offs involved.

o Chapter 7: Conclusion and Future Work summarizes the findings, high-

lights contributions to the field, and suggests directions for future research.



CHAPTER 2

LITERATURE REVIEW

2.1 VOLTAGE REGULATION TECHNIQUES

The integration of renewable energy sources, such as solar photovoltaics (PV), into
electric distribution systems represents a significant step towards sustainability and
energy independence. However, grid operators must ensure stability and reliability by
balancing supply and demand in real-time. However, high PV penetration may also
introduce significant challenges in the safe operation of the grid. More specifically,
excess power generated by distributed solar resources can cause reverse power flows
which can lead to issues in voltage regulation and protection of distribution system
components [47]. In particular, managing the loading of critical grid components,
such as substation transformers, is increasingly important in this context as excessive
overloading can accelerate degradation and potentially lead to catastrophic failures
(with major financial implications). Advanced PV inverters are instrumental in ad-
dressing these challenges by regulating active power output and supplying reactive

power support. However, reducing PV curtailment is crucial [48-50], as it leads to the



unnecessary loss of renewable energy that could otherwise help decrease dependence
on fossil fuels and mitigate greenhouse gas emissions [51,52].

Existing voltage control methods which leverage distributed generation (DG) re-
sources can mainly be classified into two categories: centralized and decentralized
strategies. Centralized control strategies, such as those presented in [53], focus on
managing voltage constraints in active distribution systems through coordinated op-
eration of DG resources. These approaches often aim to minimize system losses and
reduce voltage deviations at each bus [54]. Centralized control is effective for rela-
tively long-term operations (e.g. hourly), but it may not be practical for real-time
operations due to its complex communication and computation requirements.

Under decentralized voltage control, DGs are managed locally, by their own con-
trollers instead of a central one. Thus, decentralized schemes offer lower compu-
tational complexity compared to centralized voltage control. Various works in the
literature have proposed decentralized control strategies for preventing voltage vio-
lations in distribution networks including droop-based active power curtailment [55]
and reactive power management [56,57]. However, decentralized approaches often
suffer from suboptimality due to a lack of system-wide information and coordination
among controllers. For similar reasons, they also typically can not guarantee that grid
operational constraints are satisfied. The use of droop-based active power curtailment
techniques for overvoltage prevention in radial feeders is detailed in [55]. Further, [56]
presents a decentralized algorithm that regulates reactive power output from highly
distributed PV sources to minimize voltage deviations and line losses. Meanwhile, [57]

aimed at keeping voltage levels within acceptable limits via a Volt/Var controller.



2.2 MobDEL PREDICTIVE CONTROL (MPC) IN

POWER SYSTEMS

Voltage regulation techniques have also been coupled with advanced control methods,
such as model predictive control (MPC). In contrast to conventional control methods,
MPC handles constraints in system states, inputs, and outputs by solving an opti-
mization problem to determine control inputs. MPC uses a mathematical model of
system dynamics within this optimization problem which can incorporate forecasts of
solar generation and demand. For example, an MPC is developed using a PV-based
reactive power management scheme to minimize power loss and stabilize voltage fluc-
tuations in [58]. Similarly, [59] presents a centralized MPC-based controller designed
to optimally regulate the output of DGs, including both active and reactive power,
with the goal of maintaining monitored voltages within specified target ranges deter-
mined by security or economic criteria.

In addition to PV inverters, energy storage systems can be leveraged to further
reduce voltage fluctuations and curtailment. Authors in [60], present an advanced im-
plementation of MPC for managing reactive power generation in microgrids equipped
with PV smart inverters and energy storage systems. The proposed MPC framework
incorporates forecasted solar power generation and load demand as key parameters
in an optimization problem. Given the inherent nonconvex nature of the problem, a
convexification technique is employed to transform it into a computationally efficient
formulation. Furthermore, the receding horizon structure of the MPC effectively ad-

dresses uncertainties in the forecasted values of solar power and load, enabling robust



and adaptive decision-making under variable operating conditions. In [61], which
introduced an MPC scheme for a grid-connected system with PV cells and battery
storage, coordinating PV-inverter and battery operations to shift real power gener-
ation to peak demand periods, thereby reducing voltage fluctuations and meeting
operational requirements. Moreover, MPC can be applied alongside devices such as
heat pumps to reduce curtailment, leveraging their flexibility to integrate renewable
energy into the grid. Heat pumps combined with thermal storage offer a valuable
means of decarbonizing the residential sector, but their nonlinear energy conversion
presents optimization challenges. To address the limitations of linear approximations
and slow nonlinear solvers, a heuristic control algorithm (HCA) was proposed in [62],
providing a near-optimal solution up to 1000 times faster. Finally, in situations where
an accurate system model is unavailable, data-driven methods can offer viable solu-

tions that do not require a complete distribution network model [63-65].

