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ABSTRACT 

Graphene, an atomically-thin layer of hexagonally bonded carbon atoms, is the 

strongest material ever tested.  The unusual electrical and mechanical properties of 

graphene are particularly useful for next-generation transparent touch screens, flexible 

electronic displays, and photovoltaics.  As such applications arise, it is critically 

important to characterize the resistance of this material under impact and deformation by 

nanoscale contact.  The objective of this thesis is to study the physics of deformation in 

graphene sheets on a flat substrate under nanoindentation, as a function of number of 

graphene layers and applied force.  In this work, the nanoindentation behavior of single 

and few layer graphene sheets was investigated by using atomic force microscopy 

(AFM).  Graphene was created by mechanical exfoliation and deposited on a flat SiO2 

substrate.  The system of graphene on SiO2 simulates many of graphene’s applications, 

but its characterization by nanoindentation is not fully understood.  Here, it was found 

that the deformation of the atomically-thin film remains purely elastic during 

nanoindentation, while the amorphous substrate deforms plastically.  Also, both modulus 

of elasticity and contact stiffness were found to increase by 18% when few layer 

graphene sheets were added to a SiO2 substrate.  However, no pronounced change in 

nanohardness was observed in the substrate with and without the addition of graphene.  

Furthermore, three modes of deformation were observed including purely elastic 

deformation, plastic deformation and an abnormal force-depth step mechanism.  Each of 

these mechanisms was analyzed in detail using force-displacement curves and AFM 

images, and a deformation mechanism map, as a function of number of graphene layers 

and contact force, was developed.  In addition to nanomechanical experiments, computer 

simulations by finite element analysis (FEA) were conducted in order to better 

understand the nanonindentation process and underlying deformation mechanisms in this 

system. 
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CHAPTER 1: INTRODUCTION 

 

1.1 Background 

1.1.1 Mechanical Characterization by Nanoindentation 

During the past few decades, nanomaterials, such as thin films and carbon 

nanotubes, entered the forefront of research in materials science.  Nanomaterials are 

defined as having a characteristic length less than 100 nm.  On the nanoscale, size effects, 

such as increased ratio of surface area to volume, can drastically change the mechanical 

behavior and properties of a material (Bhushan 2005).  This phenomenon, coupled with 

the relative youth of many nanomaterials has left their mechanical properties and 

behavior largely unexplored.  Recently, scientists have been interested in mechanically 

characterizing nanomaterials by using indentation testing on nanoscale thin films.  In 

traditional indentation testing, such as the Vickers hardness test, the hardness is 

calculated by dividing the force applied by a pyramidal tip by the projected indentation 

area after unloading.  This approach is simple on the macroscale, but requires 

significantly more accurate equipment for indentations on the nanoscale.  Additionally, 

the measured area often has large errors from effects such as elastic recovery and pile-up 

(Oliver and Pharr 2004). 
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In 1986, Doerner and Nix published a paper outlining the way to determine 

hardness and elastic modulus from load-displacement curves as obtained by 

nanoindentation technique (Doerner and Nix 1986).  This method was further refined in 

1992 by Oliver and Pharr in order to determine the elastic modulus of thin films from the 

linear portion of the force-displacement unloading curve (Oliver and Pharr 1992; Oliver 

and Pharr 2004).  The reduced modulus, Er, contact stiffness, S, and area are related by 

the following equation; 

   
    

  
    (1.1) 

S is directly determined from the linear portion of the load-displacement unloading curve, 

Figure 1 – Typical load-displacement curve.  Notice 

the linear portion of the unloading curve, where S is 

found (Oliver and Pharr 2004). 
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as shown in Figure 1, and the reduced modulus can be easily found after the area is 

determined.  Hardness is related to force and area with the following equation:  

   
 

  
 (1.2) 

where H is hardness, F is maximum force applied, and Ac is the corresponding contact 

area at the maximum load.  Nanohardness machines record the force applied, but the 

contact area is difficult to determine at  the nanoscale (Oliver and Pharr 2004). 

Both the elastic modulus and hardness require determining the correct contact 

area, and the Oliver-Pharr method includes creating an “area function” for the indenter.  

The area function is specific to each indenter, and relates the contact area to the depth of 

penetration of the tip.  The correct area of an indentation corresponds to the projected 

contact area at maximum load, a depth hc, as seen in Figure 2.  This is different from the 

classical approach to hardness testing, where the area is the projected area of the residual 

indentation after unloading.  In determining the correct area, Oliver and Pharr proposed 

an area function as follows:  

Figure 2 - Schematic of indentation with sink-in deformation. The schematic 

shows multiple indentation depths at maximum loading and after unloading.  

The correct contact area is related to the depth hc (Oliver and Pharr 2004). 
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  (1.3) 

where Cn is a series of constants.  This area function is calibrated by performing multiple 

indentations of different depths, on an isotropic material with known modulus.  Oliver 

and Pharr chose a nine term expansion series.  This number was arbitrarily chosen, and 

the first two terms of the series approximate many indenters quite well.  For example, 

only the first term is needed to represent a perfect cone or pyramid.  The additional terms 

can better represent wear on the tip after use.   

 

1.1.2 Graphene Properties and Applications 

Graphene has been a theoretical material for years, but in 2004 it was successfully 

produced by mechanical exfoliation of graphite using scotch tape (Kelly 1981; 

Novoselov, Geim et al. 2004; Novoselov, Jiang et al. 2005).  Two Russian scientists, 

Konstantin Novoselov and Andre Geim isolated the fascinating material, and were 

awarded the Nobel Prize in Physics in 2010 for their research.  The reasons this two 

dimensional material was nonexistent for so long is because it was thought to be 

physically unstable (Peierls 1935; Landau 1937).  Its stability is likely due to it being 

removed from the three-dimensional (3D) graphite and its strong covalent bonds (Geim 

and Novoselov 2007).  Graphene is a two-dimensional (2D) monolayer of graphite, 0.34 

nm thick, and is composed of carbon atoms hexagonally arranged with sp
2
 bonds, 0.14 

nm in length (Kelly 1981).  It is the building block for multiple carbon allotropes 

including fullerenes, graphene spheres, carbon nanotubes, graphene cylindrical tubes, and 
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graphite, stacks of graphene.  Graphene can be a single layer or multiple layers, but 

multilayer graphene with 10 or more layers is the same as bulk graphite (Partoens and 

Peeters 2006; Geim and Novoselov 2007).   