2.3 TRANSFORMER TEMPERATURE MANAGE-

MENT

As mentioned earlier, power transformers are crucial components of any power gener-
ation and transmission system, and can suffer considerable financial and operational
losses due to failures. Extended periods of large loads can accelerate aging and in-
crease the risk of serious damage to distribution system equipment, including trans-
formers. One prominent example of such stress is the simultaneous charging of mul-
tiple plug-in electric vehicles (EVs), particularly in centralized locations like parking

garages. This scenario has the potential to overload distribution transformers, signif-



icantly shortening their lifespan. In an effort to address this problem, [66] suggests a
smart charging technique that takes into account a charging station integrated with
photovoltaic generating and battery energy storage system to minimize electricity
consumption costs and prevent transformer overloading. In addition [67], proposed
a centralized co-optimization model to manage both the aging of transformers and
EV charging, demonstrating that centralized management can significantly reduce
the wear on transformers. Addressing similar issues, [68] developed a decentralized
smart charging strategy to manage high electric vehicle penetrations while minimiz-
ing damage to infrastructure, including distribution transformers. Additionally, [69]
analyzed new distributed charging control methods to coordinate EV charging under
nonlinear transformer temperature ratings, using a convex relaxation of the complex
nonlinear temperature dynamics of transformers. Specifically, [70] examines a com-
prehensive model of each household’s energy system, incorporating solar PV, battery
storage, electric vehicles (EVs), and electric water heaters (EWHs), with the goal of
minimizing electricity costs based on hourly price tariffs. It introduces a coordination
framework for peer-to-peer (P2P) energy trading integrated with Home Energy Man-
agement Systems (HEMS), taking into account distribution transformer limitations

to ensure the grid operates safely and reliably.

2.4 SUMMARY OF RESEARCH GAPS

While voltage regulation and temperature management have been studied individ-
ually, few works have proposed a unified framework that addresses both challenges

simultaneously. Moreover, many existing centralized MPC approaches achieve good

10



results, but at the expense of large prediction horizons. This increases the computa-
tional burden, making real-time implementation challenging, especially in large-scale
systems.

Building on these gaps, our work proposes a centralized MPC strategy that inte-
grates both voltage regulation and transformer temperature control while minimizing
curtailment in high renewable penetration scenarios. Specifically, the choice of the
objective function in our work allows for effective performance even with a very small
prediction horizon. This significantly reduces the computational burden while still
achieving good results in terms of minimizing curtailment and maintaining system
reliability. We show that our optimization problem can be convexified by relaxing
the transformer temperature model, which is quadratic in the transformer apparent
power [71]. Finally, we provide mathematical guarantees, using Karush-Kuhn-Tucker

(KKT) analysis, to ensure the tightness of this relaxation under certain conditions.

11



CHAPTER 3

SYSTEM MODELING

In this section, we describe the models of the distribution network and relevant com-

ponents that will be used in the proposed MPC approach.

3.1 DISTRIBUTION NETWORK MODEL

Consider a connected, radial distribution network with N + 1 nodes as depicted in
Fig. 3.1. We denote the set of nodes in the network by N' = {0,1,..., N}, where
node 0 represents the substation. The set of discrete time instances of interest are
denoted by t € T = {1,...,T}. We use the LinDistFlow equations to model power
flow in the distribution network [72,73]. LinDistFlow, which is linearized and de-

rived from the DistFlow equations [74] by assuming that line losses are negligible, is

12
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0 1 Jj Jjt+l N
1, X1 Ti+1 Xj+1
P, +iQ, Piy1+10Qj41 P, +i0Q,
pj,q;

Figure 3.1: Illustration of radial distribution network.

expressed in vector form as:

v(t) = Rp(t) + Xq(t) + vo(t)1y , (3.1)
p(t) = ATP(1), (3.2)
alt) = ATQ(). (3.3)

where the vectors v(t) = [v1(t),...,on(t)]", P(t) = [p1(t),...,pn(t)]", and q(t) =
[qi(t),...,qn(t)]" consist of bus voltage magnitudes, active power injections, and
reactive power injections at each node, respectively. The vectors of real and reactive
power flows in each branch are denoted by P(¢) and Q(t), respectively. We denote the
N x 1 vector of ones by 15, and vy is the substation voltage magnitude. The matrices
R = Fdiag(r)F" and X = Fdiag(x)F', where r € RY and x € R" are vectors of
line resistances and reactances, respectively. Here, diag(y) denotes a diagonal matrix
with the elements of the vector y on its main diagonal. The matrix F = A~!, where

A is the reduced branch-bus incidence matrix [75].

13



3.2 INVERTER MODEL

We assume that each bus of the network may contain both load and an inverter-
interfaced PV that can regulate its active and reactive power outputs. The active
and reactive power consumed by the load at each node 7 and time t is denoted by
p§(t) and ¢§(t), and the active and reactive power output of the inverter is given by
pj(t) and ¢f(t). The active power curtailment of each inverter is denoted by pS(t).