Research has shown that graphene is optically transparent, between 70% – 90% 

transparency depending on thickness, and has incredibly high electron and thermal 

transport and thermal conductivity properties (Nair, Blake et al. 2008).  These properties 

have prompted applications such as wear resistant films, nanocomposites, organic 

photovoltaics (OPV) and transparent touch screens (Stankovich, Dikin et al. 2006; Kim, 

Zhao et al. 2009; Liu, Liu et al. 2009; Bae, Kim et al. 2010).  One inhibitor in these 

applications has been to commercially produce graphene.  It is impossible to make OPVs 

with tiny graphene flakes from scotch tape, so techniques such as epitaxial growth and 

the copper foil technique were developed (Li, Cai et al. 2009; Tzalenchuk, Lara-Avila et 

al. 2010).  As these techniques improve, and additional applications evolve, it is critically 

important to completely understand the structure and properties of graphene.    

 

1.1.3 Mechanical Properties in Graphene 

Research on graphene became very popular due to its incredible mechanical 

properties.  It was shown that graphene is the strongest material ever tested with an 

elastic modulus of 1 TPa and a tensile strength of 130 GPa (Lee, Wei et al. 2008).  These 

results were obtained from a test conducted with graphene as a suspended sheet over 

nanoholes.  In addition to testing for moduli, graphene’s frictional properties have been 

tested on suspended graphene sheets.  Force friction microscopy (FFM) was used, and it 
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was determined that frictional force decreased monotonically with increasing thickness, 

with monolayer graphene’s frictional force roughly twice that of bulk graphite, and that 

tip-graphene adhesion is constant (Lee, Wei et al. 2009; Lee, Lee et al. 2009; Lee, Li et 

al. 2010).  Another study, using AFM on a corrugated substrate, investigated the 

interlayer shear strength of graphene, and determined it to be greater than or equal to 5.6 

MPa, a value orders of magnitude less than its tensile yield stress (Scharfenberg 2011). 

This research was prompted by the potential of graphene as a thin film and the 

fact that graphene’s mechanical properties have only been studied experimentally as 

suspended sheets and in polymer composites (Stankovich, Dikin et al. 2006).  However, 

graphene’s out-of-plane mechanical properties, such as hardness, remain largely 

unexplored.  In applications where graphene could be used as an electrode, it is critical to 

understand and quantify the load and impact that graphene can withstand.  Recently in 

the Sansoz lab, a protocol was developed to determine the mechanical properties, 

specifically hardness, of thin films by using atomic force microscopy (AFM) 

nanoindentations (Sansoz and Gang 2010).  The hardness of graphene and the multilayer 

effects on hardness, which are not fully understood, will be the focus of this research.  
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1.2 Thesis Outline 

Following this Introduction, Chapter 2 presents the methodology used in this 

research, including graphene and wafer synthesis, tip characterization, nanoindentation 

and finite element analysis (FEA).  Chapter 3 will present the results of the experimental 

nanoindentations.  In addition, deformation mechanisms of graphene are presented in this 

chapter.  Computational results obtained from FEA are presented in Chapter 4. A 

conclusion of this thesis can be found in Chapter 5.  
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CHAPTER 2: METHODOLOGY 

 

2.1 Synthesis 

2.1.1 Substrate 

A thermal oxide layer was grown on a polished n-doped Si (100) wafer 

(University Wafer, USA).  The wafer was cleaned prior to growth by rinsing the wafer 

under water to remove any large particles, and then cleaning the wafer with ethanol and 

wiping with Kimwipes.  Past literature reports have indicated that a 90 nm thick layer of 

SiO2 results in a significant contrast improvement to identify graphene under optical 

microscopy (Blake, Hill et al. 2007; De Marco, Nardone et al. 2010).  Such a layer was 

grown according to Deal and Grove’s Si thermal oxidation relationship of time, 

temperature and thickness (Deal and Grove 1965).  This relation is given by: 

   
             (2.1) 

where x0 is the oxide thickness, t is the time, and A, B and τ are constants dependent on 

temperature, as shown in Table 1.  Equation 2.1 was rearranged to obtain the time, t, 

required to grow an oxide layer of thickness x0 at a given temperature, viz. 

 

  
   

     

 
   (2.2) 
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The time required to grow a 90 nm layer is tabulated below in Table 1, as a function of 

oxidation temperature.  Oxidation was conducted in an atmospheric oven at a temperature 

of 920° C, as shown in Table 1.  A marked increase in contrast was observed under light 

optical microscopy between graphene on SiO2 and graphene on Si.  Although the 

thickness of the SiO2 layer was not directly measured, the increased contrast and 

experimental results from literature led us to assume that the layer was approximately 90 

nm in thickness.  Following oxidation, the wafers were cleaned again with ethanol, and 

wiped with Kimwipes before subsequent steps. 

 

 

Table 1 – Growth constants for different temperatures and time required to 

grow a 90 nm thermal oxide layer of SiO2 on an Si substrate.  The conditions 

used in the present experimental study are highlighted in bold. 

 

Oxidation 

temperature (°C) 

 
Constants 

 

Time (h) for 

x0 = 90nm  
A (μm) B (μm

2
/h) τ (h) 

 

1200  0.040 0.045 0.027  0.233 

1100  0.090 0.027 0.076  0.524 

1000  0.165 0.0117 0.37  1.592 

920  0.235 0.0049 1.40  4.570 

800  0.370 0.0011 9.0  28.636 
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2.1.2 Graphene 

Using the technique developed by Novoselov and Geim, graphene was 

mechanically exfoliated from a 10 mm square piece of graphite (HOPG ZYH, mosaic 

spread 3.5+/-1.5 degrees, NT-MDT, USA) using scotch tape (Novoselov, Geim et al. 

2004; Geim and Novoselov 2007).  Scotch tape, about 10 inches in length, was manually 

applied to the graphite piece and peeled off.  The scotch tape was repeatedly folded onto 

itself, usually 8 times, or until the large square graphite flake transformed into small 

patches of thin flakes.  The thinnest piece of graphite on the tape was then applied to the 

wafer previously described, and rubbed with the butt of a plastic screwdriver before 

removing the tape. 

 

2.2 Identification/Characterization 

2.2.1 Light Optical Microscopy 

The wafer with graphene was scanned in order to locate thin graphene flakes 

using a standard optical microscope with a X100 magnification (Buehler, USA).  The 

microscope illuminated the stage with a yellow light, causing a difference from literature 

in the following colors.  Under the microscope, the SiO2 wafer was an army green color, 

as seen in Figure 3a.  Thick graphene flakes had visible contrast from the wafer, with a 

yellow hue.  Thin graphene flakes were more difficult to identify.  The thinnest flakes 

had a transparent forest green shade, and could be found through contrast, and their 

outline.  These thin flakes could potentially be graphene, while the yellow flakes were 

certainly graphite.  It can be seen in Figure 3 that the yellow portion in (a) corresponds to 
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a thickness on the order of 40 nm in the AFM topographical image shown in (b).  Flakes 

thicker than 4 nm are equivalent to ~10 layers of graphene, which was considered 

graphite.  For example, the interesting portion boxed in Figure 3 corresponds to a thin 

graphene sheet.  The wafer was marked by performing a microscale indentation in the 

vicinity of every graphene flake that was potentially thin.  After the entire wafer was 

scanned, a map was created identifying the location of all thin graphene flakes of interest 

with respect to the microindents.  

 

2.2.2 Atomic Force Microscopy 

The map was used to locate the graphene by atomic force microscope (AFM) 

(Quesant, USA).  The microindents were easily found on the live AFM camera, and the 

graphene could usually be spotted on the camera as well.  When locating the graphene on 

the live camera was difficult, the map showing the relative location of the graphene with 

respect to the indent was used.   After the flakes were located, they were scanned with the 

Figure 3 – Graphene. (a) Optical image, X100. (b) Non-contact, topographical, height mode AFM 

image, scale bar, 9 μm. 
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AFM to estimate the thickness of the flake.  Initial scans were conducted with a scan size 

of 40 μm x 40 μm and a scan rate of 1 Hz in non-contact, topographical height mode and 

derivative mode.  The derivative mode corresponds to the derivation of the height along 

the scan line and is used to improve the image contrast.  At this point, it was possible to 

identify potentially thin flakes by decreasing the scan size to 10 μm x 10 μm.  These 

flakes were scanned again in non-contact, topographical mode over an area of 2 μm x 2 

μm, initially at 1 Hz.  A scan rate of 0.75 Hz, or 0.5 Hz if necessary, was used in order to 

improve the image quality.   The AFM images containing thin flakes (10 layers, or 3.5 

nm or less) were analyzed with the image processing software Gwyddion (Czech 

Metrology Institute, Czech Republic).  This software was used to remove any tilt in the 

image, and to determine the cross sectional thickness of the graphene sheets, as shown in 

Figure 4.  For instance, in Figure 4d, the thickness of the graphene sheet was found to be 

about 1.5 nm.  It is generally accepted that a single graphene layer is 0.34 nm in 

thickness, but monolayer graphene can range from 0.5 nm to 1.0 nm, due to a “dead 

layer” (Kelly 1981; Geim and Novoselov 2007).  To calculate the number of layers of 

graphene, the following equation was used; 

              
             

    
 (2.3) 

where t is thickness and the average monolayer thickness is assumed to equal ~0.75 nm.  

A sample thickness of 1.5 nm is approximately 3 layers.       
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Figure 4 - Graphene on SiO2 substrate. (a) Non-contact, topographical, derivative AFM image of 

original graphene, scale bar, 2.5 μm. (b) Non-contact, topographical, height AFM image of 

indented graphene, scale bar, 0.5 μm.  The vertical line indicates where the line profile was 

taken. (c) 3D view of indented graphene. (d) Line profile extracted from (b). 

 



14 

 

2.3 Nanoindentation Characterization 

2.3.1 AFM Tip Characterization 

Nanoindentations were conducted with a specialty AFM probe.  This probe 

consisted of a diamond cube corner tip glued on a sapphire AFM cantilever, as shown in 

Figure 5a and 5b.  The diamond tip was characterized using a test grating (TGT1, NT-

MDT, USA) with sharp 450 nm tall Si tips which produce an inverted image of the 

diamond tip when scanned, see Figure 5c.  Using the software SPIP (Image Metrology, 

Denmark), the tip apex was found equal to 74.5 nm in radius.  From this characterization, 

an area function was created which relates contact area to depth, as shown in Figure 5d.  

Figure 5d additionally shows the area function from the FEA simulation of a 74.5 nm 

axisymmetric conical nanoindenter as presented in Section 2.4.  The area function was 

approximated by the equation: 

               
  (2.4) 

where Ac is the contact area, and hc is the contact depth and c1 and c2 are constants.  

Furthermore, a model of the whole AFM probe was made on the solid modeling software, 

Solidworks.  This model was then used in the FEA portion of the software, Solidworks 

Simulation, to study the spring constant of the AFM probe, using the methodology 

developed by Sansoz and Gang (Sansoz and Gang 2010).  A frequency test was 

conducted to determine the modulus of elasticity of the sapphire cantilever.  This was 

done by running multiple iterations to match the FEA frequency to that provided by the 

manufacturer.   
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Figure 5 – Specialty AFM probe used for nanoscale indentations.  (a) SolidWorks model 

displaying each component of the AFM probe. (b) SEM image of the AFM diamond probe. (c) 

3D AFM image of diamond tip, using a TGT1 test grating. (d) Area function, Contact area v. 

depth curve, from AFM data, and FEA simulations. 
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The frequency was altered by changing the modulus of elasticity of the cantilever beam, 

and until both simulated and experimental frequencies matched.  Subsequently, a static 

FEA simulation on the sapphire cantilever with the diamond tip was conducted with a 

force applied normal to the tip (12° due to the inclination of the probe, see Figure 6c), in 

order to determine the spring constant of the AFM probe, k.  The spring constant was 

found to be equal to 906 N/m.  The spring constant was used to obtain the force applied 

in nanoindentations such as: 

        (2.5) 

where Zc is the vertical displacement of the AFM cantilever.   

 

2.3.2 Nanoindentation Testing 

The procedure to perform the nanomechanical characterization by AFM 

nanoindentation followed the force-matching method developed by Sansoz and Gang 

(Sansoz and Gang 2010).  First, a fused quartz sample was scanned and indented as a 

calibration step.  The mechanical properties of the fused quartz are known, which enabled 

the force calibration on this reference material.  After the fused quartz was indented, the 

graphene sample was scanned by AFM.  All indents were performed with no hold time at 

peak load, and a loading rate of ~10 nm/s.  A withdrawal distance of 100 nm was 

imposed between the tip and the substrate prior to performing each nanoindentation test.  

Two separate macros were used; one which allowed the user to select the location of the 

indent directly on the scanned AFM image, and the other which required the user to 

specify the dimensions of a square grid of nanoindentations as shown in Figure 6.  The 
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first macro only requires the voltage and data acquisition rate, while the second macro 

requires a minimum and maximum voltage for the first and final indents respectively, see 

Figure 6a. After the macro was completed, the region of interest was rescanned, in order 

to obtain a quantitative assessment of the projected areas of the residual indents after 

unloading.   