Thus, the net nodal injection at each bus can be expressed as

pi(t) = pj(t) — pi (t) — p5(t) , VjiEN, (3.4)

0;(t) = ¢2(t) — (1), VieN. (3.5)

Furthermore, the reactive power capability of each inverter is limited by its fixed

apparent power capability s;max, i.€.,

(0] < e — [P0 — 27 0] ViEN. (3.6)

3.3 TRANSFORMER TEMPERATURE MODEL

In this section, we model the substation transformer temperature using the following

regression model [71], based on experimental data from field tests:

T(t+1) = aT(t) + b [P2(t) + Q)] + cTu(t) + d, (3.7)

14



where the hot-spot temperature at the next timestep, T'(t+1), depends on the current
temperature, T'(), the total active and reactive power through the substation trans-
former, which for the LinDistFlow formulation simplifies to Piotar(t) := S, p;(t) and
Qtotal(t) :== Y01, ¢;(t), and the ambient temperature, T,(t), at time ¢. The constant
coefficients a, b, ¢ and d are calculated via regression on experimental data obtained
from South Alburg Transformer. This dataset comprised one year of high-resolution
(one-minute interval) measurements of apparent power and transformer temperature,
spanning from December 2018 to December 2019. Additionally, ambient temperature
data for the same period was retrieved from the Synoptic Data API. To ensure the
reliability of the regression outcomes, a specific time window was selected in which
the apparent power variations and ambient temperature trends were well aligned with
the transformer temperature fluctuations (Figs. 3.2 and 3.3). This alignment was
critical in improving the accuracy of the predicted model (3.7) as it can be seen in
Figs. 3.4 and 3.5 as at most there was 10 percent difference between measured data
and the predicted model (3.7). Note that all coefficients are positive and have values

less than one.

15
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Figure 3.2: Plot of transformer temperature behavior versus apparent power for 8 consecu-
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CHAPTER 4

MPC FRAMEWORK AND PROBLEM FOR-

MULATION

4.1 OVERVIEW OF MPC

In many cases, feed-back control systems designed and implemented using Model
Predictive Control (MPC) outperform those made using other techniques. MPC
also offers a generic and efficient way to construct control systems for a sizable and
practically significant collection of multiple-input, multiple-output (MIMO) systems.
The increasing prevalence of complicated multiple-input, multiple-output systems has
also significantly raised the demand for an efficient method of designing controllers
for these systems. The speed and accuracy of the computations needed by MPC have
significantly increased due to concurrent developments in mathematics and computer
techniques for optimization. Although MPC necessitates a significant amount of
real-time processing, recent developments in computer hardware and software have

also significantly decreased costs and increased the speed and dependability of these

18



calculations. In fact, MPC is used intuitively by humans in many facets of daily
life. It is a logical foundation for investment; it is the way you catch a ball. In both
situations, you base your current choice on a future projection. Chess is a particularly
striking example. Before making a move, a skilled player attempts to forecast every
move that could be made as far into the future as feasible. These predictions cannot
be carried over until the end of the game unless it is quite near to the end. The
prediction horizon is therefore limited and unfinished. The player selects the action
that, in light of the prognosis, he or she feels is the best (optimal). The player
restarts the prediction/optimization procedure in light of the altered circumstances
once the other player has moved. The player only needs to add one extra step to
their initial predictionA if the opponent has already made a projected move. The
player modifies their predictions if the opponent’s move caught them off guard. Until
the final game, which has an explicitly calculable solution, is reached, this iterative
procedure is repeated.

This approach has a number of characteristics that need to be highlighted. The
prediction only applies to a limited number of steps (moves), to start. This is due
to the fact that as the number of steps in a forecast increases, so does its cost and
complexity. The second is that, in light of the projections, a decision regarding the
best course of action must be made. For this decision, a performance measure or
criterion is necessary. The third significant characteristic is that the ability to prune
the prediction tree can be quite advantageous in chess. In other words, it is very
beneficial to remove those move sequences that are obviously poor since there are so
many viable movements and replies to those moves. The ability to correctly forecast

n moves ahead will undoubtedly outperform a player who can only predict m(m < n)

19



moves ahead. In Model Predictive Control, each of these chess-related elements recurs.
Model predictive refers to the fundamental concept of using a mathematical model
of the system to be controlled to forecast its behavior n time steps into the future.
Naturally, the forecast is dependent on the particular control utilized, just like in
chess. Selecting the best (optimal) future prediction is the second stage. This calls
for a criterion for comparing the various potential futures, or a performance metric.
This requirement is typically expressed as a "cost" that must be kept to a minimum.
The first component of the control sequence is applied to the system after the optimal
control sequence has been selected. This is precisely like making a move in a game
of chess. Similar to chess, the system reacts once this first control value is applied, a
fresh measurement is made, and the issue is then replayed. Unlike chess, this series

of actions is frequently repeated endlessly [76].