 

 

 

 

Figure 6 – a. Schematic displaying example voltages for 3x3 grid of nanoindentations with Vmin 

of 200 V, and Vmax of 1000 V. b. Non-contact, topographical, derivative AFM image of 

nanoindentations on graphene, Sample 2, and SiO2, scale bar, 0.5 μm. c. Schematic of AFM 

probe indenting the graphene, Si system. 
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Using the data from the calibration indentation on fused quartz, a MATLAB 

program, provided in Appendix A, was run to determine the force constants; a1, a2, a3 

and a4 in the following equation; 

                               
              

                  (2.6) 

where Zc is the vertical displacement of the AFM probe, Vpd is the photodector voltage, 

and Vpd0 is the initial voltage.  These constants were then applied to the other 

indentations to produce force-displacement nanoindentation curves.  In addition to the 

data processing with MATLAB, image processing with SPIP was conducted.  The 

residual depth, hf in Figure 2, was assumed to be approximately the contact depth, hc, of 

each indentation as measured using the threshold detection method in SPIP.  The contact 

area was determined by inputting hf into the area function (equation 2.4, and Figure 5d) 

relating the contact area to the contact depth.  For example, indent #1 in Figure 6b, was 

determined to have a residual depth hf of 2.83 nm.  Therefore, the corresponding contact 

area was found equal to 1222.7 nm
2
.   

 
                      

  (2.7) 

 
                                       (2.8) 
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2.4 Finite Element Analysis 

A 2D axisymmetric FEA model was created to simulate the nanoindentation of 

graphene on a SiO2 substrate with a diamond cube corner indenter.   The diamond 

indenter was approximated by a rigid conical surface with an equivalent cone angle of 

44.7° and a tip radius of 74.5 nm.  The cone angle was determined by matching the 

contact area vs. depth curve with the 3D tip characterization on the AFM, as shown in 

Figure 5.  This allowed for the simplification of the cube corner diamond indenter with a 

Figure 7 – FEA computation model. (a) Inset from (b) displaying fine mesh in contact area. (b) 

Entire model mesh. (c) Inset from (a) displaying graphene mesh. 
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conical one of the same area function.  In addition to the indenter, the model included a 

graphene flake of 2.7 nm (7 layers) in thickness and 1 μm in width.  The SiO2 substrate 

was modeled as a 2.5 μm x 2 μm solid.  The mesh was made of quadrilateral 8-noded 

elements, as shown in Figure 7.   The graphene mesh was 2 elements in thickness, and 

500 elements in length, for an element size of 1.35 nm x 2 nm, and a total of 1000 

elements.  The SiO2 substrate contained a total of 1786 elements.  The mesh of the 

contact region (Figure 7a) was refined with 4.5 nm x 5.5 nm elements.  The tip was 

displaced 30 nm downward, in steps smaller than or equal to 0.3 nm.  Additionally, the 

model was restricted from rotating; the leftmost nodes were restricted from motion in the 

x direction.  All nodes along the right-hand side were restricted from all motion.  An 

implicit integration FEA solver was used. The contact at the tip-graphene interface was 

modeled with a coefficient of friction of 0.2.  The interface between the graphene and 

SiO2 was modeled with a normal behavior using a “hard” contact which forces the 

surfaces to remain in contact, and the interface also had a tangential behavior with a 

coefficient of friction of 1.   

The rigid indenter had no material properties.  The SiO2 properties were from 

literature, and the graphene properties were taken from Lee et al. (Kim 1996; Lee, Wei et 

al. 2008; Sansoz and Gang 2010).  Specifically, the SiO2 was modeled as a perfectly-

plastic material with a yield strength of 5 GPa.  The graphene was modeled as a 

hyperelastic material with non-linear stress-strain input from Lee et al.’s experiments.  A 

hyperelastic material is defined as being isotropic, nonlinear and elastic for large strains; 
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graphene can be elastically strained up to 20% before an elastic instability can be reached 

(Lee, Wei et al. 2008; Miller, Vandome et al. 2010). 

 

 

 

 

 

  

Table 2 – Material properties used in FEA simulations. For 

a better understanding on yield stress, plastic strain and 

constitutive law, see Figure 8. 

Properties SiO2 Graphene 

Density (kg/m
3
) 2200  2100 

E (GPa) 67.6 1000 

ν 0.17 0.16 

Yield Strength (GPa)  5 130 

Plastic Strain 0 _ 

Constitutive Law 
Perfectly - 

plastic 
Hyperelastic 

Figure 8 – Schematic displaying stress-strain curves 

representing the constitutive laws of graphene and 

SiO2 used in FEA simulations. 
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CHAPTER 3: EXPERIMENTAL RESULTS 

 

3.1 Nanoindentation Response 

3.1.1 Force-displacement Curves 

Three graphene specimens were tested.  In the following, these specimen with be 

referred to as Samples 1-3.  Samples 1 and 2 were on one substrate, and Sample 3 was on 

a different substrate.  We performed a total of 35 nanoindentations on graphene by 

applying different peak loads ranging from 13 μN to 45 μN.   

It is reported in the literature that the modulus of elasticity in graphene is equal to 

1 TPa, while that in SiO2 is roughly 70 GPa (Lee, Wei et al. 2008).  Nanoindentation on a 

system composed of a rigid thin film, graphene, on a softer substrate, SiO2, is not trivial.  

An additional complication is that the bending rigidity in graphene is much smaller than 

its tensile rigidity due to its atomic thickness.  In nanoindentation experiments, however, 

continuum elastic contact theory due to Hertz can be used to measure the elastic modulus 

of the contacted surface (Hertz 1881).  Therefore, a Hertzian contact model was fitted to 

graphene and SiO2 nanoindentation force-displacement data to determine the modulus of 

elasticity of the materials.  Figure 9 presents the two force-displacement curves and their 

respective Hertzian models.  The two experimental curves share similar peak loads 

between loading and unloading stages.  The Hertzian model corresponds to the force 

applied by an elastic sphere in contact with a semi-infinite flat elastic substrate.   
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Figure 9 - Graph comparing force-depth curves for graphene (Sample 3, 3-layer thick) and 

SiO2 with Hertzian elastic contact theory.  Notice that the graphene is stiffer than the SiO2 

(higher modulus).  The graphene curve was shifted to the right for clarity.   
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This theory is given by the following equation (Johnson 1985); 

   
 

 
            

    (3.1) 

where Er is the reduced modulus, Rtip is the tip radius, and hc is the indentation depth.  