4.2 PROBLEM FORMULATION

Our goal in this work is to design a controller for distribution systems which mini-
mizes the curtailment of solar PV while ensuring nodal voltages and the substation
transformer temperature stay within prescribed limits. To this end, we introduce a
centralized, MPC-based framework as illustrated in Fig. 4.1.

It is envisioned that, at each time step ¢ € T, the proposed MPC would receive
updated measurements from temperature sensors in the substation transformer as well
as forecasts of relevant input data over a finite prediction horizon of H steps. More
specifically, this input data would include forecasts of: i) active and reactive power

consumption at each node, p$(h|t) and ¢j(h|t); ii) available active power generation

20
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max
Update sensor
measurements

Figure 4.1: Block diagram of centralized MPC' framework. Note that the predictive model
from the Central Optimization Problem block uses a simplified, linear power flow model
(LinDistFlow), while the Grid block is based on the full, nonlinear AC grid model.

at each node, pf(h|t); iii) substation voltage magnitude, vo(h|t); and iv) ambient
temperature, T,(h|t).! Here, we use the notation (h|t) to denote the predicted value
h steps ahead of the present time ¢, where h € H = {0,1,..., H — 1}.

Given these inputs, the MPC determines the optimal active power curtailment and

reactive power output decisions for each inverter by solving the following optimization

'Tn this work, we assume that the centralized MPC receives perfect forecasts. In Sec. 6.4, we
briefly study the impact of forecast uncertainty on the MPC performance.
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problem:

(P1)

s.t.

CTI/?)I?(h hz;);[ @y,
0 = p;(h) = pi(hlt) + p§" (h) + p5(Alt),

0= g;(h) = ¢j(h) + g5 (ht),
N
- Z Rjz’pz Z 1%
i=1

0=T(h+1)—aT(h) —bP2, (h)

- bQ%otalUl)
— Ty(hlt) —

)—;pj(h)
) = ;Qj(h)

- Tmax S 07

0= Ptotal (h

0= Qtotal (h

T(h+1)
Umin — 0j(h) <0,
0;(h) = Vmax <0,
0 < p(h) < pI(hJt),

()] = 2+ PRI — 2T ()] < 0,

— v (hlt),

Vj e N,Vh € H,

Vj e N,Vh € H,

Vi e N,Vh e H,

Vh € H,

Vh e H,

Vh € H,

Vh e H,
VjeN,Vhe H,
VjeN,Vhe H,
Vj e N,Vh € H,

Vj e N,Vh € H.

(4.1a)
(4.1b)
(4.1c)

(4.1d)

(4.1e)

(4.1f)

(4.1h)
(4.1i)
(4.1))
(4.1K)

(4.11)

The first term of the objective function (4.1a) serves to minimize PV curtailment

across all nodes and all steps of the prediction horizon. This is the primary objective

of the controller; however, under certain situations (e.g., when voltage constraints are

not binding), the optimization problem (P1) can have non-unique solutions because

the reactive power generation at each node can become a free variable. This may lead
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to larger-than-necessary reactive power injections at each node, which increases the
transformer temperature and degrades closed-loop performance of the MPC when the
length of the prediction horizon, H, is too short. Thus, in order to improve closed-
loop performance, we introduce a second term to the objective that penalizes q? (h),
as well as a positive scaling constant, 5. Further justification for including this second
term is provided in Sec. 6.2.

The equality constraints (4.1b)—(4.1g) capture the LinDistFlow power flow equations
and transformer temperature model as described in Sec. 3, where Rj and X; denote
the elements in the j-th row and i-th column of the matrices R and X, respectively.
Note that the initial transformer temperature 7°(0) in the MPC model (i.e., at step
h = 0) is updated at each time t to reflect the most recent temperature sensor
measurement. Additionally, we emphasize that it is important to ensure that the
initial temperature at ¢ = 0 (i.e., at the beginning of the simulation), denoted Ty,
is less than the upper bound, T,,..; otherwise, the optimization problem may be
infeasible. An upper bound on the transformer temperature, T},.., is enforced at
each step of the prediction horizon by the inequality constraint (4.1h), and (4.1j)
sets upper and lowers bounds on bus voltage magnitudes, vy, and vya,. Finally, the
inequality constraints (4.1k)—(4.11) enforce inverter apparent power limits and ensure
that PV curtailment does not exceed available PV generation at each node.