Here, the tip radius is constant and equal to 74.5 nm.  The reduced modulus of elasticity 

was best fitted to the loading portion of the force-depth curve.  The reduced modulus is 

related to the modulus of the indenter and that of the sample viz.  

 
 

  
 

     
  

  
 

     
  

  
 (3.2) 

where E is the modulus of elasticity, ν is the Poisson’s ratio, and the subscripts i and s 

denote the indenter and the sample, respectively.  For a diamond tip, νi = 0.07 and Ei = 

1141 GPa (Simmons and Wang 1971).  In this example, Er is determined by best fitting 

the curve, νs is 0.17 for SiO2 and Es is the unknown such as, 

 
   

     
  

 
  

 
     

  
  

 
(3.3) 

In Figure 9, we found that the elastic modulus values for graphene on SiO2 and SiO2 

substrate were equal to 60 GPa and 51 GPa, respectively.  These values are slightly 

smaller than the value of 70 GPa reported, in the literature for SiO2 (Kim 1996).  This is 

due to the complex nanoindentation system previously described.  When indenting a film 

on a soft substrate, the indenter initially in contact with the film, but almost instantly is 

solely deforming the softer substrate.  Essentially, the film is transferring the deformation 

into the substrate.  This makes determining the hardness of the film very difficult.  The 

simplest solution is to indent a film on a substrate with a matching (or similar) modulus, 
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but the best match for graphene would be a diamond substrate, which is unrealistic to use.  

Another match would be graphite, but since graphene is monolayer graphite, the 

graphene would act as an additional layer of graphite.  However, Figure 9 allows us to 

conclude that the addition of a 3-layer graphene sheet to a SiO2 substrate caused a 18% 

increase in modulus of elasticity as measured from nanoindentation testing.   

 

3.1.2 Hardness Properties 

Figure 10 shows the change in nanohardness as a function of contact depth, hc, 

for all nanoindentations performed in this thesis.  We found no noticeable difference in 

hardness between few layer graphene on SiO2 and SiO2 alone.  This confirms that 

graphene is only deformed elastically.  Hardness is related to the plasticity of a material, 

and since the plasticity of the system did not change, all of the plastic deformation 

occurred in SiO2 while graphene deformed elastically.  The increase of hardness with 

decreasing contact depth was found in good agreement with nanoindentation size effects 

reported by others in amorphous SiO2 (Nix and Gao 1998). As previously mentioned, 

graphene’s bending rigidity is significantly smaller than its tensile rigidity.  This can 

contribute to graphene not increasing the SiO2 substrate’s resistance to indentation.   
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Figure 10 – Comparison of nanohardness of SiO2 substrate with and without 

graphene sheet coatings. There is no distinguishable difference between the two.  

The peak forces for graphene ranged from [17, 45] μN and SiO2 ranged from 

[23, 34] μN.  



27 

 

3.2 Modes of Deformation 

Figure 11 displays 3 modes of deformation observed in the present 

nanoindentation study.  Traditional elastic and plastic deformations were observed while 

indenting graphene.  In the elastic regime, no permanent deformation was observed and 

the force-depth curve showed no hysteresis as shown in Figure 11a.  On the contrary, the 

plastic indent left a permanent deformation, and exhibited hysteresis in the force-depth 

curves as shown in Figure 11b.  In addition to these two deformations, another interesting 

force-depth curve was encountered.  This deformation had a step in the force-depth curve 

as shown in Figure 11c.  The permanent deformation left in graphene by the Fd step was 

undistinguishable from the plastic indent but the force-depth curve was unique.  Notice 

the 3 defining factors for the elastic, plastic, and step force-depth curves; no hysteresis, 

hysteresis, and the step.  

Figure 12 presents a deformation mechanism map, which displays the 

deformation mechanism of each nanoindentation as a function of peak force applied and 

the thickness of the graphene indented.  This map is divided into 3 sections, one for each 

sample.  It is worth noting in this figure that only purely elastic deformation was found 

below an applied force of 16 μN, except for sample 3 with 7 layers which indented a fold.   

A major finding of this study is that the force-depth steps occurred on 7 layer graphene 7 

out of 8 times (one occasion on 4 layer graphene).  The force-depth step occurring 

primarily on 7 layer graphene is critical in understanding the step process.  It is also 

important to note that this phenomenon never was found on monolayer or bilyayer 

graphene.   
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Figure 11 – Comparison of elastic (Sample 3) (a), plastic (Sample 2) (b) and step (Sample 2) (c) 

deformation mechanisms.  The before and after columns display 3D topographical, non-contact, 

height mode AFM images.  The final column shows force-depth curves for the 3 mechanisms, 

with arrows indicating the loading and unloading portions of the curve.   
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Figure 12 – Deformation mechanism map showing the different modes of deformation as a 

function of number of graphene layers and force applied on each sample tested.  3 of the 35 

nanoindentations were disregarded due to indenting on the edge of a graphene fold. 
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Figure 13 shows more details on the mechanical behavior of a 7-layer graphene 

sample presenting the step phenomenon.  In Figure 13a, we find that the step in the 

loading portion of the curve occurred at approximately 29 μN for each occurrence.  It is 

shown in Figure 13b that the step was 1.2 nm in length for both loading and unloading, 

which is close to the bond length between C atoms (1.4 nm).  The possible origins of this 

phenomenon are discussed below.  As shown in Figure 13c and 13d, graphene is 

conforming to the indent.  Therefore, there was no decohesion at the graphene-substrate 

interface.  Furthermore, it can be noticed in the line profile presented in Figure 13d that 

the indent did not reach the substrate.  Also, no damage or fracture was observed in the 7-

layer graphene sheet, while Figure 13c shows clear evidence that the SiO2 substrate was 

permanently deformed.  These observations therefore support the hypothesis that the 

graphene sheet deformed purely elastically.   
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Figure 13 – (a) Force vs. depth (Fd) curve for 6 nanoindentations performed on Sample 2, 7 layer 

graphene. Notice that the step in Fd curves 3-6 all occur at the dotted line at 29 μN.  Additionally, 

curve 1 did not reach the dotted line, and the step is just beginning in curve 2. (b) Inset of curve 5 

displaying equal loading, and unloading steps equal to 1.2 nm.  (c) Non-contact, topographical 

height AFM image of graphene, Sample 2, on SiO2 with labeled indentations, scale bar, 0.5 μm. 

(d) Line profile from (c). 
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3.3  Discussion 

Failure mechanisms in graphene under uniform deformation (tension) have been 

studied theoretically using the density functional theory and molecular dynamics (MD) 

simulations (Grantab, Shenoy et al. 2010; Marianetti and Yevick 2010).  Additionally, 

there are many reports on force-displacement step phenomena in other materials (Bradby, 

Williams et al. 2001; Dominch and Gogotsi 2002; Mann 2005; Huang, San Juan et al. 

2010).  Events discussed include delamination, dislocation nucleation, fracture and phase 

transformation.  However, the step characteristics found in graphene force-displacement 

nanoindentation curves has never been reported before.  These steps were not caused by 

the instrument, AFM, because indents were performed on graphene with loads above 29 

μN and did not show this step, such an indent can be seen in Figure 9.  Four 

characteristics in the step are: (1) the step occurred during both loading and unloading, 

(2) the steps were of equal length (1.2 nm) in all curves in both loading and unloading, 

and (3) the step occurred at the same applied force, 29 μN.  In this section, I will discuss 

possible causes for this unusual phenomenon. 

We can invoke 4 potential causes for such a step process: (1) a gap in between the 

graphene and the substrate, (2) the elastic instability (fracture) of the graphene layer, (3) 

sliding between graphene layers, and (4) a phase change in graphene or SiO2, at the load 

of 29 μN.   

 

 

 



33 

 

 Gap deformation: 

In the case of a fold in the graphene sheet, or a pocket of air between layers of 

graphene or between graphene and the substrate, a step could occur, and would likely 

occur during unloading as well.  After studying the sample displayed in Figure 13c it 

seems unrealistic that an air gap could be under a piece of graphene roughly 1.5 μm in 

width without the air escaping during the 6 loadings.  Also no gap of air was observed in 

the AFM images and line profiles.  This proves that the gap deformation is possible, but 

unlikely. 

 Elastic instability: 

One cause for the force-depth step could be elastic instability (fracture) in 

graphene, but this step would only occur during loading, and no step would occur during 

unloading, which is contrary to the observations made in the present study.  Additionally, 

the slope below the step would represent that of graphene and SiO2 while the slope above 

the step would represent only SiO2 and there is no noticeable difference between the two 

portions of the curve.  Reviewing the points in Figure 9, the decrease in the modulus 

from the Hertzian model after the curve is less than 18%.  Finally, fracture would likely 

cause changes in hardness and in the residual indentation, and no differences were found. 

 Interlayer sliding: 

Recently, a paper was published discussing the mechanical behavior of  graphene 

(Scharfenberg 2011).  In this paper, Scharfenberg et al. studied the elastic and adhesive 

properties of graphene sheets on microscale-corrugated elastic substrates.  They 

determined that the bending rigidity of graphene increased with increasing graphene 
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thickness, and that tension in graphene, due to friction, increased its bending rigidity.  

Additionally, the authors found that the graphene layers were not sliding on the substrate.  

From this result, it was found that the critical shear stress was equal to 5.6 MPa, which is 

four orders of magnitude smaller than the tensile strength of graphene, 130 GPa (Lee, 

Wei et al. 2008).  This would allow for shifting and sliding of layers.  Due to the low 

interlayer sliding shear stress, it remains possible that interlayer sliding is occurring 

during nanoindentation.  Additionally, sliding could occur at the graphene-tip interface.  

Research has shown that friction between graphene and the tip decreases as the number 

of layers of graphene increases, so there is an increases chance for tip-graphene sliding in 

our 7-layer system (Lee, Wei et al. 2009). This interlayer sliding could cause a step in the 

force-displacement curves, and is further 

investigated in Chapter 4. 

 Phase transformation: 

Past studies have shown that phase 

transformation can occur in Si under loading 

(Bradby, Williams et al. 2001; Dominch and 

Gogotsi 2002).  A phase transformation can 

cause a sudden change in slope, an elbow, or 

a jump/discontinuity in the force-depth 

curve, called a “pop-in” during loading or a 

“pop-out” during unloading, as shown in 

Figure 14.  It is a possibility that a pop-in 

Figure 14 – Force-displacement 

curves of pure Si displaying the “pop-

out” and “elbow” events (Dominch 

and Gogotsi 2002). 
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occurred during loading from a phase transformation in the substrate at a load of 29 μN, 

and that at that same load, a pop-out occurred during unloading.  This would be occurring 

in SiO2, while graphene would remain undamaged.  Phase transformation could occur in 

graphene as well, but has yet to be seen.  A different form of phase transformation in 

graphene, called phonon instability, has been witnessed (Marianetti and Yevick 2010).  

Although phase transformations have occurred in Si, it is a crystalline material whereas 

SiO2, is amorphous, deeming this mechanism unlikely.  Additionally, phase 

transformations occur at larger applied loads in Si or Graphene than the peak loads 

applied in the present experiments. 
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CHAPTER 4: COMPUTATIONAL RESULTS 

 

This chapter presents the results obtained by FEA simulation.  Here, FEA 

simulations were used to study the effect of graphene on the elastic modulus measured by 

nanoindentation.  In addition, FEA was used to investigate the causes of the step 

deformation mechanism.  Having already eliminated the gap and phase transformation 

deformations from consideration, FEA simulations were focused on the elastic instability 

and interlayer sliding mechanisms.  

 

4.1 Force-displacement Behavior 

4.1.1 Comparison between SiO2 and Graphene/SiO2 System 

 To better understand the effect of graphene on the elastic modulus measured by 

nanoindentation, simulations of an SiO2 substrate with and without 7-layer graphene 

sheet were conducted.  Figure 15 shows the force vs. displacement and the Hertzian 

elastic model for both cases.  The Hertz model shows that the addition of a 7-layer 

graphene sheet increased the measured elastic modulus by 13%.  In Section 3.1, our 

experimental results showed that the addition of a 3-layer graphene on SiO2 increased the 

substrate modulus by 18%, which is in good agreement with our FEA value.  Therefore, 

it can be concluded that the addition of few layer graphene to an SiO2 substrate increased 

the elastic modulus and contact stiffness of the substrate.   
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Figure 15 – Force vs. displacement curves simulated by FEA for an SiO2 substrate with and 

without a 7-layer graphene sheet.  The inset to the right displays the region which the Hertzian 

elastic model applies, up to 16 μN, where plasticity began in the experimental results.   
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Also, as assumed in our FEA model, we can conclude that the adhesion between 

graphene and the substrate is very strong.   