The solution of the optimization problem (P1) provides a trajectory of optimal
curtailment and reactive power output setpoints for each inverter (i.e., p$"(h) and
q](h) for all h € H). The first of these setpoint decisions (i.e., p"(0) and ¢f(0)) is
then sent to each inverter j at time ¢, and the optimization problem is re-solved at

time t 4+ 1 with updated inputs.
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Note that the optimization problem formulation (P1) is non-convex due to the
quadratic equality constraint (4.1e). This presents a challenge for real-time operation
of the MPC as methods for solving non-convex programs can be computationally
expensive. Moreover, this non-convexity means that we can not guarantee that solu-
tions of (P1) are globally optimal. Thus, in the next section, we introduce a convex

relaxation of the problem and explore conditions under which this relaxation is tight.
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CHAPTER 5

CONVEX RELAXATION AND KARUSH

KUHN TUCKER ANALYSIS

5.1 CONVEX RELAXATION AND TIGHTNESS

(UARANTEE

In order to make the problem convex, we define an auxiliary variable e(h), and replace

the temperature dynamics constraint (4.1e) with the following relaxation:

T(h+ 1) = aT(h) + ble(h)] + cTu(hlt) + d, (5.1)

e(h) > ‘Pt2otal(h> + Q?otal(h) ) (5.2)

for all h € H. Note that this relaxation provides a more conservative prediction of the
temperature dynamics. That is, the transformer temperature trajectories predicted
by (5.1)—(5.2) will always be greater than or equal to the temperatures predicted
by (4.1e) for the same values of Piyia(h), Qtotal(h), and T, (h|t).
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When (5.2) holds with equality (i.e., the relaxation is tight), then the solution
of the relaxed (convex) problem is a feasible and globally optimal solution of the
original problem. Thus, we are interested in understanding conditions under which
the relaxation is tight. In the remainder of this section, we use KKT analysis to prove
such conditions for the case when bus voltage magnitude constraints are not binding.

We leave analysis of the case when voltage magnitudes are binding as future work.

Theorem 1. If, at optimality, there exists a time step h* and a node 7* such that
pSi(h*) > 0, and the voltage constraints (4.1j) are not binding for all j € N at time

h*, then the relazation is tight for all h € {0,1,2,... h*}.

5.2 PROOF OF THEOREM 1 USING KKT ANAL-

Y SIS

Proof. For every h € H and j € N, the following constraints define primal feasibility

and dual variables:

T(h+1) =aT(h)+ be(h) + cT,(h|t) +d, (5.3a)

e(h) > P2 ia(h) + Qioa(h). (5.3b)
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0=T(h+1)—aT(h)— be(h) — cT,(h|t) —d, Vit e R, Vh, (5.4a)

0 = Poar(h) — f: pi(h), v eR, Vh, (5.4b)
j;l
0 = Qiotar(h) — jz:jlqj(h), vy €ER, Vh, (5.4c)
T(h+41) = Tax < 0, ML >0, Vh, (5.4d)
P (h) — pl(h]t) <0, X' >0, VAVj,  (54e)
—p$"(h) <0, Al>0, VhVj, (5.4f)
Pia(h) + Qi (R) — e(h) <0, N >0, Vh, (5.4g)

2 2 .
()] = e + [PIBIE) = ()] <0, ALy >0, VRWj.  (5.4h)

Here, A and v represent the dual variables for inequality and equality constraints,
respectively. Moreover, since the voltage constraints are assumed to be non-binding,
we omit the associated equations as their corresponding dual variables are zero (due to

complementary slackness). The general form of stationarity condition V) L(y, A, v) =
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0 has to hold for each variable y at timestep h, which gives:

Vrgenl =0 = v = apit? — \IH Vhe H\{H -1}, (5.5a)
VT(H)E =0 = VH = —)\g, (55b)

cr 3
ViermL =0 = 28p5 (k) + X — A} + v

— 2L, (pY(hlt) = 57 (h)) =0, Wh,Vj, (5.5¢)

Vel =0 = —b/jt = \'=0, Vh, (5.5d)
VAL =0 = 2XPowi(h) +vp =0, Vh, (5.5¢)
VL =0 = 2X!Qroral(h) + v =0, Vh, (5.5f)
Vamk =0 = 2¢](h) — v +2X\;q)(h) =0, Vh,Vj. (5.5

Note that (5.5b) is a special case of (5.5a) for the last timestep in the prediction
horizon. From the complementary slackness conditions, if A» > 0, then (5.4g) must
hold with equality (and thus the relaxation is tight) at time h. Therefore, in order
to show the relaxation is tight for all h < h*, we need to show that A" > 0 for all
h < h*.

First, we will show that for all h < h*, the dual variable \* > A", Therefore, if
we prove that A" is strictly positive, we can also conclude that for all A < h*, the

relaxation is tight. From recursion on (5.5a) and (5.5b), we have

H
vttt = — 3 d"PINL (5.6)
k=h+1
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Furthermore, substituting (5.6) into (5.5d), we obtain

AN=b > a" ML (5.7)

Next, for all b < h*, we break up the summation in (5.7) as

h* H
ANo=b > a0 Y N (5.8)
k=h-+1 k=h*+1

Note that the second term in (5.8) is equal to A" based on (5.7). Additionally,
since a, b, and A% are non-negative by definition, then the first term in (5.8) is also
non-negative. Thus, it is clear that for all h < h*, )\Z > )\Q*.