 

4.1.2 Edge Effects 

 Force-displacement data is presented below for three separate simulations with 

variable graphene length.  The graphene length was varied while all other parameters 

remained constant, as described in Section 2.4.  In particular, the yield strength for 

graphene was kept at 130 GPa.  Therefore, the only variable in the model was the length 

of the graphene sheet, which changed how close the indenter was from the edge.  The 

Figure 16 – Force-displacement data for edge effects.  
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original model consisted of a flake of graphene 1 μm in length, which is equal to the 

distance between the center of the tip and the edge of the graphene.  Keeping the same 

element size, different models were created with a graphene length equal to 0.25 μm and 

0.10 μm.  Figure 16 shows the force-displacement curves for these simulations.  We find 

in this figure that the edge position has little to no effect on the force-displacement data. 

 

4.1.3 Effects of Softening in Graphene 

The second series of simulations was to change the constitutive law for graphene.  

The constitutive law was input into the uniaxial stress strain data following the equation; 

Figure 17 – Fd data for different constitutive laws in graphene. 
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           (4.1) 

where σ is the tensile stress, ε is the strain and A is a constant.  The constant, A, was 

varied to reach the desired peak stress.  The strain ranged from 0 to 0.5, and the max 

stress occurred at a strain equal to 0.25.  The different peak strengths used in the 

simulation were equal to 130, 65, 33 and 20 GPa.  Figure 17 shows the force-

displacement response for this data.  The change in yield strength decreased the force 

required to reach an indentation depth of 30 nm.  Decreasing the yield strength from 130 

GPa to 65 GPa resulted in a 5.8% decrease in peak force, while the yield strength drop 

from 130 GPa to 33 GPa resulted in a 8.6% decrease in peak force and a 9.7% decrease in 

force was observed while changing graphene’s yield stress from 130 GPa to 20 GPa.   

 

4.1.4  Effects of Interlayer Sliding 

 The last series of simulations was used to investigate the effect of interlayer 

sliding in graphene.  A hard contact was used in between the 2 layers of graphene 

elements, and a shear strength of 5.6 MPa was imposed (Scharfenberg 2011).  This 

critical shear strength is the maximum shear strength that the interlayer bond can 

withstand without breaking.  When a shear stress of 5.6 MPa is reached, sliding will 

begin.  Figure 18 shows the force-displacement curves between the original model, with 

no sliding, and the new model with sliding and a shear strength of 5.6 MPa.  The peak 

forces are very similar for the two models. 
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Figure 18 – Force-displacement curves simulated by FEA with 

and without interlayer sliding in graphene.  τ represents the 

critical stress at which sliding takes place. 
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4.2 Stress Maxima 

 We investigated the evolution of the tensile stress, S11, and the shear stress, S12, 

in graphene under nanoindentation.  The numbers 1 and 2 refer to the axes x and y, 

respectively.  To this end, it was critical to determine which element those maximum 

stresses occurred.  Each of the quadrilateral elements presented below were 8-noded, with 

4 integration points (IP).  Using a combination of stress data and the stress contours in 

Figure 19, it was determined that the maximum tensile stress occurred in the first 

element, from the symmetry line, on the bottom row, which is labeled as 1 in the inset of 

Figure 19.  The tensile stress data at this IP is presented below in Section 4.3 as a 

function of the constitutive laws in graphene.  The maximum interlayer sliding was found 

in the 14th element on the top row, labeled as 14 in Figure 20.  The maximum interlayer 

sliding was of interest because the step phenomenon may have been caused by interlayer 

sliding.  Figure 20 shows the shear stress contours with the interlayer sliding condition of 

τ = 5.6 MPa.  Notice that in Figure 19, the elements on the top and bottom row of 

graphene line up perfectly, while the elements have slide past each other in Figure 20. 
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Figure 19 – FEA tensile stress, S11, contours.  The inset displays the element where the tensile 

stress is maximum, labeled as 1. 

 

Figure 20 - FEA shear stress, S12, contours for simulation with interlayer sliding.  Notice that the 

elements do not directly line up, as opposed to Figure 19 above. Inset displays highest interlayer 

sliding, in the 14th element, from the symmetry line, in the top row, labeled as 14. 
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4.3 Quantitative Stress Analysis 

4.3.1 Elastic Instability 

In order to determine the potential of the elastic instability and interlayer sliding 

mechanisms described in Section 3.3, tensile and shear stresses in our FEA models were 

studied.  The elastic instability was studied through the tensile stress with 4 separate yield 

strengths, while the interlayer sliding was studied through the shear stress.  The different 

constitutive laws are presented above, and the stress, S11, was obtained for each yield 

strength.  As shown in Figure 21, cutting the graphene yield strength in half had a 

Figure 21 – Tensile stress, S11, for different constitutive laws in graphene.  The arrows 

indicate the loading and unloading portion of the curves.   
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significant effect on the tensile stress.  Decreasing the yield strength from 130 to 65 GPa 

decreased the peak tensile stress by 51%.  Once again, decreasing the yield strength from 

65 to 33 GPa decreased the peak stress by only 44%.  For most of the curve, the 20 GPa 

data had a higher stress than the 33 GPa data.  The force, roughly 120 μN, required to 

create the stresses below was much higher than any force achieved in experiment.  This 

proves that the probability of elastic instability, or fracture, causing the force-

displacement step was highly unlikely.   

 

4.3.2 Interlayer Sliding 

Shear stress was used to study the likelihood of the interlayer sliding mechanism.  

Figure 22 displays the shear stress for the two models; interlayer sliding with τ = 5.6 

MPa, and no interlayer sliding.  The interlayer shear strength, 5.6 MPa, was significantly 

smaller than the shear stresses obtained by FEA.  This proves that interlayer sliding is 

possible.  The interlayer sliding in the 2D FEA model was limited due to the fixed 

boundary condition (BC) on the axisymmetric line.  It can be seen in Figure 22, that after 

the stress is relieved, and decreases at ~0.12 μm, it begins to rise again until the 

maximum load.  This is due to the modeling artifact previously described.  The fixed BC 

blocked the sliding, and caused the increase in stress.  The Van der Waals interaction that 

was broken in mechanically exfoliating graphite was not as strong as the sp
2
 bonds that 

hold graphene in tension (Lee, Wei et al. 2008).  The combination of disproving all other 

mechanisms, and the magnitude of the shear stresses found in FEA lead us to believe that 
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interlayer sliding is occurring, and remains a potential cause for the force-displacement 

step found in nanoindentation. 

 

4.4 Concluding Remarks 

 One problem with FEA is that it is a continuum model, and does not take into 

account atomistic details.  Past literature reports FEA being an appropriate simulation 

down to tens of nanometers, but its applicability remains questionable (Bhushan 2005).  