Next, we prove that A" is strictly positive when the assumptions in the theorem
statement hold. More specifically, we consider the case where A" = 0 at optimality
and will show that this leads to a contradiction. Substituting A* = 0 into (5.5¢)

and (5.5f), we have

2N Potal(R*) + v =0 = v =0, (5.9)

20" Quotar () + 18 =0 = 1 =0. (5.10)
Then, substituting vj; = 0 into (5.5g), we obtain
* h* *

2¢7 (™) + 2\, ¢ (") = 0, (5.11)

which implies that ¢f(h*) = 0 for all j € N (since A?; > 0). Furthermore, consider

the case when /\QJ > 0, where j* is the node with positive PV curtailment (by the
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theorem statement). Due to complementary slackness, this implies that (5.4h) holds

with equality. This means that, with ¢f.(2*) = 0, we would have
85+ max = Py (h|t) —pii(h) = Pl (h]t) > 8 max - (5.12)

However, this contradicts our modeling assumption that the inverter apparent power
rating is always greater than or equal to the available active power generation.! There-
fore, we conclude that, under these conditions, (5.4h) must not be binding at node
7% and its corresponding dual variable, )\?,*j*, must be zero.

Finally, replacing v} = 0, . = 0 into (5.5¢), we have

28p% (h*) + Nj — A = 0. (5.13)

Jr T4y

Recall that the theorem statement assumes pj’;(h*) > (0. Moreover, due to comple-

mentary slackness, we have A?* = 0. Thus, the left hand side of (5.13) is strictly
positive, which is a contradiction. Therefore, we conclude that \*" > 0. Thus,

)x’e‘ > A’g* > 0 and the relaxation is tight for all h < h*. O]

Theorem 1 provides specific conditions under which the relaxation in (5.2) is tight.
In particular, we considered the case when voltage constraints are not binding and
PV curtailment is required.

This assumption may be reasonable in some practical situations since PV curtail-

ment to manage excessive transformer temperature rise can often also help alleviate

I'Note that the available generation from a PV panel may exceed the apparent power rating of
its inverter in practice (e.g., if the inverter is undersized). However, this excess power would always
be curtailed and would not be available from the grid operator’s perspective. Thus, it would not
make sense to have p%. (h[t) > sjmax in this context.
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overvoltage issues. However, the authors recognize that these assumptions may not
always hold, and that voltage constraints may be binding at optimality. Thus, in
the next section, we explore the performance of the proposed control architecture
through numerical case studies, including both scenarios with and without binding

voltage constraints.
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CHAPTER 6

NUMERICAL SIMULATIONS AND CASE

STUDIES

In order to evaluate the effectiveness of the proposed MPC framework in managing
transformer temperatures and voltages, we conducted numerical simulations on the
141-node distribution feeder available in MATPOWER [77]. The consumption at
each node is modeled as a constant PQ load, and is randomly generated at each
time t € T. Without loss of generality, we also add an identical solar PV panel and
inverter at each node of the feeder. For all studies, we fix the substation voltage
magnitude vy(t) at 1 pu. The physical plant consists of the grid and transformer
temperature model (3.7), and is modeled in MATLAB. We emphasize that while the
optimization model in the MPC uses the LinDistFlow approximation of the power flow
equations, the plant model uses the full AC power flow equations, which are solved
using MATPOWER. The optimization problem (P1) is implemented in MATLAB
using the CVX framework and solved using the SDPT3 solver. Parameter values

used in the numerical study are summarized in Table 6.1.
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Table 6.1: Parameter Values for Numerical Case Studies

Parameter Description Value
Shase Per unit base apparent power (MVA) 17
Viase Per unit base voltage (kV) 12.47
D) max Solar PV rated power (kW) 157
S max Inverter rated apparent power (kVA) 393
Umax Maximum voltage constraint (p.u.) 1.05
Umin Minimum voltage constraint (p.u.) 0.95
Trax Maximum temperature constraint (°C) 56

To Transformer initial temperature at t = 0 (°C) 35

T, (h|t) Ambient temperature! (°C) 35
a Temperature model coefficient (unitless) 0.9972
b Temperature model coefficient (°C / MVA?) 5.21x1074
c Temperature model coefficient (unitless) 5.56x 1074
d Temperature model coefficient (°C) 0.0931

0.1 VOLTAGE AND TEMPERATURE ISSUES WITH-

OUT PV CURTAILMENT

In the following case studies, we consider a high PV penetration scenario, where solar
generation significantly exceeds local demand during peak sunlight hours. The load
at each node is randomly generated for each time ¢ € T from a uniform distribution
of active powers (37.5-42.5 kW) and power factors (0.965-0.98 lagging), similar to
the procedure used in [56]. A profile of available PV generation (pf(t)) at each node
of the feeder is shown in Fig. 6.1.

Figures 6.2 and 6.3 illustrate the impact of this high PV penetration with no PV

curtailment applied. It can be seen from Fig. 6.2 that overvoltage violations occur at

'For simplicity, we set the ambient temperature as constant throughout the numerical simulations.
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Figure 6.1: Plot of available PV generation at each node of the feeder during the time
window of interest.
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Figure 6.2: Plot of bus voltage magnitudes in the feeder for the case when no PV curtailment
1s applied.
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Figure 6.3: Plot of substation transformer hot-spot temperature for the case when no PV
curtailment is applied.

some nodes during peak solar output, and Fig. 6.3 illustrates the rise in substation
transformer temperature well above safe operating limits. This clearly motivates the

need for control and optimization of PV curtailment.

6.2 CASEI: OBJECTIVE FUNCTION & CLOSED-

LOOP PERFORMANCE

Here, we numerically justify our choice of objective function in (P1). Since our goal

is to minimize PV curtailment, a logical first choice for the objective function would

be

H-1 N

mln DD pi(h (6.1)

5" (h).aj (h) 1 =5 550

J
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However, using (6.1) in (P1) with a short prediction horizon, H, can lead to poor
closed-loop performance. This occurs because the inverter reactive power outputs,
q](h), become free variables (and thus depend on solver initial values) in time in-
stances when the transformer temperature constraint is not binding during the entire
prediction horizon. This can be seen in Fig. 6.4 (Case I), where the total reac-
tive power absorption is excessively high near the beginning of the simulation (with
H = 1 minute). When the prediction horizon is not sufficiently long enough to cap-
ture the transformer temperature dynamics accurately, these values of q? (h) can lead
to early overloading of the transformer, as seen in Fig. 6.5 (Case I). This leads to
the temperature constraint remaining active for a longer period of time, and requires
more PV curtailment (Fig. 6.6, Case I). In order to more readily compare between

cases, we introduce the total PV curtailment, p{’..,, as a metric:

- 2teT ZjeNp?"(t)
total dteT ZjeNp?(t)

(6.2)

The total PV curtailment for Case I, where (6.1) is used in (P1) and H = 1, is 13.3%.
One approach for addressing this issue could be to increase the prediction horizon
such that it captures the slower temperature dynamics. However, increasing the
prediction horizon comes at the expense of more optimization variables and a higher
computational burden. To this end, Table 6.2 illustrates the tradeoff between total
PV curtailment and average computation time required to solve (P1).2
Instead of increasing the length of the prediction horizon, we propose to penalize

qj(h) in (4.1a) to reduce reactive power setpoints that inadvertently lead to unnec-

2All simulations were performed on a desktop computer equipped with an Intel Core i5-14500
processor (2.6 GHz) and 16 GB of RAM.
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Figure 6.4: Plot of total reactive power output (across all inverters) when only PV curtail-
ment is considered in the MPC objective function (Case I), and under the proposed MPC
approach (Case II).
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Figure 6.5: Plot of substation transformer temperature when only PV curtailment is consid-
ered in the MPC objective function (Case I), and under the proposed MPC approach (Case
II).
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Figure 6.6: Plot of total active power curtailment across all inverters when only PV curtail-

ment is considered in the MPC objective function (Case I), and under the proposed MPC
approach (Case II).

Table 6.2: Impact of horizon on computation time and PV curtailment

H Number Average Total

of comp. curtail-
variables  time (s) ment (%)
1 1968 0.65 13.3
10 19680 6.5 12.6
20 39360 14.4 12.0
30 59040 22.7 114
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essary temperature rise, as discussed previously. In the next section, we explore the

performance of this approach.

6.3 CASE II: PERFORMANCE OF THE PRO-

POSED MPC APPROACH

In this multi-objective optimization problem, selecting appropriate values for the scal-
ing parameter [ is crucial for ensuring the primary goal of minimizing curtailment
is achieved. Figure 6.7 illustrates this by showing how total PV curtailment changes
as ( is increased for a prediction horizon of H = 1. It is observed that for g > 1,
the chosen objective function results in increased total curtailment. As illustrated
in Figure 6.8 and Figure 6.9, for high values of 3, the optimizer prioritizes minimiz-
ing curtailment, leading to greater absorption of reactive power. Consequently, this
accelerates transformer overloading, as evident in Figure 6.10.

Conversely, selecting = 1 introduces a trade-off between minimizing curtailment
and reactive power generation. This balance is reflected in Figure 6.8 and Figure 6.9,
where, around noon and when voltage levels begin to be binding, a low level of cur-
tailment, allowing for reduced reactive power absorption. As a result, transformer
overloading occurs with a greater delay compared to cases with high g values, ulti-
mately leading to lower overall curtailment.