An atomistic simulation would be required in order to elucidate the origin of the step 

mechanism, but this was beyond the scope of this thesis.   

Figure 22 – Shear stress, S12, for the interlayer shear strength condition τ = 5.6 MPa, vs. no 

interlayer sliding.  The arrows indicate the loading and unloading portions of the curve. 
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CHAPTER 5: CONCLUSIONS 

 

 AFM experiments and FEA simulations have been used to study the deformation 

in graphene coatings on a flat SiO2 substrate under nanoindentation as a function of 

number of graphene layers and force applied.  The major conclusions of this thesis can be 

organized into two categories: mechanical properties in graphene and underlying 

deformation mechanisms.   

With regards to the mechanical properties of graphene, it remains difficult to 

nanoindent graphene, which can be explained by the atomic thickness and the decreased 

bending rigidity in this material.  Although the addition of graphene to an SiO2 substrate 

did not produce a noticeable difference in nanohardness, it did increase the measured 

elastic modulus by 18%.  This increase in elastic modulus was also confirmed with FEA 

simulations.  These results prove that the addition of few layer graphene to a SiO2 

substrate may not significantly increase the substrate resistance to impact, but it does 

increase its contact stiffness.  We have shown also that graphene deforms purely 

elastically, while the substrate is deformed plastically under nanoindentation.     

Three modes of deformation were observed in AFM nanoindentation, including 

purely elastic deformation, plastic deformation and an unusual force-displacement step 

deformation.  Furthermore, it was determined that elastic instability, phase transformation 

and gap deformation were not the causes for the step phenomenon, and that the likely 
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cause of the step was interlayer sliding.  It was proved in FEA that the shear stresses in 

graphene were orders of magnitude larger than the critical shear strength from literature, 

20 GPa vs. 5.6 MPa, which could result in interlayer sliding during nanoindentation.  

This remains a potential cause of the nanoindentation step, but atomistic simulations and 

additional AFM nanoindentation testing on 7-layer graphene would help elucidate this 

unusual phenomenon.   

The findings in this thesis help better understand graphene’s potential as a thin 

film on a softer substrate.  Our findings provide evidence that the increased contact 

stiffness in the substrate would lead to an improvement in the mechanical properties of 

substrates in applications such as transparent touch screens and photovoltaics.   
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APPENDICES 

Appendix A – Matlab Code 

% MATLAB code for calibration of AFM nanoindentation data 

with 

% force matching method. 

  % 

% Inputs:  -Cantilever spring constant k 

%          -Fitting constant c1 and c2 in equation (6) 

%     -Minimum voltage variation for auto-detection 

of  

%           initial contact point (Zp0, Vpd0) 

% 

% Outputs: -Fitting parameters ai in 

%           Zc = a1*(Vpd-Vpd0)^3 + a2*(Vpd-Vpd0)^2 + 

a3*(Vpd-Vpd0)+a4   

%          -Figure to inspect fit between polynomial and 

data 

 

clear all 

close all 

 

%========================INPUTS============================ 

 % Spring Constant in N/m 

  k = 906.391; 

 

% Reference curve Fi = c2*h^2 + c1*h  with F in [microN] 

and h in [nm] 

  c1 = 2.353966071646E+003; 

  c2 = 2.223730114966E+004; 

 

% Minimum voltage variation for auto-detection of  

% initial contact point in voltage units 

  nstart = 15; 

%========================================================== 

  

 % Find two-column text file with (Zp, Vpd) response 

    [filename, pathname] = uigetfile ( ... 

              '*.*',  'All Files (*.*)', ... 
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              'Pick a file'); 

 

     if ischar (filename); 

        infile=[pathname,filename]; 

        data = load (infile); 

        if (data<0); 

            error (['Cannot open ' infile]); 

            exit; 

        end; 

    else 

        exit; 

    end; 

     

    % Detection of initial contact point 

    n = 0; 

    i = 0; 

    Vpd00 = data (1,2); 

    while n < nstart; 

        i = i + 1; 

        n = abs (data (i,2) - Vpd00); 

    end; 

    Zp0 = data (i,1); 

    Vpd0 = data (i,2); 

     

    % Detection of peak of nanoindentation curve 

    q = 0; 

    r = i; 

    Vpdmax = max (data (:,2)-Vpd0); 

     

 % Force matching calibration procedure 

    while q < Vpdmax; 

        j = (r-i+1); 

        Zp (j) = data (r,1)- Zp0; 

        Vpd (j) = data (r,2) - Vpd0; 

        q = Vpd (j); 

        Zp2 = Zp (j); 

        A = c2; 

        B = -(k+2*c2*Zp2+c1); 

        C = c2*Zp2^2+c1*Zp2; 

        Zc (j) =(-B - sqrt (B^2-4*A*C))/(2*A); 

        hc (j) = Zp (j) - Zc (j); 

        r = r + 1; 

    end;  

    Zc = Zc'; 

    Zp = Zp'; 
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    Vpd = Vpd'; 

 

    % Fitting 3rd-order polynomial, Zc = a1 Vpd^3 + a2 

Vpd^2 + a3Vpd + a4  

    P = polyfit (Vpd, Zc, 3); 

    a1 = P (1); a2 = P (2); a3 = P (3); a4 = P (4); 

 

% Figures to inspect fit between polynomial and data 

    F = k*Zc; % Force measured in microN 

    h1 = 0:0.0001:max (hc); 

    Fth = c2*h1.^2 + c1*h1; % Theoretical force in microN 

    i = 1:1:max (Vpd); 

    j = a1*i.^3 + a2*i.^2 +a3*i + a4; 

     

    % Zc [in nm] vs. Vpd-Vpd0 [in a.u.] 

    figure (1) 

    hold on 

    plot (1000*Zc,Vpd,'sk','MarkerSize',6,'LineWidth',0.7) 

    plot (1000*j,i,'-b','LineWidth',1.5) 

    grid 

    legend ('experiment','fit',2) 

    xlabel ('Displacement Zc [nm]') 

    ylabel ('Voltage Vpd-Vpd0 [a.u.]') 

 

    % Force vs. depth  

    figure (2) 

    hold on 

    plot (1000*hc,F,'sk','MarkerSize',6,'LineWidth',0.7) 

    plot (1000*h1,Fth,'-b','LineWidth',1.5) 

    grid 

    legend ('Experiment','Equation (6)',2) 

    xlabel ('Depth h [nm]') 

    ylabel ('Force F [uN]') 