Considering the proposed objective function (with 5 = 1) and a prediction horizon
of H = 1, Figs. 6.5 (Case II) and 6.11 demonstrate the successful implementation
of the centralized MPC optimization strategy. The MPC effectively maintains bus

voltage magnitudes and the substation transformer temperature within acceptable
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Figure 6.7: Impact of scaling parameter, 8, on total PV curtailment when H = 1.
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Figure 6.8: Impact of scaling parameter, 3, on PV curtailment when H = 1.
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Figure 6.9: Impact of scaling parameter, 3, on Reactive power generation when H = 1.
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Figure 6.11: Plot of bus voltage magnitudes in the feeder under the proposed MPC approach.

limits throughout the time window.

In particular, Fig. 6.5 (Case II) illustrates that the proposed approach prevents
early overloading of transformer as the temperature constraint becomes active at t =
13.6 (as compared to t = 12.1 in Case I). It is worth noting that, although it appears
to be binding, the transformer temperature remains slightly below 7},.. This is due
to model mismatch between the LinDistFlow model used in the MPC (which neglects
line losses) and the AC power flow equations used in the plant model (which includes
losses). This model mismatch also explains why, in Fig. 6.11, the actual voltages do
not hit their limits during ¢ = 11.6 to t = 13.6 even though the predicted voltages
in the MPC are binding. This highlights the fact that the LinDistFlow equations
used in the MPC always overestimates voltages and transformer temperature (during
reverse power flow conditions), which guarantees safe (yet conservative) operation

despite model mismatch.
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Figure 6.4 (Case II) shows the reactive power output of the inverter. It can be
seen that the penalization of ¢7(h) leads to zero reactive power generation during
the beginning of the simulation. As voltage constraints become binding (in the MPC
prediction) around ¢ = 11.6, the MPC begins to adjust the reactive power generation
of each inverter to prevent overvoltages. Finally, Fig. 6.6 (Case II) depicts the total
curtailment of active power output across all inverters. The total PV curtailment in
Case II is 7.43%, which is better than the case when reactive power output was not
penalized in the objective function and H = 30 was used. This indicates that the
proposed MPC is able to achieve reasonable performance with lower computational

burden compared to using (6.1) in (P1) with a long prediction horizon.

6.4 MPC PERFORMANCE UNDER IMPERFECT

FORECASTS

One of the key assumptions in the proposed MPC formulation is the availability of
perfect forecasts. However, due to the inherent variability in solar generation and
demand, such forecasts are never perfect in real-world situations. To demonstrate
the impact of imperfect forecasts on MPC performance, we introduce uncertainty by
adding zero-mean Gaussian noise with a standard deviation of 10 kW to the forecast
of solar PV generation for each inverter used in the MPC.

Figures 6.12 and 6.13 show the resulting (closed-loop) bus voltages and trans-
former temperature. It can be seen that the imperfect forecast leads to some mild
voltage and temperature violations. More specifically, bus voltages violate their lim-

its during 44 instances (minutes) throughout the day with a worst-case violation of
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Figure 6.12: Plot of bus voltage magnitudes in the feeder under imperfect PV generation
forecasts.

0.007 pu. The transformer temperature violates its limit during 71 instances with a
worst-case violation of 0.03°C. Furthermore, the total PV curtailment increases to
8.02% when the forecasts are imperfect. Clearly, the degree of constraint violation
and degradation of MPC performance depends heavily on the amount of error in the

forecasts. We leave further investigation of this relationship as future work.
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CHAPTER 7

CONCLUSION AND FUTURE WORK

In this thesis, a centralized MPC approach was proposed for simultaneously control-
ling bus voltage magnitudes and substation transformer temperatures in distribution
grids with high PV penetration. Numerical simulations were conducted on a 141-node
radial feeder, and the results demonstrated that both voltage and temperature could
be effectively managed by the proposed controller without any constraint violations
(assuming perfect forecasts). Furthermore, using KKT analysis, we proved conditions
under which the convex relaxation of the constraints used to model the transformer
temperature dynamics is tight.

For future work, we recognize that despite the benefits of a centralized MPC
approach, real-time controller implementation can be difficult due to communication
delays and computational challenges. Therefore, research into decentralized control
strategies for simultaneously managing transformer temperatures and system voltages
would be of value. However, decentralized control also comes with challenges, such
as the need for effective coordination between local controllers to ensure system-

wide optimality and reduce constraint violations. Thus, it is crucial for future work
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to compare the optimality of decentralized solutions with those of the centralized
approach to understand the tradeoffs involved.

Future research could also extend the KK'T analysis presented herein to explore
cases when voltage constraints are binding. The performance of the proposed MPC
under imperfect forecasts could also be improved by considering robust or chance-
constrained approaches in future work. In addition, the results of this thesis are put
together as a paper [78], and were submitted to The 9th IEEE Conference on Control
Technology and Applications (CCTA) 2025.
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